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Preface

This book is intended for students of science and engineering; it aims to develop
both an understanding of the important concepts of physics and some analytical
skill in the solutions of problems. The mathematical leyel of the book is such
that it may be used by students who are taking a course in calculus concurrently.
The notations and methods of the calculus are introduced early in the text,
beginning with the concept of a derivative in the discussion of motion, and are
then extended to more complex problems as the student progresses both in
physics and in mathematics. Vector algebra is, of course, also used. The vector
notation is introduced at the beginning of the text in treating displacements; it
is then extended to include the use of the dot product and cross product of two
vectors, and the resolution of a vector into components with the aid of unit
vectors. These vector methods are used extensively in the sections on Mechanics
and Electricity.
The method of exposition and the division of the subject matter into six
parts-Mechanics, Heat, Wave Motion and Sound, Electricity and Magnetism,
Optics, and Atomics and Nucleonics-follow closely those of the senior author's
Fundamentals of Physics, now in its third edition. However, the treatment of
much of the material is entirely new, as are over two hundred of the figures.
The problems at the end of each chapter are graded in difficulty, and many
illustrative examples are provided in the text both to clarify concepts and to
guide the student in the analytical approach to the solutions of problems. Included among these problems are some involving selected derivations and some
requiring the use of calculus. Answers to odd-numbered problems are given in
the Appendix, and a booklet containing all the answers is available to the instructor and may be distributed to his students if he so desires.
Three systems of units are developed and used in the sections on Mechanics,
Heat, and Sound; these are the British engineering system, and the cgs and mks
metric systems. In the section on Electricity and Magnetism, the rationalized
mks system is the primary one, but the unrationalized Gaussian system is also
developed because of its wide use in all of physics and much of engineering. The
Gaussian system is introduced in the early chapters of Electricity; in subsequent
v
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chapters it is used only when new concepts are introduced or when important
equations are developed. The forms taken by each important equation in both
the mks and the Gaussian systems are presented in a table at the end of the
appropriate chapter, while the necessary conversion factors for the units and
constants of each system appear in another table. Problems at the end of each
chapter are given in both sets of units.
In developing the subject of Electricity and Magnetism we were guided by
the recommendations of the Coulomb Law Committee of the American Association of Physics Teachers and we followed these recommendations fairly closely.
We take this opportunity of expressing our indebtedness and appreciation to
this Committee.
We have used modern concepts and examples throughout the book, and in
addition have devoted an entire separate section to Atomics and Nucleonics.
The reason for this section is that the traditional two- or three-semester course
in physics is actually a terminal course for a great many students; this course
will be their only opportunity to learn about atomic and nuclear physics from a
physicist's point of view. Wherever a separate course in atomic and nuclear
physics is part of the curriculum, this section may be omitted from the general
course.
We wish to thank Professor Karl D. Larsen, Head of the Department of
Physics at Lafayette College, Professor 1. Wallerstein of Purdue University, and
Professor Robert A. Becker of the University of Illinois, each of whom read the
manuscript and made many valuable criticisms and helpful suggestions.
Weare also indebted to several colleagues at our respective institutions who
read different parts of the manuscript and made valuable criticisms and helpful
suggestions. At Kansas State College Professor R. M. Kerchner, Head of the
Electrical Engineering Department, read the section on Electricity and Magnetism; Professor L. D. Ellsworth of the Physics Department read the sections on
Electricity and Magnetism and Optics, and Professor Basil Curnutte, Jr., of the
Physics Department read the section on Optics. At the City College of New
York, Professor M. W. Zemansky, Chairman of the Physics Department, read
the §ection on Heat, Professor Fred C. Rose read the section on Electricity and
Magnetism, and Professor Robert 1. Wolff read the section on Optics.
HENRY SEMAT

City College of New York
ROBERT KATZ

Kansas State College
January, 1958
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Physics

Part One
MECHANICS

1
Fundamental Quantities

1-1

The Scope of Physics

Physics is a fundamental science dealing with matter and energy. By
convention, the subject matter of physics has been divided into such topics
as mechanics, heat, sound, light, and electricity. In addition to these
general classifications, present-day physics includes atomic physics, nuclear physics, solid-state physics, chemical physics, biophysics, and many
other subdivisions. It is impossible to include all aspects of physics in a
single definition or paragraph, and to distinguish physics clearly from its
nearest neighbors, the other physical sciences-astronomy., chemistry,
and geology.
Like other scientists, the physicist studies nature, and, although the
scientist is himself part of the world, he attempts to describe nature as it
exists without his interference. Inspired by the conviction that nature is
orderly and "rational," the physicist has sought to find that order and to
express it as elegantly and as concisely as possible. Physics has attempted
to study the least complex aspects of nature, or, if you will, the most fundamental, and has found that quantitative descriptions have been most fruitful. Physics has thus become a quantitative science involving precise
measurements of certain quantities and the formulation of mathematical
relationships among them.
Like other sciences, physics is an ahistorical subject. This does not
mean that there is no history of physics but rather that, at a particular
moment in time, the history of the development of physical ideas is not
pertinent to the question of the accuracy of the description of nature. Because we can devote but little space to the history of physical ideas, the
student will find that the time spent in consulting an encyclopedia on some
of the topics studied in this text, and in reading biographies of physicists,
will enrich his knowledge of the subject and may even stimulate his own
inventiveness.
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The Relationship of Physics to Engineering

§1-2

Engineering has often been called applied physics, as though the physicist
discovered all fundamental truth and the engineer merely applied it; as
though the entire structure of engineering rested on the shoulders of physics.
This is true only in the very limited sense that fundamental knowledge is
called physics, and that the application of that knowledge is called engineering. In actual fact, there is so great an interplay between physics
and engineering that activity in one field is stimulated by the needs and the
successes of the other. The entire radio industry owes its birth to the researches of physicists such as Maxwell, Hertz, and J. J. Thomson during
the latter half of the last century. Much of today's experimental physics
would not be possible without the developments which have taken place
in the technology of radio through the efforts of such men as Edison, DeForest, Fleming, Marconi, and Armstrong.
1-3

The Fundamental Concepts of Mechanics

Mechanics deals with the behavior of various types of bodies such as particles, rigid bodies, liquids, and gases, when subjected to the action of forces.
Under special conditions the bodies may be in equilibrium under the action
of these forces; under other conditions the motions of these bodies will be
changed or accelerated. The quantitative concepts used in mechanics can
be classified into two groups, one known as the fundamental concepts consisting of three quantities, length, time, and mass, which form the bases of
mechanics, and a second group known as the derived concepts consisting of
the other quantities used in mechanics.
The difference between these two sets of quantities lies in the fact that
each one of the derived concepts can be defined accurately in terms of the
fundamental concepts. But the fundamental concepts of length, time,
and mass cannot be defined in any such manner; they require special consideration. The method of treating each of these concepts is to set forth a
series of rules for its measurement or to outline a series of experiments for
determining its magnitude. Two steps are usually involved in each case:
one, that of setting up a standard and, two, that of setting up rules for producing multiples or subdivisions of the standard. These steps will be discussed for each of the fundamental concepts.
The mechanics of particles and rigid bodies is subdivided under the
more formal titles of statics, kinematics, and dynamics. Statics is the study
of bodies at rest and the conditions under which they remain at rest. Kinematics is the study of the motion of bodies without regard to the cause of that
motion. It is the language in whose terms motion is described. Dynamics
is the study motion in relation to the forces which cause that motion.

0/

§1-4
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LENGTH.

Length.
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Standards and Units

Most of us are familiar, in a general way, with the operations involved in
measuring the length of an object or of measuring the distance between two
points. Such a measurement involves the use of some measuring rod or
tape whose length is known in terms of a standard of length. Only in
comparatively modern times have standardized measuring rods been
readily available. Such units as the length of a man's foot, the distance
between his outstretched hands (the fathom), and the distance between
his footprints (the pace) have always been available and are still in common
use, but these are inadequate for recording the measurements of the
physicist or the engineer. Today, the legal standard of length in the United
States is the meter, defined as the distance between two lines marked on a
special platinum-iridium bar known as the standard meter when that bar
is at O°C. This standard meter is deposited at the International Bureau
of Weights and Measures at Sevres, France. Accurate copies of this standard meter have been distributed to various national physical laboratories
such as the National Bureau of Standards in Washington, D.C. As a result of subsequent developments in physics, it has been possible to measure
the meter in terms of the wavelength of a particular kind of light. If this
wavelength measurement, or a similar one, is adopted as a standard by
international agreement, we would then have an indestructible standard
of length.
In English-speaking countries other units of length find conventional
usage. In the United States the yard is defined legally as 3,600/3,937 of
the standard meter.
TABLE 1-1

PREFIXES USED IN THE METRIC SYSTEM

Latin Base
deci
centi (c)
milli (m)
micro (p,)

1/10
1/100
1/1,000
1/1,000,000

Greek Base
10-1
10-2
10-3
10- 6

deka
hecto
kilo (k)
mega (M)

10
100
1,000
1,000,000

101
102
103
106

Symbols for prefixes in common use are shown in parentheses.

While multiples and submultiples of the yard are defined in a rather
complex way in the English system of units, in the metric system multiples
and submultiples of the meter are based upon the decimal system. Latin
prefixes are attached to the name of the standard to indicate smaller units,
while Greek prefixes indicate larger units. The prefixes in common use are
indicated in Table 1-1.

4
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Some of the more common multiples and submultiples of the yard and
meter are given in the appropriate columns of Table 1-2.
TABLE 1-2

UNITS OF LENGTH

English
3 feet
36 inches
5,280 feet
1,000 mils

Metric

= 1

=

yard

100 centimeters
10 millimeters
1,000 microns
1,000 meters

1 yard
1 mile
1 inch

=
=
=
=

1 meter
1 centimeter
1 millimeter
1 kilometer

It is often necessary to convert the value of a quantity expressed in
one set of units to its value expressed in a different set of units. For this
purpose the appropriate conversion factor must be used. To obtain this,
it is necessary to refer to the original definitions of the standards of the two
systems and then compute the conversion factor. Once done, these factors
may be listed in a table for convenience and may be used with confidence.
Table 1-3 lists some conversion factors for units of length. Others may be
calculated when necessary.
TABLE 1-3

CONVERSION FACTORS

1 kilometer
1 meter
1 foot
1 inch

=

=
=

=

0.6214 mile
39.37 inches
30.48 centimeters
2.540 centimeters

Illustrative Example. Convert miles per hour to feet per second. The conversion from one set of units to another is executed by a series of multiplications
by unity. Since multiplication by the pure number, 1, cannot affect the truth
of an equation, the resulting calculation, correctly performed, must also be a
true equality. Note that the equation 5,280 ft = 1 mi can be written as
5,280 ft
l',
1 mi
1 hI'

similarly,
We can thus write

--- =

3,600 sec

ml
hI'

mi
hI'

1.

5,280 ft
1 mi

1 hI'
3,600 sec

1- = 1-X--- X---

5,280 ft
3,600 sec

=---,

or

mi
hI'

1-

=

ft
sec

1.467 - .

All conversions from one set of units to another may be accomplished in this way.

§1-5
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Angular Measure

While many systems of linear measure are in general use, only two systems
of angular measurement are ordinarily encountered. In the degree-minutesecond system, a circle is first divided into 360 equal parts called degrees.
Each degree is divided into 60 equal parts
called minutes, and each minute is divided
into 60 equal parts called seconds. This
method of subdivision comes from the
Babylonians, who used a number system
based on 60; the terminology derives from
the Latin for "first small part" and
"second small part" (small = minute).
The other system of angular measurement
is based on the radian as the unit of angle,
where a radian is defined as the angle subFig. 1-1
tended at the center of a circle by an arc
whose length is equal to the radius. To determine an angle in radian
measure, we draw a circle of arbitrary size centered at the intersection of
the sides of the angle, as shown in Figure 1-1. If r is the radius of the
circle and s is the length of the inscribed arc, then the angle cf> (Greek letter phi) is determined by dividing the length of the arc s by the length of
the radius r; thus
s
r

cf> = -.

(1-1)

Note that neither the degree nor the radian has any dimensions. The
radian is a pure number. It is simply a length divided by length. The
degree, minute, or second is likewise a pure number, simply indicating the
fraction of a full circle represented. The designation "radian" or "degree"
is merely a description of the manner in \yhich the measurement was made.
To convert from degrees to radians, we observe that a complete circle
may be represented as 360 0 or as 21l" radians, so that
.
1 ra dIan

3600
21l"

-

0

= - - = 5/.3 .

Some interesting examples of the measurement of distances through
the measurement of angles are the determination of the radius of the earth,
the diameter of the earth's orbit, and the distance of some of the nearer
stars. For example, to measure the radius of the earth, simultaneous sightings of a distant star may be made from two points A and B on the earth's
surface a known distance s apart (see Figure 1-2). Because of the great

6
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distance of the star from the earth, the lines of sight of the star from the
two locations may be assumed to be parallel. We assume the plumb bob
to point to the center of the earth (although this is not strictly true). The

To star

Fig. 1-2 Method of determining
the radius of the earth.

c

angle between the line of sight and the plumb bob is measured at each of
these two points; let us call these angles cPA and cPB, respectively. From
geometry, the angle () (theta) subtended at the center of the earth is given
by the difference between the angles cPB and cPA. Thus

() = cPR - cP.4.
s
r

Now

() =-,

or

s
r = -,

from which

r=---

()

s

Since the quantities on the right-hand side of the equation are measurable,
the radius of the earth can be determined. As the result of a great many
such measurements, the earth is known to be an oblate spheroid, a slightly
squashed-down sphere, of a radius of approximately 4,000 miles.
1-6

The Concept of Time

Just as man has a built-in concept of length, so he has a built-in concept
of time. The natural cycles of the day, the lunar month, and the year have
always provided man with measures of long time intervals, while the pulse
has provided something of a measure of smaller time intervals. It is said
that a musician's sense of tempo is based upon his pulse beat, and that

§1-7
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variations in the tempo of performance of a symphony orchestra have
been observed to accompany changes in the conductor's pulse.
The measure of time is still based upon the period of the earth's rotation on its axis and on the period of its revolution about the sun. For this
reason the fundamental measurement of time has been the domain of the
astronomer. Because of the very practical importance of accurate knowledge of time in ship navigation in the determination of longitude, the accurate measurement of time in the Gnited States is in the hands of the
U.S. Naval Observatory. The standard time interval used in scientific work
is the mean solar day. This standard makes use of the apparent motion of
the sun with respect to an observer on the earth; this apparent motion is
due to the rotation of the earth on its axis. The instant at which the sun
passes the meridian (directly overhead) at the observer's place is called
local noon. The solar day is the time between two successive noons. Careful measurements have shown that solar days differ slightly at different
times of the year, owing to the earth's position in its orbit and the speed
and direction of its motion. The mean solar day is an average value taken
over the year.
The unit of time universally used is the second; this is 1/(24 X 60 X 60)
= 1/86,400 of the mean solar day. The instrument for measuring time is
the clock. The astronomical clock makes use of the periodic motion of a
pendulum or of the periodic motion of a balance wheel connected to a fine
spring. The clock is used to subdivide the day into submultiples.
Basic principles of physics such as the principles of the conservation of
energy and of angular momentum, which will be studied in detail later in
this text, indicate that the period of rotation of a rigid earth should be
constant. The earth loses about a second a year owing to mechanical
energy losses in the motion of the tides, and so on. The shape of the earth
is continually undergoing slight changes as a result of volcanic action,
earthquakes, and the action of the tides. Consequently, although the
average second is well defined, two successive seconds of time may not correspond to the same change in the earth's rotational position. Physicists
have sought to establish a means of measuring time which does not depend
on the motion of the earth and have only recently succeeded in building a
clock which bases its measurement of time on the internal vibrations of the
ammonia molecule. This clock is said to be accurate to 1 part in 24 billion,
Of to about 1 sec in 300 years and can, perhaps, be used to determine the
irregularities in the motion of the earth.
1-7

The Concept of Mass

Most of us have some idea of the meaning of the term mass of a body, but
unfortunately this is generally confused with the term weight. Our muscles
provide us with an intuitive conception of weight, and it is often difficult

8
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for us to make the required distinction between weight and mass. The
concept of mass is related to the "amount" of matter present in a particular
object, while weight refers to the force of the earth's attraction on that object. While the weight may vary from place to place on the earth, and
certainly will vary if the object is removed to the moon, the mass remains
constant, except at speeds comparable to the speed of light, and is independent of position in the universe.
A real understanding of the concept of mass can come only after a
study of dynamics; for the present we shall confine our discussion to a
statement of the standard of mass, the method of measuring mass, and the
units commonly used.
The standard of mass is a kilogram (abbreviated kg). This is the mass
of a certain piece of platinum kept at the International Bureau of Weights
and Measures at Sevres, France. The instrument used in comparing masses
is the equal-arm balance. The two bodies whose masses are to be compared are placed in the pans of this instrument and, if a balance is obtained,
are said to have equal masses. Two accurate copies of the standard kilogram are deposited at the National Bureau of Standards.
The kilogram is not only the standard of mass, but it is widely used
as the unit of mass in science and engineering. The system of units based
upon the meter as a unit of length, the kilogram as the unit of mass, and
the second as the unit of time is called the mks system. A second metric
system of units is based upon the centimeter (cm) as the unit of length, the
gram (gm) as the unit of mass, and the second as the unit of time. This
system is known as the cgs system.
Other units of mass are commonly used. Thus the pound mass (lb
mass) is legally defined as

2.2~462 kg.

The British gravitational system of

units utilizes a unit of mass called the slug, which cannot be properly defined until we study dynamics. In this system of units the unit of length
is the foot (ft), and the unit of time is the second.
1-8

Force

The concept of force is best derived formally through the definitions of
length, mass, and time, and the application of Newton's laws of motion.
For most purposes the common spring balance is a convenient device for
the measurement of force. Although a precise definition of force again
must await the study of dynamics, the units of force in the several systems
may be named now. The unit of force in the mks system is called the
newton (nt). The unit of force in the cgs system is called the dyne. The
unit of force in the British gravitational system is the weight of a pound

§l-lO
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mass at a place where the acceleration of gravity has the "standard" value
of 32.17398 ft/sec 2 ; we shall call it a pound force (lb f).
1-9

Position

In many physical problems it is necessary to describe the position of an object, and this is most conveniently done by coordinate systems such as
those used in analytic geometry. A coordinate system has an origin and a
net of fixed reference lines. The location of a point on a two-dimensional
plane surface is often specified in terms of a rectangular (Cartesian) coordinate system by giving the x and y coordinates of the point. Where
three dimensions are involved, a rectangular coordinate system utilizing
three mutually perpendicular axes is normally used; the position of a point
is specified by its x, y, and z coordinates.
Equations relating the x and y coordinates are used to describe a plane
figure. For example, y = mx
b is the equation of a straight line in the
xy plane, where m is the slope of the line, and b is the y intercept. Equations relating x, y, and z coordinates are used to describe a surface in space.
2
Thus x 2
y2
Z2 = r is the surface of a sphere of radius r whose center
is at the origin.
The position of a point in a plane may also be specified through the use
of the polar coordinates r and e. The length of the line from the origin of
the coordinates 0 to the point P is the coordinate r, while the coordinate e
is the angle between the x axis and the line OP, measured in the counterclockwise direction.

+

+ +

1-10

Displacement.

Scalar and Vector Quantities

If an object initially at a position PI with coordinates xl, YI is displaced to
a point P 2 with coordinates X2, Y2, its displacement may be described in
terms of the distance it has been moved parallel to the x axis and the distance it has moved parallel to the y axis. We say that the x displacement
is the final x coordinate minus the initial x coordinate. Thus if in Figure
1-3 the point PI is at (x, y) = (10, -5) and P 2 is at (5,10), the x displacement is 5 - 10 = -5; that is, the object has been displaced 5 units in the
direction of the negative x axis. Similarly, the y displacement is given as
10 - (- 5) =
15; that is, the object has been displaced 15 units in the
positive y direction. The actual displacement from PI to P 2 is specified by
the arrow in Figure 1-3 and designated by the boldface letter r; the x and
y components of the displacements are shown in dotted lines. The magnitude of the displacement is the length of the arrow, and its direction is
from PI to P 2 • To specify completely the displacement of an object, both

+
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the magnitude of the displacement and its direction must be given. One
way of specifying a displacement is to give its x and y components. A
second way to describe the displacement from PI, the initial point, to P z,
the final point, is to imagine a new coordinate system with axes parallel to
x and y whose origin is at Pl.
y
In terms of the new coordinate
system, the displacement is described by the polar coordinates
of the point P z which give both
+10
the magnitude r and the direction
e along which the displacement is
to be made.
We shall be dealing with
-10
two types of quantities in physx
o
I
ics: scalar quantities, of which
II
e
length, mass, and time are exam~---.
~
pies; and vector quantities, of
which displacement and force
-10
are examples.
A scalar quantity has magFig. 1-3 Displacement.
nitude only and is specified by
a number together with the
appropriate unit, for example, a length of 2 m or 78.74 in. When
describing a vector quantity, we must specify its direction as well as
its magnitude. The method for doing this is suggested by our study of
displacements; a vector quantity is represented by a vector which consists
of an arrow drawn in the direction of the vector quantity with the head of
the arrow showing the sense of the vector, and the length of the arrow
showing the magnitude of the vector drawn to some arbitrary scale. For
example, a displacement of 6 mi 30° north of east can be represented by an
arrow 1 in. long, as shown in Figure 1-4, with its line at an angle of 30° to
the conventional east direction. The scale of this drawing is 1 in. = 6 mi.
Other vector quantities can be represented in a similar manner with a suitable choice of scales.
1-11

Addition of Vectors

The mathematical operations of addition, subtraction, multiplication, and
division that are familiar to all of us have been developed for scalar quantities. We must now proceed to develop a set of mathematical operations
suitable for vector quantities. In developing these operations we shall be
guided by the results of physical processes. For example, the process of
addition of vectors can be based upon the process involved in the addition

§1-11
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of displacements. We can then extend this to the addition of other vector
quantities, checking the results to see whether the method is applicable.
Suppose that we consider the displacement of a particle from point Po
to point PI, as shown in Figure 1-5; this to be followed by the displacement
from PI to P 2 . The same result could have been accomplished by the single
displaoement from Po to P 2 . Thus the displacement represented by the
veotor P OP 2 is equal to the sum of the displacements POP I and P I P 2 • We

N

w-----!"":-------l:---

s
Fig. 1-5

Fig. 1-4

Addition of displacements.

thus have a rule for the addition of two vectors A and B. This rule may be
stated as follows: Starting at any arbitrary point, and using any convenient
scale, draw vector A equal and parallel to itself and pointing in its direction.

y
A

"

27
A

(a)

(b)
Fig. 1-6

( C)

Vector addition.

At the head of vector A, start the tail of vector B and draw B equal and
parallel to itself and in its direction. To find the sum of vector A and vector B, draw a vector from the origin, or tail, of A to the end, or head, of B.
This vector R is the sum of A and B, as shown in Figure 1-6. It is also
called the resultant of A and B. Thus
R = A +B.

12
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The order in which this addition is performed is immaterial, as shown
in Figure 1-6(c), in which B is drawn first and A is added to it. Thus
R = B +A = A +B.

(1.2)

It may be remarked here that identical results could have been obtained by a geometrical method by starting with A and B at a common

Fig. 1-7 Parallelogram method for
the addition of two vectors.

point, as shown in Figure 1-7, and drawing a parallelogram with A and B
as sides; the diagonal of the parallelogram is the resultant R. It will be
noted that each of the earlier figures is one half of the parallelogram with
R common to each triangle.
The above method of adding two vectors is called the parallelogram
method. It can be extended to any number of vectors by first determining
the resultant of two of the vectors, then adding a third vector to this resultant, and so forth.

y

Fig. 1-8

x
In the preceding discussion we have used boldface type to represent
vector quantities. This procedure will be followed throughout the text.

Suppose that the arrows of Figure 1-8 represent a set of instructions
for the displacement of an object from the point Po. These displacements
can be applied to the object in any sequence with the same result. In
Figure ]-9 the vector A has been transferred to the point Po. The head
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of the arrow at the point PI represents the first new position of the object.
To the point PI as a new origin, we apply the vector B, and then successively add vectors C, D, and E in head-to-tail fashion to find the final position of the object at the point P 5 • A single displacement given by the vector

y

x
Fig. 1-9

Polygon method for the addition of vectors.

R, Figure 1-9, will also locate the object at the point P 5 . The vector R is
therefore completely equivalent to the set of operations A, B, C, D, and E.
The resultant R is said to be the sum of the vectors. This result may be
expressed in equation form as
R = A

+ B + C + D + E.

(1-3)

The procedure just described is called the polygon method for the addition of vectors, for the resulting figure is a closed polygon. To add a number of vectors by the polygon method, the vectors are redrawn in sequence from
some arbitrary origin, placing the vectors head to tail. The sum of the several
vectors is the single vector drawn from the tail of the first vector to the head of the
last vector. Just as in the case of two vectors, the order in which vectors are
added makes no difference in the final result.
When summing two vectors by the triangle method, the resulting
figure is a triangle, made up of the two vectors and their resultant. It is
often convenient to apply the law of sines or the law of cosines to find both
the magnitude and the direction of the resultant.
Illustrative Example. Find the sum of vectors A and B in Figure 1-10.
Vectors A and B are redrawn, connected head to tail, as shown in the figure.
Vector R represents their sum. Since A, B, and 0 are known, the magnitude of
R may be determined, using the law of cosines. Thus

R2

=

A2

+ B2 -

2AB cos o.

Now that the magnitude of R has been found, the angle c/> which describes the
orientation of R with respect to the x axis may be found from a second application

14
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of the law of cosines, or from the law of sines:
sin 1>

sin 0

B

R

-- = --,
',1..

SIn.,.,

BsinO

= --,
R
. B sinO

1> = arc sm - - .
R

from which

In this example, as elsewhere in the text, the italic letters A, B, and R
have been used to represent the magnitude of the vectors A, B, and R.

y

A

x

Fig. 1-10

1-12

Subtraction of Vectors

The subtraction of vectors may be accomplished by the rules developed for
the addition of vectors once the meaning of a negative vector has been
established, for we shall adhere to the notation developed in algebra that
A - B = A

+ (-B).

(1-4)

The negative of a vector is a vector of the same length but pointing in the
opposite direction. The sequence of operations performed in subtracting a
vector B from a vector A is described in Figure I-Il(a). First the vector B
is reversed in direction to become the vector -B. Then the vector -B is
added to the vector A by the triangle method. Finally the resultant of
the operation A - B is displayed. In Figure I-Il(b) the sum of the same
two vectors is displayed. Just as in algebra, the difference of two quantities
differs from their sum.
Because the addition of two vectors requires consideration of direction
as well as magnitude, the algebra of vectors is distinctly different from the
algebra of scalars, leading to some superficially strange results. For example, a vector of length 5 added to a vector of length 3 does not necessarily

§1-13

RESOLUTION OF VECTORS; COMPONENTS

15

yield a vector of length 8. The addition may lead to a vector of any length
between 2 and 8, depending on the orientations of the two vectors. Similarly, a vector of length 3 subtracted from a vector of length 5 does not

A

A

( a) Difference of
two vectors A- B
Fig. 1-11

(a) Difference of two vectors, A-B.

A
( b) Sum of
two vectors A+B
(b) Sum of the same two vectors,

A+B.
necessarily yield a vector of length 2. Again, the subtraction may yield a
vector of any length between 2 and 8, depending upon the orientations of
the two vectors.
1-13

Resolution of Vectors; Components

Any number of vectors which, added together, form a resultant R may be
considered as components of R. Thus a vector may be resolved into any
desired number of components.
Most frequently, the components which are sought are those which
are mutually independent, with one component in some specified direction.
Any two vectors which are perpendicular to each other are mutually independent. For example, if we refer the displacement to an x-y Cartesian
coordinate system, a displacement of a body in the y direction produces no
change in its x coordinate; similarly, a displacement in the x direction produces no change in the y coordinate of the body. Thus, if we are interested
in determining two components of a vector A one of which is parallel to
the x axis, the other component must be parallel to the y axis. Referring

16
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to Figure 1-12, if the vector A makes an angle 8 with the x axis, its x component is of magnitude
Ax = A cos 8,
(1-Sa)
and its y component is of magnitude

A y = A sin 8.

(1-Sb)

The magnitude of A can be found in terms of its components in a very simple way, since
(1-6)

y

Fig. 1-12 Resolution of a vector
into two rectangular components.

x
The concept of rectangular components of a vector can be utilized for
an analytical method of adding vectors. Suppose that we wish to obtain
the resultant of a number of coplanar vectors, that is, vectors all in one
plane, the x-y plane; these may be written as

A+B+C+···=R.

(1-7)

Let us call the x components of these vectors Ax, B x, Cx, ... respectively,
and similarly for the y components A y, By, Cy . . .. Let 81 be the angle between A and the x axis, 82 the angle between B and the x axis, and so forth.
Then

Ax = A cos 81 ,

(1-Sa)

and

(loSb)

In a similar manner
B x = B cos 82 ,

By = B sin 82 ,

and so on.

The x component of the resultant R x is

Rx

=

Ax

+ Bx + Cx +

(1-9)

and similarly for the y component of the resultant.
From a knowledge of the components of the resultant R, the magni-
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tude of the resultant may be obtained from the Pythagorean theorem.
R = (R;

+ R;)'A.

(1-10)

The angle 0 that R makes with the x axis is given by
cos 0

Rx

= -,

(1-lIa)

R

.

Ry

or

sInO =-,
R

or

tan 0

(I-lib)

Ry

= -.

(I. lie)

Rx

These results may be easily extended to three dimensions.
Illustrative Example. Find the resultant of the vectors A, B, C, in the x-y
plane, as shown in Figure 1-13. For purposes of illustration, we shall consider

y

y

Ay
x

x
2.87

Ry

C

Cx
Fig. 1-13

that these vectors represent displacements and that all lengths are given in feet.
The x component of the resultant is

R x = Ax

+ B x + Cx,

so that

R x = A cos 30° - B cos 45° - C cos 53°
= 6 X 0.866 - 3 X 0.707 - 10 X 0.602,

which yields

R x = -2.94 ft.

(1-9)

18
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The y cmnponent of the resultant is

R y = A y + By
so that

Ry

+ Cy,
= 6 sin 30° + 3 sin 45° - 10 sin 53°
= 6 X 0.500 + 3 X 0.707 - 10 X 0.799,

which yields

Ry

= -2.87 ft.

The magnitude of the resultant is given by

+

R = (R;
R~)Y2
= [( -2.94)2 (-2.87)21 Y2 ,

(1-10)

+

R = 4.09 ft.

so that

The angle that R makes with the x axis, denoted by (R, x), is given by
2.94
cos (R ,x) = cosO = - - = 0.719,
4.09

o=

46° = 0.80 radian.

Since R lies in the third quadrant, we state the result as: The angle made by the
resultant with the positive x axis is 226°, or 3.94 radians.
1-14

Other Vector Operations

Methods for obtaining the sum and difference of vectors have already been
displayed. One additional operation should be discussed here. A vector
may be multiplied by a scalar +a, and the result is still a vector. The new
vector points in the same direction as the old but has a times the magnitude
of the old vector. The result of multiplication of a vector by -1 is a vector
of the original length but pointing in the opposite direction. Combining
these two definitions, it is now possible to multiply a vector by a negative
scalar. The definition further permits the division of a vector by a scalar,
for division of a vector by a scalar b is equivalent to multiplication by the
scalar lib. The result of this operation is always a vector quantity. Thus
velocity is a vector quantity, for it is the result of dividing displacement, a
vector, by time, a scalar.
Problems

1-1. Check the conversion factors given in Table 1-3, starting with the legal
definition of the yard.
1-2. A ship at sea receives radio signals from two radio transmitters A and
B 125 mi apart, one due south of the other. The direction finder shows that
transmitter A is 30° south of east, while transmitter B is due east. How far is the
ship from each transmitter?
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1-3. What are the polar coordinates of a point having the following rectangular coordinates?
(a) x = 3, y = 4
(b) (x, y) = (5, -5)
(c) (x, y) = (-12,6)
1-4. What are the rectangular coordinates of a point having the following
plane polar coordinates?
(a) (r,O) = (6,30°)
(b) (r,O) = (IO, 53°)
(c) (r,O) = (12,0.5 radians)
(d) (r,O) = (-9,3.4 radians)
1-5. A displacement vector lying in the x-y plane has magnitude 5 m and
makes an angle of 60° with the x axis. Find its x and y components.
1-6. A displacement vector has an x component of +3 ft and a y component
of +4 ft. Find the magnitude and direction of the vector.
1-7. A displacement vector has an x component of +3 m, a y component of
+5 m, and a z component of +9 m. Find the magnitude of the resultant, and
the angles made with the x, y, and z axes.
1-8. Find the resultant of two vectors, the first of length 7 ft making an
angle of 25° with the positive x axis, the second of length 15 It making an angle
of 75° with the same axis, all angles being measured counterclockwise: (a) using
the method of x and y components; (b) using the law of sines, the law of cosines,
or both.
1-9. The coordinates (x, y) of the head and tail of two vectors are:

Vector
A
B

Head Coordinates
(0,3)
(5,2)

Tail Coordinates
(3,7)
(9, -3)

Find the sum A + B and the difference A - B of these vectors (a) using the
method of components and (b) using the law of sines, the law of cosines, or both.
1-10. Find the components of the resultant of the following displacements:
2 ft north, 6 ft southwest, 5 It south, 7 ft northwest.
1-11. Three coplanar vectors A, B, C are drawn radially outward from the
origin of coordinates; the polar coordinates (r,O) of their heads are A: (5,30°),
B: (7,150°), and C: (4, 240°). (a) Find their resultant. (b) Find the magnitude
and direction of R where
C

R=3A-2B+-·
2

1-12. Derive the law of cosines by use of the component method for the
addition of vectors.
1-13. Derive the law of sines by making use of vector concepts.
1-14. A vector of length A is in the positive x direction, and a vector of length
B is in the positive y direction. Their sum is a vector of length 5 which makes
an angle of 37° with the positive x axis. Find the magnitudes of A and B.
1-15. A vector A of length 4 in the positive x direction is added to a vector
B to yield a resultant of length 7. The resultant is in the first quadrant and
makes an angle of 45° with the x axis. Find the magnitude and direction of the
vector B.

2
Motion of a Particle
(Kinematics)

2-1

Motion Is Relative

Kormally, when we sayan object is at rest, we mean that it is at rest with
respect to the surface of the earth; when we say a car is moving at a speed
of 40 mi/hr, we imply that the motion is taking place at this speed relative
to the road. A boat sailing on the river moves with respect to the river's
banks, but it also moves with respect to the flowing water in the river.
The lift on the wings of an airplane is generated by the motion of the airplane through the air, but it is quite important to know the plane's motion
with respect to the ground. When we speak of the motion of a car or a
train, we normally mean the motion with respect to the ground, but when
we speak of the rated speed of an airplane, we refer to its motion with
respect to the air. To avoid confusion in the discussion of motion, it is
important to refer the motion to a frame of reference, usually thought of as
fixed on the earth or fixed relative to the stars, in which the motion is
measured. For many problems it is convenient to use moving frames of
reference; it is then necessary to specify the nature of the motion of the
frame. The frame of reference generally takes the form of a set of coordinate axes in which the motion is pictured.
2-2

Uniform Motion in a Straight Line

The simplest type of motion is that in which a body traverses equal distances along a straight line in equal time intervals; this type of motion is
called uniform motion in a straight line. The speed of the body is defined
as the distance traversed divided by the time elapsed; that is,

or, in symbols,
20

Speed

=

v

=

distance
.
,
tIme
s
-,
t

(2-1 )
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where v is the speed of the body, and s is the distance traversed in time t.
Whenever a number is used to specify the speed of a body, it must
always be accompanied by the appropriate units such as feet per second,
usually written as ft/sec, or miles per hour (mi/hr), or meters per second
(m/sec), or any other appropriate units of distance and time.
One other aspect of motion is the direction in which it takes place.
When we wish to specify that a body has moved from a point A to a point
B, we can use a vector directed from A to B; this vector is the displacement
of the body. If s is the distance from A to B, the displacement is s (printed
in boldface type), a vector drawn from A 10 B.
To specify both the speed of a body and its direction of motion, we
use the term velocily. The velocity v of a body in un~form motion in a straight
line is defined as the displacement divided by Ihe lime during which the displacement occurred, or, in symbols,

~

~-

V =

I

s

I

i
-. I
I I

(2-2)

i

The direction of the velocity is the same as that of the displacement. Velocity is thus a vector quantity. For example, if a train is moving due west
with auniform speed of 60 mi/hr, its velocity is 60 mi/hr west. Ko statement about the velocity of a body is complete without specifying both
magnitude and direction.
2-3

Relative Velocities

It is frequently important to be able to determine the velocity of a body
with respect to one frame of reference when its velocity has been determined with respect to a second frame of reference which is in motion with
respect to the first one. For example, the velocity of a ship relative to the
water can easily be measured, but what is usually desired is its velocity
relative to the shore, for the water is generally in motion.
To understand how these velocities are related to each other, let us
consider the case of a boat in the river in which the water is moving downstream with a velocity w relative to its banks. Let us assume that the boat,
if left free, would float downstream with the current; that is, its velocity
relative to the water would be zero, but its velocity relative to the banks
would be the same as that of the water. Suppose now that the engines of
the boat are started and that the boat moves with a velocity u relative to the
water. Its velocity v relative to the banks will therefore be the resultant
of the two velocities-the velocity w which it acquires because it is moving
with the water, and the velocity u which it acquires relative to the water.
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In the form of an equation,
I
Iv =

W

+ u.

(2-3)

The three quantities involved are vector quantities, and the addition
must be performed by vector methods. As a simple illustration, suppose
that the velocity of the current in a river is 3 mi/hr south and that a boat
heads toward the west with a velocity of 4 mi/hr with respect to the water,

North

7

/West
:::bank

~

o
~

:2J
0

~

U=

E

r<)

II
:it

Fig_ 2-1 A boat headed west
in a river which flows south
actually travels south of west.

4mi/hr

South
as shown in Figure 2-1. It is desired to find the velocity of the boat relative
to the shore. The velocity u of the boat relative to the water is added
vectorially to the velocity w of the water relative to the shore to get the
resultant velocity v of the boat relative to the shore. Its value is 5 mi/hr
directed at an angle of 37° south of west.
Illustrative Example. Consider the case of an airplane which has to fly from
New York to Montreal, due north. Suppose that its normal flying speed in still
air is 200 mijhr. During the flight there is a steady northwest wind of 40 mijhr.
In what direction should the airplane be headed in order to go due north? What
will be its speed relative to the ground?
To solve the problem we draw a vector w to an appropriate scale, representing
the magnitude and direction of the wind, as shown in Figure 2-2. To find the
heading of the airplane which will result in a displacement due north, we first draw
a straight line due north from 0, the tail of vector w. From the head of vector w,
we swing an arc of radius u to intersect this line. The vector v from 0 due north
to the arc represents the resultant velocity of the airplane with respect to the
ground; its magnitude is the ground speed. The desired heading of the airplane
is given by the vector u, as shown on the figure. From the figure, if u = 200
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mijhr, and w = 40 mijhr, then, to the same
scale, v = 170 mijhr. The airplane must be
headed about 8° west of north.
2-4

Instantaneous Speed and Velocity

We have thus far confined our discussion
to the simplest type of motion, that
with constant velocity. Of very great
interest is the motion of a body in
which its velocity changes. Since velocity is a vector quantity, a change in
velocity will occur whenever (a) the speed
of the body changes while its direction
remains the same, (b) the direction of
motion changes while its speed remains
the same, or (c) its speed and the direction of its motion change simultaneously. Whenever the velocity of a body
changes in any manner whatever, the
motion of the body is said to be accelerated.

In order to be able to discuss accelerated motion, it is important to
know how to specify the speed and the
velocity of the body at any instant or at
any point in its path. Suppose that
the motion takes place along the x axis.
The average speed of the motion is
defined as the distance traversed divided
by the elapsed time. If the object is at Xl
at a time tl , and then is at X2 at a subsequent time t2 , the average speed v (read v
bar) may be defined in the form of an
equation as follows:

8°

West
of

north

Fig. 2-2 Helative velocities of an
airplane, v with respect to the earth
and u with respect to the air, when
there is a wind of velocity w from
the northwest.

(2-4)

Illustrative Example. Find the average speed with which a car travels down
a straight highway 100 mi long if its speed during the first 50 mi is 25 mijhr and
during the second 50 mi, is 75 mijhr.
Our first reaction may be to say that the average speed is 50 mijhr, but this
is incorrect. To find the average speed, the distance must be divided by the
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elapsed time. The distance traversed is 100 mi. The elapsed time is 2 hI' for the
first 50 mi, and ~ g hI' for the second 50 mi. The total elapsed time is 2i hr.
ii

= 100 mi = 37.5 mi .
2.67 hI'

hI'

The instantaneous speed at any point P in the path of a body moving
in a straight line, say the x direction, can be found by taking the average
speed during a short time interval !:!t = tz - t l during which the particle

y
Fig. 2-3

x

has moved a distance !:!x from PI to P z, points on either side of P (see
Figure 2-3). The average speed of the body is !:!x/!:!t. As the time interval
!:!t is made shorter, the points PI and P z close in on point P, and, in the
language of the calculus, we study the value of the average speed over a
sequence of nested intervals. The sequence of values of the average speed
approaches a constant value called a limit; this limit is the instantaneouH
speed Vx of the body at point P; thus
Vx =

.

!:!x

hm -

~t--->O !:!t

dx

= -

.

(2-5)

dt

As in the calculus, the symbol!:! (delta) has been used to indicate small
increments. Thus if the position may be described as a function of time,

Fig. 2-4

Displacement in curvilinear motion.

the instantaneous speed is the derivative of the position with respect to
time. In the case of uniform motion in a straight line, the average speed
is the same as the instantaneous speed.
Consider the motion along a curved path, sometimes called curvilinear
motion, such as a motion along APB of Figure 2-4. The average speed of
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the body is again the distance traversed divided by the elapsed time. The
distance traveled along the curved path is denoted by s, measured from
some arbitrary reference point A on the path. If SI is the distance of PI
from A and S2 the distance of P 2 from A, the average speed from PI to P 2
[Figure 2-4(a)] will be given by
S2 SI
v=---,

t2

where the body passes point
If we let

PI

and

(2-6)

tI

-

at time t I and point

b.t = t2

P 2

at time t 2 .

t1,

-

v =b.s
-.

then

b.t

The instantaneous speed v may then be determined by a limiting process as
v

=

b.s
lim -

<lt~O b.t

=

ds

-

.

(2-7)

dt

The average velocity over the interval P I P 2 is the vector displacement
divided by the time, rather than the scalar distance divided by the time.
Calling the displacement of the particle from PI to P 2 by b.s, and the time
interval for performing this displacement b.t, the average velocity in the
neighborhood of P becomes
b.s
\1= - .

(2-8)

b.t

The displacement b.s will not, in general, coincide with the actual path
from PI to P 2 , but as the two points are taken closer and closer to P, the
displacement practically coincides with the actual path along the curve.
The direction of the displacement is then tangent to the path at P. The
magnitude of the instantaneous velocity v at P is the instantaneous speed
l' at P, and its direction is tangent to the path at P, as shown in Figure
2-4(b). The instantaneous velocity may be written as
b.s
ds
v = lim - = - .
<lt~O b.t

(2-9)

dt

Equations (2-8) and (2-9) are vector equations. Both sides of the
equations contain vector quantities. All equations in physics must relate
the same kinds of things. The two sides of the equation must not only
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have the same dimensions but must also relate quantities of the same
character.
We call visualize the meaning of the vector Equations (2-8) and (2-9)
more easily by considering a case in which the displacement ~s is entirely
in the x direction. Since the velocity vector is parallel to the displacement,
the velocity vector must be in the x direction. Writing V x for velocity in
the x directIOn, and x for displacement in the x direction, we substitute in
Equation (2-9) to obtain
Vx =

.

~x

hm Llt->O

~t

dx

=-.

dt

(2-10)

But now there can be no confusion about the direction of the displacement
or about the direction of the velocity, since all directions are parallel to the
x axis. Hence we may rewrite Equation (2-10) as a scalar equation in
algebraic quantities.
Vx

=

~x

.

hm Llt-.O

~t

dx

=-.

(2-11 )

dt

By considering cases in which the displacement is entirely in the y
direction, and in which the displacement is entirely in the z direction, we
obtain
V
Y

dy
dt

=-,
dz

vZ .
dt

and

(2-12)

(2-13)

Any displacement in space may be thought of as the vector sum of
its three component displacements, one in the x direction, one in the y
direction, and one in the z direction. Hence Equations (2-11), (2-12), and
(2-13) are true in the general case where the motion is in any direction, not
just parallel to one of the coordinate axes. The velocity component in the
x direction Vx depends only on the rate of change of the x coordinate of the
position of the moving object. This conception of the separability of the
components of the motion will greatly simplify the study of the motion of
a particle, as we shall see when we study the motion of projectiles later
in this chapter.
2-5

Acceleration

The discussion of motion with varying velocity can best be dealt with in a
quantitative manner by the introduction of the concept of acceleration.
The acceleration of a body is defined as the change in its velocity divided by
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the time in which the change takes place. Just as in the case of velocity, we
must distinguish between average acceleration and instantaneous acceleration. If the initial velocity of a body is VI at a time tI, and the final velocity
is V2 at a time t2 , the average acceleration is, from the definition,
_

V2 -

Vl

a = - - -..
t2 - t l

(2-14)

The instantaneous acceleration is arrived at by examining the average
acceleration obtained in a sequence of nested intervals converging on the
point P where the acceleration is to be determined. Referring to Figure

Fig. 2-5

Instantaneous acceleration a at a point P.

2-5, if the instantaneous velocity at point PI is given by Vb and the instantaneous velocity at P 2 is V2, the instantaneous acceleration at point P is
given by
.

a = hm

At~O

V2 -

VI

-=-------'-

t2

tl

-

t::.V

dv

t::.t

dt

lim-=-'
AhO

(2-15)

If the acceleration is constant, the average acceleration and the instantaneous acceleration are the same.
Let us consider a case in which the motion is entirely in the x direction.
Writing ax for the magnitude of the acceleration, Vx for the speed, and
substituting in Equation (2-15), we find
dv x

a =-'
x
dt'

(2-16)

and for motions entirely in the y and z directions we obtain
a

and

dv y

y

=-,
dt
dv z

a =-.
z
dt

(2-17)

(2-18)

Thus Equations (2-16), (2-17), and (2-18) are true for motion which takes
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place in any direction and may be considered as the component forms of
Equation (2-15). In the component forms the quantities appearing in the
equations are all scalar algebraic quantities. The component forms of the
equations are easier to use for the solution of most problems. The vector
form is the easier way to remember the equations and to develop further
theory.
As an illustration of accelerated motion, we can discuss the motion of
an airplane under a variety of conditions. As it prepares to take off, the
airplane moves along the runway with increasing speed; if this speed is
changing at a constant rate, its acceleration is constant and is in the direction of its motion. This is the simplest type of accelerated motion. At the
instant of take-off, the direction of the acceleration changes so that it will
have a vertical component upward. Mter the plane has reached the desired altitude and speed and has leveled off in flight, it continues with
constant velocity, that is, with zero acceleration. If, during the flight, the
plane makes a turn at constant speed, its motion is again accelerated because the direction of motion is changing. When an airplane is preparing
to land, it reduces its speed for safe landing. While the speed is being reduced, its motion is also accelerated; this time the direction of the acceleration is opposite to the direction of motion.
In this chapter we shall limit our discussion to motion with constant
acceleration, leaving to later chapters the discussion of several cases of
varying acceleration.
2-6

Straight-Line Motion under Constant Acceleration

The simplest type of motion with constant acceleration is that in which a
body moves in a straight line with a speed which is increasing or decreasing
at a constant rate. We may choose the direction of the x axis as along the
direction of motion and rewrite Equation (2-14) as

a",=a",=

v'" - u",
tf -

ti

,

(2-19)

in which v'" is the speed of the body in the x direction at the final time tf,
u'" is the speed of the body in the x direction at the initial time ti, and a", is
the constant acceleration of the body in the x direction during this time
interval.
Illustrative Example. An airplane approaching a landing field decreases its
velocity from 250 mi/hr to 100 mi/hr in 20 sec. Find the acceleration.
Again we choose the x axis as the direction of motion. We set U x = 250 mi/hr
at time li, Vx = 100 mi/hr at tf = 20 sec + ti, and we write
ax

100 mi/hr - 250 mi/hr
20 sec

= ---------

-150 mi/hr
20 sec

mi
hr sec

-7.5--'
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Thus the speed of the airplane is decreasing at the rate of 7.5 mi/hr each second
during the 20-sec interval. With the aid of the appropriate conversion factors,
the above result may also be expressed as
ax = -11 ft/sec = -11 ~.

sec

sec 2

'

that is, the speed of the airplane is decreasing at the rate of 11 ft/sec each second
during the 20-sec interval.
The question of positive or negative signs for the acceleration of a body,
or for other quantities requiring some indication of their direction, is a
matter of convenience. For most purposes it is preferable to adopt some
consistent scheme of notation, working all problems in the same systematic
way. This matter of approaching problems systematically is of great
importance in physics and engineering. Problems which at first seem
fiendishly difficult often yield to a persistent and systematic approach.
The notation generally preferred is one in which the signs employed follow
the usual right-handed rectangular coordinate system. The motion is
thought of as occurring within a coordinate frame. The direction of the
positive x axis is then the positive direction for the x components of the
displacement, the velocity, and the acceleration. A motion described by a
positive value of the velocity and a negative value of the acceleration is one
in which the velocity is directed in the direction of increasing x, while the
acceleration is in the opposite direction.
2-7

Equations of Motion for Constant Acceleration

When a body is moving in a straight line with constant acceleration a, we
may derive its equations of motion most simply by the methods of the
calculus. Dropping the subscript x from Equation (2-16), we have
dv
dt

-

thus

=

a

(2-16)

'

dv = a dt,

which we may integrate as
fdV = fadt,

yielding

v = at

+ u,

where u is a constant of integration. We note that at time t
v is equal to u. Thus u is the initial speed of the body.

(2-20)

=

0 the speed
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From Equation (2-10), the definition of instantaneous velocity, we have
dx

v=-,
dt

(2-10)

and, substituting from Equation (2-10) into Equation (2-20) for v, we have
dx

-=at+u
dt
'
or

Jdx = aJtdt

+ JUdt,

+ ut.

x = !at 2

(2-21)

In Equation (2-21) we have set the initial position of the body at the origin
x = 0 at time t = 0, thereby setting the constant of integration equal to
zero. Equations (2-20) and (2-21) give the speed and position of the body
as a function of time when the body is at the origin moving with speed u
at the initial time t = 0, if the body is moving under constant acceleration a.
When a body is moving with constant acceleration in a straight line,
its average speed is given by the average of its initial and final speeds. This
may be shown by algebraic manipulation of Equations (2-20) and (2-21).
We first factor the quantity t from the right-hand side of Equation (2-21)
and write

x = (u

+ !at)t.

From Equation (2-20) we substitute

at=v-u
into the above equation to find
u +v
x = -2 - t .

(2-22)

From the definition of the average speed as the distance traversed divided
by the elapsed time
x
V = -,

t

we see that

u +v

v=--'
2

'

(2-23)

that is, the average speed is the average of the initial and final speeds, for
the case of constant acceleration.
A useful result may be obtained by eliminating the time t as a variable
from Equations (2-20) and (2-22) to obtain an equation relating the initial
speed u, the final speed v, and the distance traversed x. We may rewrite
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Equation (2-20), by transposing the quantity u, as
v - u

=

at.

(2-24)

Both sides of Equation (2-22) may be multiplied by the quantity 2/t to
obtain
2x

v+u=-·
t

(2-25)

Multiplying the left-hand side of Equation (2-24) by the left-hand side of
Equation (2-25) and setting the result equal to the product of the righthand sides of the two equations yields
(2-26)

which is the result we have sought.
The principal results of the preceding section may be summarized in
the following equations for the case of the motion of a particle with a constant acceleration a, with the particle starting at the origin with initial
speed u at time t = o.
v

=

x

=

v2

=

+ at,
ut + !at 2 ,
u 2 + 2ax,

x

=

fit,

u

(2-270)
(2-27b)
(2-27c)
(2-27d)

u+v

v=--·
2

(2-27e)

Equations (2-27) are repeated for emphasis, for they will be applied to
problems and derivations many times throughout this text.
2-8

Freely Falling Bodies

One of the most common examples of motion with constant acceleration is
that of a body which is dropped from any height and allowed to fall freely
under the influence of gravity. By free fall we mean that such effects as
air resistance (drag) or lift are assumed to be negligible. A falling leaf, a
dandelion seed, and a glider dropped from some altitude are not freely
falling bodies. A good approximation to a freely falling body may be
obtained by dropping a round, heavy object. This is the motion that was
first studied by Galileo. The results of many different experiments performed under many different conditions show that the acceleration of a
freely falling body at any point near the earth's surface is a constant for
that particular place and does not depend on the weight of the falling object.
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The magnitude of the acceleration of gravity varies slightly with altitude,
with latitude, and from point to point on the earth's surface having the
same latitude and altitude. This is the subject of considerable geophysical
exploration. If, at a certain place, the acceleration of gravity is slightly

Fig. 2-6 Galileo Galilei (1564-1642). Discovered the laws of motion of freely falling
bodies and of bodies moving along inclined
planes. Constructed a telescope with
which he observed the surface features of
the moon and discovered four of the moons
of Jupiter; his observations helped establish the validity of the heliocentric theory
of the universe. (Courtesy of Scripta
M athematica.)

high or slightly Imv, the geophysicist uses this information to help find
buried ore or oil bodies beneath the surface of the ground.
For the purposes of most calculations, the value of the acceleration of a
freely falling body, designated by g, may be taken as
g

ft
sec

em
sec

m
sec

= 3 2 -2 = 980-2 = 9.8-·
2

The direction of the acceleration of gravity is vertically downward. We
shall always use the symbol g to indicate a positive number, as above, and
the direction appropriate for use in the sign conventions of a particular
problem wiII always be explicitly shown as +g or -g. For very accurate
calculations the value of g appropriate to a particular place should be used.
These values may be found in tables of physical constants. For reference,
a few values of g at different latitudes and at sea level are given in Table 2-1.
A clearer understanding of the significance of acceleration can be obtained from the detailed consideration of the free fall of a baseball that is
dropped from the top of a very tall building or from a cliff. When we say
that a ball is dropped, we mean that its initial velocity is zero. Since it is
accelerated downward at the rate of 32 ft/sec 2 , at the end of the first second
it will have acquired a velocity of 32 ft/sec downward. Its average velocity
during the first second is 16 ft/sec, and the distance traveled during the
time is 16 ft. At the end of the second second, its downward velocity will
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FREELY FALLING BODIES
TABLE 2-1

Latitude

VALUES OF 9

g

g

in cm/sec 2

in ft/sec 2

977.989
979.295
980.600
981.905
983.210

32.0862
32.1290
32.1719
32.2147
32.2575

have been increased by another 32 ft/sec to
64 ft/sec. At the end of the third second, it
will again have acquired an additional velocity
increment of 32 ft/sec so that its average velocity during the 3 sec is 48 ft/sec, and the distance traversed is 144 ft. Figure 2-7 shows
the positions of the ball at I-sec intervals and
the corresponding velocities.
In our discussion of freely falling bodies,
the effect of the air on the motion of a body
through it was neglected. This discussion thus
presents only a first approximation to the
actual motion. In many cases this description is sufficiently accurate. However, when
the velocity of the body is very 'great, such
as the velocity of a bullet, or if the body is
very small, such as a raindrop, or if the body
presents a very large surface, such as a parachute, the resistance of the air plays an important part III determining the motion of
the body.
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Illustrative Example. Suppose that a ball is
thrown vertically upward with an initial velocity of
80 ft/sec. Determine (a) how high it will go, (b)
what velocity it will have as it moves down past
256
4
128
its original point of projection, (c) its position 6 sec
after it was thrown upward, and (d) the velocity Fig. 2-7 The free fall of a
with which it will be moving at this time.
baseball, showing the posiLet us choose a set of coordinates with the ori- tions of the ball at intervals
gin 0 at the point of projection, and let us take the of 1 sec and the correspondy axis as the line of motion (see Figure 2-8). The ing velocities.
displacement from the origin will be measured by
the y coordinate of the ball; it will be considered positive above the origin and
negative below the origin. The acceleration is downward, and its magnitude is

•
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g at all times and at all points of the path.

Rewriting Equations (2-27b) and

(2-27a) for motion in the y-direction, we get

+ !a yt2,
V y = U y + ayt.
y = uyt

(a) At the highest point of the path the ball will stop momentarily; this
means that V y = O. Other known quantities are a y = -g and U y = 80 ft/sec.

y

h+ Vy=O

t! y

'" •

I

l~!II:
C\J

I

u =80ft/sec

~

I

I

OIl
I

x----o:::t-vy-_-_---U-y--:o:-i\---

o

I

(b)

( a)

! (c)
I
I

!Y~-96ft
vy=-112ft/sec
Fig. 2-8 (a) A ball thrown upward reaches a height h at which v = O. (b) On its return
journey it passes the origin with a speed equal to its initial speed but in the opposite
direction. (c) Position and velocity of the ball 6 sec after it started its motion.

The unknown quantities are y and t. Having two equations in the two unknowns,
the problem may be easily solved by the methods of algebra. Making the necessary substitutions,
ft
1
ft
Y = 80 X t - "2 X 32 - 2 X t 2,
sec
sec

o=

ft
ft
80 - - 32 - X t.
sec
sec

Solving these equations, we find t = 2.5 sec and y = 100 ft. Thus the highest
point of the path is 100 ft above the initial point of projection.
(b) When the ball falls down and passes its original point, its position is
given by y = O. We apply the equations above once again. This time the known
quantities are y = 0, U y = 80 ft/sec, a y = -32 ft/sec 2• The unknown quantities
are V y and t, and once again we have two equations in two unknowns. Making the
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necessary substitutions,

o=
Vy

ft
80 - X t sec

!

ft
X 32 - 2 X t 2 ,
sec

ft
ft
- 32 - 2 X t.
sec
sec

= 80 -

From the first equation the solutions are t = 0 and t = 5 sec; that is, the ball is
at y = 0 at both of these times. The first of the solutions is trivial; the second one
shows that the ball will be back at its starting position 5 sec after it is projected.
Substituting the value into the second equation, we find V y = -80 ft/sec. Thus
the ball returns to its initial position with exactly the same speed it had when it
started, but in the opposite direction.
(c) and (d) To find the position and velocity of the ball after 6 sec of motion,
we again substitute appropriate values into our two equations. This time the
known quantities are t = 6 sec, U y = 80 ft/sec, a y = -32 ft/sec 2, and the unknown quantities are y and V y • Once again we have two equations in two unknowns, and a complete algebraic solution is possible. Substituting, we find that
ft
y = 80 - X 6 sec sec
Vy

!

ft
X 32 - - 2 X (6 sec) 2,
sec

ft
ft
- 32 - -2 X 6 sec.
sec
sec

= 80 -

The first equation immediately yields y = -96 ft, and the second equation
gives Vy = -112 ft/sec. This is the same speed that a body would acquire if it
fell from the highest point inthe path, a distance of 196 ft.
2-9

Motion of a Projectile

The motion of a projectile after it leaves the muzzle of the gun is a special
case of a freely falling body in which the initial velocity of the projectile is
at any arbitrary direction to the vertical. We shall again limit our discussion to the ideal case in which the air resistance is neglected. Suppose that
a bullet is fired horizontally with an initial velocity u, as illustrated in
Figure 2-9. Once the bullet leaves the muzzle of the gun, its acceleration
is vertically downward and is equal to g (directed vertically downward).
This means that, in addition to its horizontal motion with velocity u, the
bullet will acquire an additional velocity vertically downward equal to gt;
that is, the downward velocity will increase with the time just as if it were
dropped. In fact, if a second bullet were dropped at the same time that
the first bullet was fired, both would reach the ground at exactly the same
time. The actual velocity v at any instant will be the vector sum of these
two velocities; that is,

v
as shown in Figure 2-9.

= U

+ gt,

(2-28)
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To determine the path of the bullet, let us choose a set of rectangular
coordinates with the origin 0 situated at the muzzle of the gun and choose
the x axis in the horizontal direction. Remembering that there is no
acceleration in the x direction, we find from Equation (2-27b) that
x = ut;

(2-29)

that is, the motion of the projectile in the x direction is one with constant
velocity. Since the initial velocity has no component in the y direction

y

o
16
32
48

64
Qj

80

~

96

.5 112
128
§ 144
~ 160
176
192

e

u

x

.......

'"

"-

"-.

y=~gt2-

'" "
x=ut

,-

Fig. 2-9 Path of a bullet fired
horizontally is a parabola.

u
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208
224
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u y = O. The acceleration is entirely in the y direction with ay = -g.
We rewrite Equation (2-27b) with the symbol y replacing each x to get the
general equation appropriate to vertical motion, and substitute values
appropriate to the problem to find
y

=

-!gt2 •

(2-30)

These values of x and yare plotted in Figure 2-9, and the curve obtained
shows the path of the bullet. To obtain the equation of the path, we
eliminate t from the two equations displayed above to obtain
-g

2

y = -2x .
2u

(2-31)

This is the equation for the path, which is a parabola.
Illustrative Example. A bomber flying eastward with a velocity of 480
mi/hr drops a bomb from an elevation of 1,600 ft, Assuming that we can neglect
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air resistance, determine where the bomb will land and how long it will take to
get there.
Since the bomb was in the airplane until the instant it was released, its
initial velocity is the same as that of the airplane; that is, U x = 480 mi/hr =
704 ft/sec. We can obtain the time of fall for the bomb from Equation (2-30).
Substituting y = -1,600 ft, we get
-1,600ft

=

_1.

X

2

from which

t

32~2 X
sec

t2

'

10 sec.

=

Using Equation (2-29), we can find where it will strike the ground 10 sec after it
was released:
ft
x = 704 - X 10 sec = 7,040 ft.
sec
The bomb will strike at a distance of 7,040 ft east of the point at which it was
released. If the plane continues to move with a velocity of 480 mi/hr after dropping the bomb, the latter will strike the target when the plane is directly overhead.
The velocity with which the bomb will strike the ground will be the vector
sum of the horizontal velocity
ft
u = 704sec
and the vertical velocity
gt =

Hence

v

=

320 ft/sec.
V(704)2

+ (320)2 -ft

sec

=

ft
772sec

directed at an angle of about 22° with the horizontal.

While a projectile may be fired in any direction, the only acceleration it
experiences is vertical. The projectile follows a parabolic path; hence the
motion lies entirely within a plane determined by the vertical and the direction of the barrel of the gun. We can describe the motion most conveniently in two dimensions, considering the y direction as vertical and the
x direction as the direction of the horizontal projection of the gun barrel.
A convenient origin of coordinates is the mouth of the gun barrel. The
path of the projectile is shown in Figure 2-10. If the projectile is fired with
an initial velocity u, at an angle of elevation 0 with the horizontal, the x
component of the initial velocity vector will be
Ux =

ucosO,

and the y component of the initial velocity vector will be
Uy

=

U

sin O.

The motion may be completely described from Equations (2-27a) and

38

§2-9

MOTION OF A PARTICLE

y

~!7m1~=+---------_--">.~---X

Fig.2-10

Projectile fired from a cliff.

(2-27b), giving the x and y positions and velocity as functions of time. Rewriting these equations under the conditions of the problem, with U x =
u cos 0, U y = U sin 0, ax = 0, ay = - g, we have
x position:
X

velocity:

Y position:
y velocity:

x = ut cos 0;
Vx

(2-32a)

= u cos 0;

(2-32b)

°- ~gt2:
y = u sin °- gt.

y = ut sin
V

(2-32c)
(2-32d)

To find the magnitude and direction of the velocity vector v at the time t,
we utilize the techniques of Chapter 1:
magnitude of v:

v = (v;

direction of v:

cf>

+ v;) 72 ;
v

= arc tan -..J!

(2-32e)

;

(2-32f)

Vx

where cf> is the angle between the velocity vector and the positive x axis.
Illustrative Example. A gun located on a cliff 160 ft high fires a shell with a
muzzle velocity of 1,600 ft/sec at an angle of elevation of 37°, as in Figure 2-10.
Find the time of flight, the horizontal distance the shell will travel, and the
velocity with which the shell will strike the ground.
From the statement of the problem, the shell will strike the ground at a
point where y = -160 ft. Other known quantities are 11 = 1,600 ft/sec, = 37°.
The unknown quantities are V x , V y , x, and t. Since there are four unknowns, we
require four independent equations for the solution of the problem. Equations
(2-32a to d) fulfill the requirements of the problem. With four equations and
four unknowns the problem has been reduced to algebra. Putting numerical
values in Equation (2-32a) yields
ft
x = 1,600- X 0.8 X t;
sec
Equation (2-32b) yields
ft
ft
V x = 1,600 X 0.8 = 1,280 - ;
sec
sec

°
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Equation (2-32c) yields
ft
ft
-160ft = 1,600- X 0.6t -! X 3 2 -2 X t 2 ;
sec
sec
and Equation (2-32d) yields
ft
ft
V y = 1,600- X 0.6 - 32-. X t.
sec
sec 2
Solving Equation (2-32c) for t, we get
t2

t=

so that
from which

60t - 10

-

=

60 ± v3.600
2
t

0,

+ 40 ,

60.2 sec.

=

The negative value of t obtained in this solution has been discarded as physically
meaningless. With this result, the other parts of the problem yield
ft
x = 1,600 X 0.8 X 60.2 sec = 77,000 ft;
sec
Vy

it
sec

ft
sec

ft
sec

= 1,600- X 0.6 - 3 2 -2 X 60.2 sec = -966-·

From Equation (2-32e) we find

v2

=

v; +

V~ =

ft)2
( 1,280sec

= (1.28 X 10 3)2
= 2.57 X 10 6 ;

+ (0.966

+(

ft)2
-966-'
sec

X 10 3)2

ft
ft
v = 1.60 X 10 3 = 1,600-'
sec
sec
From Equation (2-32£) we find
Vy
-966
cf> = arc tan - = arc tan - Vx
1,280
=

arc tan (-0.755)

=

-37.1°.

The magnitude of v and its direction could have been predicted either from
the properties of the parabola or from the fact that the shell is a freely falling body
once it leaves the gun.
Problems

2-1. A car is driven over a measured mile in 1.5 min. Determine the speed
of the car (a) in miles per hour and (b) in feet per second.
2-2. A river steamer can travel at the rate of 15 milhr in still water. How
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long will the trip between two cities 60 mi apart take (a) downstream and (b) upstream, if the river current is 3 mi/hr? (c) What will be the average speed for
the round trip?
2-3. A ferryboat which can sail at the rate of 8 mi/hr in still water travels
straight across a river t mi wide in which there is a current of 2 mi/hr. (a) What
is the velocity of the ferryboat with respect to the shore? (b) How long does a
trip take?
2-4. The first three runners in a 100-yd race were clocked in 9.5 sec, 10.0 sec,
and 10.5 sec, respectively. (a) What was the average speed of each runner and
(b) how far apart were the first and last runners when the first one reached the
finish line?
2-5. An airplane heads due north with a velocity of 250 mi/hr. A west wind
is blowing with a velocity of 40 mi/hr. What is the velocity of the airplane
relative to the ground?
2-6. An airplane whose normal speed in still air is 260 mi/hr must travel
due east. (a) What course must the aviator set for the plane when there is a
steady southwest wind of 40 mijhr? (b) How long will it take to travel 850 mi?
2-7. An automobile starting from rest acquires a speed of 40 mi/hr in 12 sec.
What is its average acceleration?
2-8. How long will it take for a car, starting from rest, to acquire a speed of
60 mi/hr if its acceleration is 12 ft/sec 2 ?
2-9. The brakes are applied to the wheels of a locomotive when it is traveling
at 70 mi/hr. It comes to rest 24 sec after the brakes are applied. What is its
average acceleration?
2-10. An automobile which is traveling at a speed of 55 mi/hr must be
brought to a stop within 150 ft. What is the minimum acceleration that must be
given to the car to accomplish this?
2-11. An airplane taking off on a runway 1,200 ft long must acquire a speed
of 80 mi/hr to get safely into the air. (a) What is the minimum safe acceleration
for this airplane? (b) How long will it take for the airplane to acquire this speed
when so accelerated?
2-12. A car approaching a turn in the road has its speed decreased from 50
mi/hr to 30 mi/hr while traversing a distance of 120 ft. (a) What was its acceleration and (b) how long did it take to traverse this distance?
2-13. A boy drops a stone from a bridge 80 ft above the water. (a) With
what speed did the stone strike the water? (b) With what speed would the stone
have struck the water if it had been thrown down with a speed of 24 ft/sec?
2-14. A boy throws a ball vertically upward and catches it 1 sec later.
(a) How high up did the ball go? (b) With what speed was it thrown upward?
2-15. A boy throws a stone horizontally with a speed of 30 ft/sec from a cliff
256 ft high. (a) How long will it take the stone to strike the ground? (b) Where
will the stone land? (c) With what velocity will the stone strike the ground?
2-16. A small block starting from rest takes 5 sec to slide down an inclined
plane 80 cm long. (a) What was its acceleration and (b) with what speed did it
reach the bottom of the incline?
2-17. Two horizontal wires are placed parallel to each other 100 cm apart,
one directly above the other. A falling ball is clocked as it passes each of these
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wires. If the time elapsed is 0.20 sec, determine the speed the ball had when it
passed each wire.
2-18. Fighter planes fly at 35,000 ft elevation. What must be the muzzle
velocity of an antiaircraft shell to reach this height. neglecting air resistance?
2-19. A rifle fires a bullet with a speed of 30,000 cm/sec. If the elevation of
the rifle is 30° with the horizontal, determine (a) the range of the bullet on horizontal ground and (b) the velocity of the bullet when it reaches the ground.
2-20. A projectile is fired vertically upward with an initial velocity of 1,800
ft/sec. (a) How high does it rise? (b) What velocity will it have 5 sec after
leaving the gun? (c) What is its altitude 5 sec after leaving the gun?
2-21. A car moving with a speed of 30 mi/hr reaches the top of a hill. As
it goes down the hill, its speed increases to 45 mi/hr in 1.5 min. (a) What is the
acceleration of the car and (b) what distance does it travel in this time?
2-22. A stone thrown horizontally from a hill takes 6 sec to reach the ground.
Determine, in meters, the height of the hill.
2-23. A falling stone is seen to pass a window 2 m high in 0.3 sec. (a) Determine the average speed of the stone. (b) Determine the speed with which it
reaches the level of the top of the window. (c) Determine the height above this
point from which it fell.
2-24. The distance between two stop lights on a cross-town street is 800 ft.
If the acceleration of a certain car, both positive and negative, is kept at 6 ft/sec 2,
and if the speed limit on this street is 30 mi/hr, determine the minimum time to
traverse this distance.
2-25. A ball is thrown a distance of 65 it in 1.2 sec. Assuming that it was
caught at the same level as it was thrown, (a) determine how high the ball rose
in its path of motion. (b) With what velocity was the ball thrown?
2-26. A gun fires a shell with a velocity of 600 m/sec at an angle of 45°
with the horizontal. Neglecting ail' resistance, (a) determine the range of this
gun, (b) determine the maximum height reached by the shell, and (c) determine
the time of flight of this shell on level ground.
2-27. Derive the equation for the range of a projectile fired on level ground,
2

R

=

u sin 2() , where R is the range, () is the angle of elevation, and u is the initial
g

velocity. Show that the maximum range is achieved when () = 45°.
2-28. The x coordinate of an object moving along the x axis is given by the
equation x = 3 - 5t + 12t 2 ft. Find the corresponding equation for the velocity
and acceleration of the object at any time t.
2-29. A body moving in space has its motion described by the equations
x = 12t + 15, Y = 6t 2 where the distances are in meters and the time is given
in seconds. Find the magnitude and direction of the velocity and the acceleration
when t = 3 sec.
2-30. A ball is thrown toward a building 50 ft distant at a speed of 100 it/sec.
At what angle must it be thrown if it is to pass through a window 42 ft from the
ground?
2-31. A railroad caris moving due north at a speed of 60 mi/hl'. A ball is
thrown from the window due east at an angle of elevation of 30° and a speed of
40 ft/sec. (a) Find the time at which it strikes the ground 10 it below the window
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of the car. (b) How far east of the track does the ball land? (c) How far north
of the point of projection does the ball land?
2-32. By differentiation with respect to time, show that the equation

x = Xi + ut + !at 2
describes the position of a particle whose initial position is Xi and whose initial
speed is u moving along the X axis with constant acceleration a.
2-33. When a balloon is at a height of 6400 ft and rising at a speed of 32
ft/sec, a stone is thrown vertically out of the balloon. The stone hits the ground
directly below in 20 sec. (a) What was the initial velocity of the stone relative
to the balloon? (b) Relative to the ground?
2-34. Motorist A, starting from rest, accelerates at a rate of 6 ft/sec 2 • At
the same time that A begins, motorist B, starting from rest at a point 100 ft
ahead of A, accelerates at a rate of 4 ft/sec 2 • (a) How far does motorist A travel
before they meet? (b) At the instant they meet each motorist decelerates at the
rate of 5 ft/sec 2 until his car comes to rest. How far apart are they when they
have stopped?
2-35. A train is moving with uniform speed along a level road. A man on
the observation platform drops a ball. What is the path of the ball as observed
(a) by the man on the train and (b) by another person standing at a short distance
from the tracks?
2-36. In a laboratory experiment an air rifle is clamped in position and
aimed by sighting along the barrel. The target is released just as the bullet
leaves the muzzle of the rifle. Show that the bullet will always hit the target.
2-37. If there is no wind, raindrops fall vertically with uniform speed. A
man driving a car on a windless rainy day observes that the tracks left by the
raindrops on the side windows are all inclined at the same angle. Show how the
vertical speed of the raindrops can be determined from the inclination of the
tracks and the reading of the speedometer.
2-38. Show that the speeds of a projectile are the same at any two points
in its path which are at the same elevation.
2-39. A boy seated in a rapidly moving railroad car tosses a ball up into
the air. Will the ball come down in front of him; behind him; into his hand?
What will happen when the car is accelerating in the forward direction? Going
round a curve?

3
The Equilibrium of a Particle

3-1

Equilibrium

A particle which remains at rest or in uniform motion with respect to its
frame of reference is said to be in equilibrium in that frame. Centuries ago
it was recognized that the state of rest was a natural state of things, for it
was observed that objects set in motion on the surface of the earth tended
to come to rest. The maintenance of any horizontal motion on earth was
thought to require the continued exercise of a force, hence to be a violent
motion, while vertical motion like that of a falling body was thought to be
natural. In heavenly bodies circular motion was thought to be natural.
That uniform motion in a straight line was a universal equilibrium condition, a natural state of things, was not recognized until the work of Galileo
(1564-1642) and Newton (1642-1727), which represented a very significant
contribution to the study of mechanics and to our understanding of nature.
Newton summarized his conception of motion in three principles,
which are today called Newton's laws of motion, the first of which may be
stated as follows: A body at rest will remain at rest, and a body in motion will
continue in motion with constant speed in a straight line, as long as no net
force acts upon the body.
Although, as the result of much repetition, Newton's first law may
today seem to be another trite statement, the result of simple common
sense, it was indeed a very startling conception. Noone of us has ever seen
an object which moved with constant speed in a straight line for an infinite
length of time either on the earth or in the heavens. Nevertheless the
Newtonian formulation of the conditions of equilibrium has proved itself
invaluable in our understanding of nature and is universally accepted as
the basis for the formulation of an important division of mechanics. The
experimental validity of the Newtonian formulation of equilibrium is reestablished each time a new structure is erected, each time an airplane flies.
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Equilibrium of a Particle

According to Newton's first law, a particle is said to be in equilibrium if
there is no net force acting on it. This does not mean that no forces act on
the particle, but rather that the resultant of all the forces which do act on
the particle is zero. The direction in which a force acts is an important
fact needed for its specification. Force is, therefore, a vector quantity,
and the resultant of the forces must be obtained by vector methods. If we
label the forces acting on the particle by A, B, C, ... , the condition for the
equilibrium of a particle may be written in the form of an equation as

IR = A +B

+ C + .. , = 0,

I

(3-1)

where R is the resultant of the forces acting on the particle.
We have already seen that a vector equation may be resolved into
three independent scalar equations, one for each of three mutually perpendicular directions, so that Equation (3-1) may be written as

+ B x + Cx +
A y + By + C y +
A z + B z + Cz +

R x = 0 = Ax

(3-2a)

Ry = 0 =

(3-2b)

Rz = 0 =

(3-2<)

in which Ax, B x, Cx, ... are the x components of the forces A, B, C, ... ,
respectively, and A y, By, Cy, ... and A z, B z, Cz, ... are the y and z components of these forces, respectively.
We shall usually restrict our discussion to the equilibrium of bodies
which are acted upon by forces all of which are in one plane. In such cases
Equation (3-2c) is redundant, and the conditions for the equilibrium of a
particle become
(3-2a)
(3-2b)

The word particle has been used rather loosely to imply a small body on
which the forces act concurrently; that is, all forces are directed toward a
single point. At times the statements relating to the statics of a particle
will be applied to larger bodies when these move in translational motion;
that is, when there is no rotation of the body itself.
When we examine the equilibrium of a particle, we must be careful to
isolate the particle in our minds and to examine the forces exerted on the
particle by each object capable of exerting a force on it. We shall see that
the conditions for the equilibrium of a particle will enable us to determine
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the forces exerted by many structural elements which make up a complicated assembly and thereby provide information essential to the design of
complex structures.

y
B(30Ib)
b

A
X

a

(b)
y

(a)

X

c

cy

(c)

Fig. 3-1

Illustrative Example. Three strings are tied to a small ring (here considered
to be a particle), as shown in Figure 3-1(a). The string b exerts a force of 30 Ib
upon the ring; the string c exerts a force of 50 Ib upon the ring. What force must
be exerted by the string a if the ring is to remain in equilibrium?
From experience we know that a taut string exerts a force directed along its
own length. In Figure 3-1(b), the ring is placed at the origin of an x-y coordinate
system, and the strings are replaced by the forces that they exert on the ring; the
force of the string b is represented by the symbol B, and the force of string c is
represented by the symbol C. While forces Band C are drawn to scale, the force
A is not, since its value is not known.
To apply Equations (3-2) to the solution of the problem, we must resolve the
force C into its x and y components Cx and Cy. From Figure 3-1(c) we see that
Cx = -C cos 37° = -501b X 0.8 = -401b,
Cy = -C cos 53° = -501b X 0.6 = -301b,

and, substituting numerical values into Equations (3-2), we have
R x = A - 40 Ib

=

0,

R y = +301b - 301b = O.
Thus the ring is in equilibrium in the y direction under the action of the applied
forces and will be in equilibrium in the x direction if R x = 0; that is, if A = 40 lb.
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Newton's Third Law

Newton's third law of motion states that whenever one body exerts a force on
another, the second body exerts a force equal in magnitude and opposite in direction on the first body. This law is sometimes called the law of action and
reaction. In the solution of problems in statics, this concept is applied extensively. We focus our attention first on the equilibrium of one point in

Force

T

of ceiling
on B

B
B

A

(a)

W

T

Forces on point A

Forces on point B

(b)

(c)

Fig. 3-2

the structure, then on a second, and a third, and so on, to find all the forces
exerted on or by each member of the structure. If we pull against a rope,
our hands exert a force on the rope, but the rope exerts an equal and opposite force on our hands. When a packing crate rests on the floor, the
crate exerts a force on the floor and the floor exerts an equal and opposite
force on the crate.
Consider the forces associated with a hanging weight. If a body of
weight W is supported by a rope fastened to the ceiling of a room, as in
Figure 3-2(a), we can determine the tension in the rope by considering the
equilibrium of a particle of the rope at point A. To do this we draw a
second diagram called a force diagram, to distinguish it from the sketch
illustrating the appearance of the system which we call the space diagram.
The forces on A are the tension T in the rope and the weight of the body,
as shown in the force diagram, Figure 3-2(b). Since the force of gravity is
vertically downward, the rope must be in the vertical direction. The force
T at A must be equal in magnitude to W but opposite in direction.
To determine the force that the ceiling must exert on the rope, we apply the results obtained from examining the equilibrium of point A to the
examination of the equilibrium of an element of the rope at point B. The
forces on this element are the tension in the rope T which at B is directed
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vertically downward, and the force of the ceiling of unknown magnitude
and direction; see Figure 3-2(c). Since the element at B is in equilibrium,
the sum of all forces acting on B must be zero, and the force exerted by the
ceiling must be vertically upward, and in magnitude equal to T, hence
equal to W.
3-4

Solution of Simple Problems in Statics

Illustrative Example. A boom, or a strut, whose weight can be neglected, is a
typical example of a pinned beam; that is, the beam is connected to the other part
of the structure by means of a strong pin or rod which passes freely through it.
A beam at rest which is pinned at one end can exert a force either in tension or in
compression (that is, a push or a pull), but this force too can only be exerted in a
direction parallel to the beam, for if the beam is pinned and can rotate freely,

F

(0)

(b)

(c)

Fig. 3-3

any force perpendicular to its own length would cause it to rotate. Suppose a
weight W of 60 lb hangs from a rope supported at the outer end of a boom of negligible weight, as in Figure 3-3(a). The boom is pinned at its lower end and is
supported at its upper end by a horizontal chain fastened to the wall. To determine the forces exerted by each member, we first isolate a small segment of the
rope near point A; as we have already seen, the tension in the rope T r must be
equal in magnitude to the weight W. To examine the equilibrium at point B,
we draw a force diagram as in Figure 3-3(b), with the forces acting on the point
B drawn as though they radiate out from a common origin. Since both the rope
and chain can exert only tension forces along their own lengths, we label these
forces T r and T c (for the tension in the chain), respectively, and draw them in
appropriate directions. A pinned beam can exert a force only along its own
length. The beam is in compression, and the force exerted by the beam must be a
thrust away from the wall. The force exerted by the beam is F, as indicated in the
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figure. Since the point B is in equilibrium, the vector sum of all these forces
acting on B must be zero.
Solving Equation (3-1) by the polygon method, we observe that the three
force vectors, added in sequence head to tail, must form a closed triangle, for the
resultant of the three forces, the vector drawn from the tail of the first to the head
of the last, must be of length zero. The force vectors are parallel to their respective structural members; appropriate angles may therefore be identified on
the force diagram from the space diagram; thus F makes an angle of 30 ° with the
vertical force T r, and the vector T r is perpendicular to T e . With this information
the methods of trigonometry enable us to solve the problem. From Figure 3-3(c)
we have

T,.

-

thus

F
F

=

cos 30 0 •

'

= ~ = 60 lb = 69.4 lb.
cos 30 0

0.866

Furthermore,
thus

T c = T r tan 30 0 = 60lb X 0.577 = 34.6 lb.

We have found the forces exerted by the three structural elements and have
therefore obtained a complete solution to the problem. Since, by Newton's
third law, the force exerted by each of these elements is equal and opposite to the
force exerted on it, knowledge of the strength of materials enables the engineer
to design a suitable structure.
Illustrative Example. A string is passed over two pulleys, and weights of
30 lb and 40 lb are hung from the ends. When a weight of 50 lb is hung on the
string anywhere between the two pulleys, it is found that the angle made by the
two parts of the string supporting the 50-lb weight is 90 0 , as shown in Figure 3-4(a),
no matter where the weight is placed. The angle does not change when the pulleys are raised or lowered with respect to each other. Explain.
Examination of the equilibrium of the element of string at point A shows
that the tension in the string at this point must be 30 lb. The tension in the string
is not altered when the string passes over a frictionless pulley. A frictionless pulley
is one in which the bearing of the pulley is perfectly smooth, although the surface
of the pulley wheel may be quite rough. The tension in the string BC must
be 30 lb. Similarly, the tension in the string CD must be 40 lb. At the point C
there is an abrupt change in the direction of the string, as there must be when the
tension is different in two parts of a string.
Consider the equilibrium of a particle at the point C. Three forces act on
point C: namely, the two tensions in the strings and the weight of 50 lb. Since the
point C is in equilibrium, the vector sum of these forces must equal zero. The
force diagram is shown in Figure 3-4(b). The force polygon, drawn as Figure
3-4(c), is a 3-4-5 triangle, hence a right triangle, with the right angle between the
30-lb vector and the 40-lb vector. The directions BC and CD are parallel to the
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30-lb and the 40-lb vectors, respectively. By a theorem in geometry which states
that two angles whose sides are mutually perpendicular are either equal or supplementary, the angle BCD must be 90°.

40
Ib

(a)
40lb

50
Ib
50
Ib

(b)

(c)
Fig. 3-4

We note again that the force diagram and the space diagram are not drawn
to the same scale; distances on the force diagram do not necessarily transfer to
the space diagram. Angles from the space diagram may be identified on the force
diagram, because structural members often exert forces which bear a simple
relationship to the directions of these members.

3-5

Frictional Forces

It is common experience that moving objects on the surface of the earth
do not continue to move in a straight line with uniform speed, and that a
force must be applied to maintain uniform motion. As part of our attempt
to develop a consistent picture of nature, we have developed the concept
of friction. The frictional force is conceived as a force that opposes the
motion; this force must be equal in magnitude to the applied force required
to keep a body sliding over a surface with uniform speed.
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Friction between solid bodies can be classified into two types, sliding
friction and rolling friction. Sliding friction occurs whenever the surface
of one body slides over another; this kind of friction exists between the
brake lining and the brake drum of the braking mechanism on the wheels
of a car. Rolling friction exists between the wheels of a car and the road
when no slippage occurs. It is common experience that considerably more
effort is required to start a heavy object sliding across a floor than is needed
to keep it moving once it has been started. We may thus distinguish between the force of static friction required to start an object in motion and
the force of kinetic friction required to keep an object in motion, for they
have different magnitudes. The results of many experiments show that,
to a good approximation, the magnitude of the frictional force does not
depend on the area of contact between the two surfaces but depends upon
the nature of the surfaces and upon the force pressing them together.
Calling the magnitude of the frictional force F r and the magnitude of the
normal force with which one surface presses against another N, we write
(3-3)

were f is a dimensionless constant of proportionality called the coefficient
of friction. Some typical values of the coefficient of kinetic or sliding friction are shown in Table 3-1. While values in the table are all less than 1,
there is no fundamental reason why the coefficient of friction should not
have a value greater than 1. The coefficient of static friction is. higher than
the coefficient of kinetic friction.
TABLE 3-1

COEFFICIENTS OF SLIDING OR KINETIC FRICTION

Materials
Wood on wood, dry
Metal on oak, dry
Leather on metal, dry
Metal on metal, dry
Steel on agate, dry
Masonry on clay, dry

0.25-0.50
0.50
0.56
0.15-0.20
0.20
0.51

The frictional force always acts in such a direction as to oppose the
motion of one surface relative to another. When an object is in motion,
the force of kinetic friction given by Equation (3-3) is always present.
This is not true for static friction. The coefficient of static friction gives
the maximum value of the frictional force-the force which must be applied to start the motion. As long as the object is at rest, the frictional
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force may take on any value (up to that maximum) necessary to fulfill
the conditions of equilibrium (see the second Illustrative Example of Section
3-6 and Figure 3-6).
In screw-thread fastening devices, the effect of tightening a bolt against
the work, or against a spring washer, is to increase the normal force with
which the thread surfaces of the nut bear against the thread surfaces of
the bolt. This increases the frictional force between the nut and bolt, as
shown by Equation (3-3), and helps keep the nut from untwisting.
Illustrative Example. A steel block weighing 175 Ib is pulled horizontally
with uniform speed over another steel block. If the coefficient of kinetic friction
between the two surfaces is 0.20, determine the force of friction between them.
The force pressing the two surfaces together is the weight of the upper block;
hence N = 175 lb. From Equation (3-3), the force of friction is

F r = fN,
F r = 0.2 X 1751b = 35 lb.
3-6

Body on an Inclined Plane

When a body rests upon an inclined plane, it is sometimes convenient to
resolve the forces acting on the body into components parallel and perpendicular to the plane. The force exerted by a plane surface may similarly
be resolved into a component parallel to the plane, which is called the
frictional force, and a component perpendicular to the plane, called the
normal force. In describing a surface by the word smooth, we imply that
the surface is frictionless and is capable of exerting only a force normal to
itself. When it is called a rough surface, we imply that it is capable of exerting a force in any outward direction, and the component of that force
parallel to the surface is the frictional force.
Illustrative Example. A weight of 80 lb rests on a smooth plane which is
inclined at an angle of 37° with the horizontal, as shown in Figure 3-5(a). What
is the magnitude of the horizontal force F which will keep the block from sliding
down the plane?
The forces acting on the body are shown in Figure 3-5(b); they are the
horizontal forces F, the force of gravity W, and the force of the smooth plane N,
which must be normal to the plane. The vector sum of W, F, and N is zero,
hence these vectors must form a closed triangle, as shown in Figure 3-5(c). The
angle between Wand N in Figure 3-5(c) is equal to the angle made by the inclined
plane with the horizontal and is 37°. Since a 37° right triangle is approximately a
3-4-5 right triangle, and W = 80 Ib, we see that F = 60 Ib and N = 100 lb.
Thus a horizontal force of 60 Ib will keep a body of weight 80 Ib from sliding down
a smooth inclined plane. According to Newton's first law, such a force will
also keep the body sliding up or down the plane at uniform speed once the body
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has achieved that speed, for under the application of a 60-lb horizontal force the
vector sum of the applied forces is equal to zero.

F

w

,

(b)

w

F

.( c)

(0)
Fig. 3-5

Illustrative Example. A steel block weighing 100 lb rests upon a plank
which is inclined at an angle () of 30° with the horizontal, as shown in Figure
3-6(a). The coefficient of static friction is 0.8. What is the frictional force
between the block and the plank?

x

(b)

(0)

w

Fig. 3-6

It is convenient to choose the direction of the x axis as parallel to the plank
and the direction of the y axis as perpendicular to the plank. The forces acting
on the block are shown in Figure 3-6(b) ; they are the gravitational force W = 100 lb
acting vertically downward, the force exerted by the plank on the block which is
resolved into the force N normal to the plank, and the frictional force F r parallel
to the plank. We choose the direction of F r in order to oppose the tendency of the
block to slide down the plank. The weight of the block is also resolved into
x and y components; the y component is W cos (} = -86.6Ib, and the x component is W sin (} = -50 lb. Applying Equation (3-2b) for equilibrium in the y
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direction, we have
N - 86.6 Ib
N

=

0,

86.6 lb.

=

From Equation (3-3) the maximum value of the frictional force is
F r (max)

=

0.8 X 86.6

=

69.3 lb.

But from Equation (3-2a) the conditions for the equilibrium of the block require
t.he magnitude of the frictional force given by

Fc
so that

-

Fr

50lb
=

=

0,

50 lb.

Hence the frictional force is 50 Ib, which is less than the maximum value obtained
from the coefficient of static friction.

Angle of repose on
rough inclined plane.

Fig. 3-7
II.

If the coefficient of kinetic friction between a block of weight Wand
a plane is given by f, it is interesting to consider the angle of inclination of
the plane with the horizontal at which the block will continue to slide down
the plane with uniform speed. Let us call this angle 0e'
Once started in motion down the plane, the block will slide down with
uniform speed if the sum of the forces parallel to the plane is equal to zero.
Referring to Figure 3-7, the magnitude of the y component of the weight
of the block is given by W cos Oe, and this is equal to the magnitude of the
normal force N. The frictional force is given by
F,. = fN = fW cos Oe.

Since the sum of the x components of the forces must be equal to zero, we
have

- W sin Oe

+ F,.

= 0,
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and, substituting for F r , we get

W sin (Je = fW cos (Je,
so that

f =

tan

(Je.

(3-4)

The coefficient of sliding friction is given by the tangent of the angle at
which the block, if started, will slide down the plane with uniform speed.
At any angle slightly less than (Je = arc tan f, the block will come to rest.
The angle (Je is called the angle of repose. Considerations similar to these
illustrate why a pile of coal has uniformly sloping sides, and why some materials will stand in steeper piles than others. A knowledge of the angle of
repose, the angle of elevation of the surface of the pile of granular materials,
is of practical value in the design of appropriate storage bins.
Problems

3-1. A body weighing 15 lb hangs from one end of a vertical cord. What is
the tension in the cord?
3-2. A body weighing 35 lb is hung from the center of a cord. The angle
between the two parts of the cord is 120°. Determine the tension in the cord.
3-3. A body weighing 120 lb hangs from a cord which is attached to the ceiling. A horizontal force pushes the body out so that the cord makes an angle of
30° with the vertical. Determine (a) the magnitude of the horizontal force and
(b) of the tension in the cord.
3-4. A rope 20 ft long has its ends fastened to the tops of two poles 16 ft
apart. A weight of 240 lb hangs 8 ft from one end of the rope. Determine the
tension in each section of the rope.
3-5. In order to pull a car out of a rut, a man ties a rope around a tree and
attaches the other end to the front bumper of the car. The man then pulls on
the middle of the rope in a direction at right angles to the line from the tree to
the car. (a) Determine the tension in the rope if the man exerts a force of 80 lb
when the angle between the two parts of the rope is 160°. (b) What force does
the rope exert on the car?
3-6. A box weighing 70 lb is held up by two ropes, one of which makes an
angle of 30° with the vertical while the other makes an angle of 60° with the
vertical. Find the tension in each rope.
3-7. A boom in the form of a uniform pole, whose weight may be neglected,
is hinged at its lower end. The boom is held at an angle of 60° with the ground
by means of a horizontal cable attached to its upper end. (a) Determine the
tension in the cable when a load of 1,000 lb is attached to the upper end. (b) Determine the thrust exerted by the boom.
3-8. One end A of a rigid, light, horizontal bar is attached to a wall, while
the other end C is supported by a rope which is attached to a point D on the wall
directly above A, as shown in Figure 3-8. The length of the bar AC is 12 ft, and
the length of the rope CD is 13 ft. Determine (a) the tension in the rope and (b)
the thrust exerted by the bar when a weight of 3,000 lb is hung from C.
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Fig. 3-8

3-9. A car weighing 3,500 lb is on a hill which rises 5 ft for every 100 ft of
length. Determine the component of the weight which acts parallel to the hill.
3-10. A crate weighing 150 lb is held on a smooth inclined plane by means of a
rope tied to this crate and to the top of the plane. If the inclination of the plane
to the horizontal is 30°, (a) determine the tension in the rope and (b) the push
of the plane against the crate. (c) What will be the tension in the rope if it is
used to pull the crate up the plane at a uniform rate? (d) Determine the tension
in the rope if the crate is allowed to slide down the plane at a uniform rate.
3-11. A barrel weighing 120 lb is held on a smooth inclined plane by means of
a force applied horizontally. The inclination of the plane is 37°. Determine
(a) the magnitude of the horizontal force and (b) the push of the plane.
3-12. A block weighing 2 lb is dragged along a rough, level floor at uniform
speed by a rope which makes an angle of 30° with the floor. If the coefficient of
kinetic friction between the floor and the block is 0.3, find the tension in the rope.
3-13. In Problem 3-10 the coefficient of static friction between the plane
and the crate is 0.2 and the coefficient of kinetic friction is 0.1. Recalculate your
answers to parts (a), (b), (c), and (d).
3-14. (a) A block weighing 50 lb rests on a horizontal plane. Find the frictional force between the block and the plane. The coefficient of static sliding
friction is 0.8. (b) What is the frictional force between the block and the plane
when the plane is inclined at an angle of 30° with the horizontal?
3-15. A box weighing 100 lb is pushed at constant speed, up a rough plane
inclined at an angle of 37° with the horizontal by a steady horizontal force of
85 lb. (a) Find the frictional force and (b) the coefficient of kinetic sliding friction
between the block and the plane. (c) Find the horizontal force which must be
applied to lower the block down the plane.
3-16. A steeple jack sits in a chair which is fastened to a long rope. The rope
is passed over a pulley fixed at the top of the steeple and hangs down within reach
of the steeple jack. If the steeple jack and chair weigh 150 lb, with what force
must he pull on the free end of the rope to raise himself at a steady rate? Neglect
the weight of the rope.

4
Statics of a Rigid Body

4-1

The Concept of a Rigid Body

In the preceding chapter we observed that a particle would remain in equilibrium, in a state of rest, or in a state of uniform motion in a straight line
when the resultant of all the forces acting on it was equal to zero. This
condition for equilibrium was extended to larger bodies under either of two
possible conditions: If the forces acting on the body were concurrent, that
is, if they were directed toward a single point, the body could be treated as
if it were a particle; or if the body moved with uniform translational motion
in which every particle of the body moved in the same fixed direction with
uniform speed, the whole body could be treated as though it were a particle.
Many of the problems of the equilibrium of extended bodies do not fulfill these conditions. The forces acting on the body do not pass through a
single point, and the motion of the body is not one of uniform translational
motion but may include rotation as well. The motion of a body is often
quite complicated, as in the case of a spiraling football. The ball is generally thrown so that it spins about its longer axis, but, in addition to its
spinning motion, the axis of rotation itself rotates, and the ball has a general translational projectilelike motion superimposed upon the rotational
motions.
We shall restrict ourselves to the study of rotation about a fixed axis
and shall devote our attention first to the case of equilibrium of a body with
respect to rotation about a fixed axis.
While all material bodies deform somewhat under the action of applied
forces, it is convenient to think of them as nondeforming, or as rigid; we
shall define a rigid body as one in which all dimensions remain the same, regardless of the nature of the applied forces. With this concept the statics of
material bodies can be greatly simplified, for, instead of having to study the
body as though it were a vast collection of particles to which the conditions
of equilibrium must be applied to one particle at a time, the entire body
56
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may be treated as a single object, and its equilibrium may be studied through
the introduction of a new concept called torque.
4-2

Moment of a Force; Torque

The effect of a force in producing rotation is determined by two factors,
(a) the force itself and (b) the distance of the line of action of the force from
some line considered as an axis of rotation. Suppose that a force F acts on
a rigid body, as shown in Figure 4-1; its line of action is collinear with the

F

Fig. 4-1 Torque produced by a
force F whose line of action is at a
distance r from the axis t~rough 0
perpendicular to the plane of the
paper is G = Fr.

Fig. 4-2

vector F. Imagine an axis through point 0 perpendicular to the plane of the
paper such that the distance from 0 to the line of action of the force F is r.
The effect of the force in producing rotation about the axis through 0,
called the moment of the force, or the torque, is defined as the product of the
force and the perpendicular distance from the axis to the line of action of the
force. If G represents the magnitude of the torque, then
(4-1 )

As we view Figure 4-1, the torque will tend to produce a rotation of the
body in a counterclockwise direction about an axis through 0; the torque
G is said to be in a counterclockwise direction. Figure 4-2 shows a rigid
body acted upon by two forces F 1 and F 2 at distances rl and r2, respectively,
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from an axis through 0 perpendicular to the plane of the paper. The torque
produced by F I about 0 is FIrl in a counterclockwise direction; the torque
produced by F 2 about 0 is F2r2 in a clockwise direction. By convention a
torque in a counterclockwise direction is usually called positive, and one in a
clockwise direction is usually called negative. Thus the total torque produced by these forces about 0 as an axis is
G = FIrl - F2r2.

Whenever the torque produced by a force about a particular axis is to
be determined, it is essential to find the perpendicular distance from the axis
to the line of action of the force. In Figure 4-3 the force F is applied at the
point E on the rim of a disk. To find the torque about an axis perpendicular

F

-- -- --

--I"""":

\r

O~

Fig. 4-3 Force F applied at point E
produces torque - Fr about an axis
through 0 perpendicular to the plane
of the paper.

to the plane of the paper through 0 at the center of the disk, it is necessary
to extend the line of action of the force F as shown by the dotted line, and
then to drop a perpendicular from 0 onto this line to obtain the perpendicular distance r. The torque of F about the axis through 0 is - Fr, the
minus sign indicating that it acts in a clockwise direction.
The units used for expressing a torque must be those appropriate for
the product of a force and a distance. Thus pound feet (lb ft), newton
meters (nt m), and dyne centimeters (dyne em) are the appropriate units
of torque in the British gravitational, the mks, and the cgs systems of units,
respectively.
4-3

Vector Representation of Torque

Only coplanar forces were considered in the above discussion; the axis
about which the moments of the forces were taken was always at right
angles to the plane containing the forces. In this simple case the direction
of rotation, and hence the direction of the torque, was specified either as
clockwise or counterclockwise. In the more general case where the forces
are not coplanar and the axis of rotation may have any arbitrary direction,
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it is necessary to have a more general method of representing torque as a
vector.
As we have already seen, conventional rectangular coordinate systems
are right-handed; that is, if the fingers of the right hand are pointed in the
direction of the x axis and the fingers are bent so that they point toward
the direction of the y axis, the outstretched thumb will point in the direction
of the z axis. The disposition of the fingers and thumb of the right hand
are commonly used to represent vector quantities involving rotation. If
the fingers of the right hand were used to grasp the disk illustrated in Figure
4-4, with the fingers pointing in the direction of the rotation which the force
at A might produce, the extended thumb would point in the direction of the
axis of rotation. To represent the torque produced by the force F at A by

G=FR

Fig. 4-4 The right hand rule: if the fingers of the right hand follow the direction of
rotation, the thumb will point in the direction in which the arrow sho1!:ld be drawn
along the axis of rotation.

a vector, we would draw a vector of magnitude given by G = R X F pointing along the line of the axis of rotation to the left. Conversely, if the torque
vector were given as to the left, then, pointing the right thumb in the direction of the vector, the curled fingers of the right hand would point in the
direction of rotation the torque would tend to produce.
4-4

Equilibrium of a Rigid Body

When a rigid body remains at rest under the action of a system of forces,
the body is said to be in equilibrium. In addition, under certain special
conditions a body may be in equilibrium even when it is in motion. For example, a rigid body is in equilibrium if it moves in such a way that every
particle in the body moves with uniform speed in a straight line. Another
type of equilibrium is that of a wheel rotating about its axis with uniform
angular speed. For a rigid body to remain in equilibrium when acted
upon by a set of forces, two conditions must be satisfied:
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(a) The vector sum of all the forces acting on the body must be zero. This
condition assures that there will be no change in the state of the translational motion. Writing the condition in the form of an equation, we have

(4-2)

We note that this is the same as the condition for the equilibrium of a
particle.
(b) The vector sum of all the torques acting on the body about any axis
must be zero. In dealing with two-dimensional problems, this is equivalent
to saying that the sum of the clockwise torques about any axis must equal
the sum of the counterclockwise torques about the same axis. Writing this
condition in the form of an equation, we have

(4-3)

This condition on the torques, that the sum of the torques must equal
zero, is a new condition for equilibrium applicable to a rigid body which
was not pertinent to the equilibrium of a particle, for all the forces acting
on a particle had to intersect in that particle. The forces acting on a rigid
body do not generally act on a single point in the body and consequently
will give rise to rotational motion unless Equation (4-3) is fulfilled.

p
Fig. 4-5

Lever in equilib-

rium.

B
F

Illustrative Example. Let us analyze the forces associated with the operation
of a lever. Essentially, a lever consists of a rigid bar AB, as in Figure 4-5, capable
of rotating about a point of support 0, called the fulcrum, which defines the axis
of rotation. Suppose a weight W is placed at the end A and that some vertical
force F is applied downward at the end B to keep the lever in equilibrium in a
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horizontal position. Applying Equation (4-2) to the equilibrium of the bar AB,
since the forces Wand F are both in the y direction, the only other possible force,
the force exerted by the fulcrum at 0, must also be in the y direction. Calling
this force P, the vector equation for the forces must be

W +F + P

=

0,

and rewriting the equation with the symbols W, P, and F representing the
magnitudes of the three forces, their directions being taken from the directions of
thearrows on the figure, we have
-W

+P

- F

=

0;

P

=

W

hence

+ F.

To apply the second condition for equilibrium, let us take moments of the
forces about the point 0 with respect to an axis pointing normally out of the paper.
If we consider 0 as the origin of a coordinate system with the positive x axis
pointing toward the right to the point B, the positive y direction as the direction
given by the vector P, then the positive z direction points normally out of the
paper toward the reader, as given by the right-hand convention. The moment of
W about 0 is + W X AO, since the rotation which would be generated by W
would be counterclockwise, and the torque vector would point in the positive z
direction. The moment of F about 0 is - F X OB, since this is clockwise; the
moment of P about 0 is zero. All the torques are in the z direction, and we apply
the conditions for equilibrium in the form of Equation (4-3)

LG
from which

= W X AO - F X OB = 0,
W X AO

=

F X OB,

=

OB
AO'

W

so that

Ii

The distances AO and OB are called the lever arms of the respective forces W
and F. Thus, in the case of a lever, Wand F are in the inverse ratio of their
lever arms. By placing the fulcrum closer to W, we shall now need a smaller
force F to lift W. The fulcrum may be placed at any point along the bar, and the
positions of Wand F may be moved around to get almost any desired result consistent with the approximation that the bar remains a rigid body. Many common
tools are applications of the principle of the lever, as may be seen from an analysis
of the use of the shovel, crowbar, tongs, wrench, tweezers, pliers, scissors, chain
tightener, nail puller, and nutcracker.
Illustrative Example. A strong steel bar 5 ft long is supported at its two
ends A and B, as shown in Figure 4-6. A weight of 160 lb is placed 2 ft from end
A. Neglecting the weight of the bar, determine the forces exerted by the supports.
The forces acting on the steel bar are shown in Figure 4-6. The forces exerted
by the supports are shown as FA and F B. From the first condition of equilibrium,
we get
FA
FB - 160lb = O.

+
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In applying the second condition for equilibrium, we are at liberty to choose any
axis of rotation. Let us choose an axis through the point A directed normally
out of the paper. Following the previous example, we call this the positive z
direction. The sum of the moments of all the forces about A is zero, yielding

FAX 0 - 160lb X 2 ft
from which

FB

=

+F

B

X 5 ft

=

0,

64 lb.

Substituting this back into the first equation gives us

FA

=

96 lb.

fig. 4-6

W= 160lb

This example really represents the solution of a great many problems in
statics. If the line AB represents a simple bridge, then FA and F B represent
the forces exerted by the bridge piers, and we have solved the problem of the loads
borne by piers under one particular load distribution. If the line AB represents
the bed of a truck, as it well might with the substitution of somewhat different
numbers for the distance and weight, then W might represent the weight of the
engine, and the two forces might represent the load borne by the front and rear
tires.

Illustrative Example. A rod 8 ft long, and considered to be weightless, is
pinned to a wall at one end, as shown in Figure 4-7(a). To support the rod horizontally a cord 10 ft long is fastened to the outer end of the rod and to the wall a
distance of 6 ft above the pin. A 64-lb weight W is hung from the rod a distance
of 3 ft from the pinned end. Find the tension in the cord and the force exerted
by the pin on the rod.
We observe that we are here concerned with the equilibrium of a rigid body,
namely the rod. From the dimensions given, the space figure is a 3-4-5 right
triangle, and the angle ACD is 37°. Let us isolate the rod AC and label all the
forces acting on it as shown in Figure 4-7(b). Since we know neither the magnitude nor the direction of the force exerted by the pin at A, we label the com-
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ponents of this force Ax and A y, and draw them in the directions we expect these
forces to act. Although we know the direction of the tension in the cord, it is
more convenient to work in terms of the components of the tension T x and T y.
The forces on the rod are then Ax, A y, W, T x, and T y, where these symbols in
italics once again represent the magnitudes of the forces, the directions being

w

I;(~;
(a)

(b)
Fig. 4-7

given in the diagram. Following such a procedure, if one of the forces proves to
have a negative value on solution of the problem, the direction of the particular
force will be opposite to that shown in the figure.
We apply the component form of Equation (4-2) for the translational
equilibrium of a rigid body:

'L,F x

=

Ax - T x

=

0;

(a)
(b)

Since T x and T y are components of a force T, we may write
Ty

-

Tx

=

tan 37

0

3

= 4'

(c)

At this stage we have three equations in four unknowns, Ax, A y, T x, and T y, and
we need an additional relationship among these quantities to obtain a solution
to the problem.
The second condition for equilibrium, Equation (4-3), provides the necessary
relationship. Once again the positive z direction is taken as pointing out of the
paper. The axis of rotation will be taken in the z direction, and the location of
the axis of rotation will be chosen through the pin at A. The line of action of the
forces Ax, A y, and T x, all pass through the point A; hence these forces produce
zero torque about an axis through A. It was for this reason that the point A was
chosen as the location of the axis of rotation, and not because the pin was located
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at A. The point C would have been an equally good choice for the location of the
axis of rotation.
Substituting in Equation (4-2) for the torques about an axis through A, we
obtain

LGA

=

0

=

A y X 0 ft

+ Ax

X 0 ft - 641b X 3 ft

+ Tx X

0 ft

+ Ty X

8 ft,

from which
64 X 3 Ib ft

=

8 X T y ft;

Ty

=

24 lb.

hence

(d)

With this result the entire problem is reduced to algebra.
we get
Tx

=

~

241b
0.75

=

tan 37°

=

32 lb.

=

0,

From Equation (c)
(e)

From Equations (b) and (d) we find
Ay

641b

-

so that

Ay

+ 241b
40 lb.

=

From Equations (a) and (e) we find that
Ax

=

Tx

=

32 lb.

Hence the tension in the rope T is of magnitude
T

=

(T;

+ T;)~

=

[(32)2

+ (24)2]~

=

40 lb.

The direction of T is known from the statement of the problem. The magnitude
of the force on the pin A is given as
A

=

(A;

+ il;)~

=

[(32)2

+ (40)2]~

=

51.21b;

the direction of the force A can be expressed in terms of the angle 0 that it makes
with the rod considered as the x axis; thus

o=
4-5

A
Ax

arctan~ =

40
arc tan32

=

51.4°.

Center of Gravity

In all our previous discussions in which it was necessary to consider the
weight of a body, we represented it by a single force W downward. Actually, the earth exerts a force of attraction on each particle of the body;
the weight of the body is the resultant of all the forces which act on all the
particles of the body. We ask whether it is possible to think of an extended
distribution of matter as though all its weight were concentrated at a single
point in space. A plumb bob, a weight hung on the end of a string, represents an approximation of a particle. When a plumb bob is suspended,
the weight hangs directly beneath the point of support. From an experi-
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mental viewpoint, if there is a single point associated with an extended
object where all the weight appears to be concentrated, this point should
always come to rest beneath the point of support, no matter how the object
is suspended. If an extended object is suspended from first one, then another, of several different points of support, the vertical lines through these
points always intersect in a single point called the center of gravity. A single
upward force of magnitude equal to the weight of the body will be sufficient
to produce equilibrium if this force is applied at the center of gravity, regardless of the orientation of the body.

(a)
Fig. 4-8

(b)

(e)

(d)

Method of determining the position of the center of gravity of a body.

Suppose the body shown in Figure 4-8(a) is supported by a vertical
force F at A, equal in magnitude to the weight of the body W, shown acting through the center of gravity. Considering an axis of rotation through
A, the force W generates a torque which tends to rotate the body in the
counterclockwise direction. The sum of the torques is not zero, and the
body is not in equilibrium. Only when the center of gravity lies directly
beneath the point of support, as in Figure 4-8(b), are the two conditions
for equilibrium fulfilled. If the body is now supported at some other point
B, the body will once again come to equilibrium, with its center of gravity
beneath the point of support. The vertical line drawn through A when the
body was in the position given in Figure 4-8(b) and the vertical line drawn
through the second point of support B shown in Figure 4-8(c) intersect in
the center of gravity C. Finally, when the body is supported at its center
of gravity, the resultant of the force of support F and the force of gravity
W is zero and therefore generates no torque about any point of support or
about any other possible axes of rotation. Hence the body is in equilibrium
in any orientation when it is supported at the center of gravity. The center of gravity is the balance point of the body.
If a body is homogeneous, that is, made of the same material throughout, and of simple geometric shape, such as a rectangular stick or a disk,
a square plate or a sphere, the center of gravity lies at the geometrical center of the body. The center of gravity need not always lie at a place where
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any of the matter of the body is located. For example, the center of gravity
of a hollow ball lies at the center of the ball, and the center of gravity of a
bottle lies somewhere within the bottle. Nevertheless, the location of the
center of gravity is rigidly fixed to the body and cannot be moved without
altering the body to which it is "attached."

+Y

+x

K-----Xo----;)o:>-!

+z
The single force F acting through the center of gravity of the system of particles
will support the system in equilibrium.
Fig. 4-9

The location of the center of gravity of a distribution of particles may
easily be calculated from the conditions of equilibrium for a rigid body.
Consider a collection of n particles, each of which has weight Wi where
i = 1,2,3, ... n, and is located at coordinates (Xi, Yi, Zi), as shown in Figure
4-9. To find the coordinates of the center of gravity, we imagine that
these weights are attached to a rigid vveightless framework, and we seek
the location of a single force F which will support the system in equilibrium.
The equilibrium for translational motion will be assured if F satisfies the
first condition for equilibrium. Thus, summing the forces as shown in the
figure,

from which
F

=

WI

+ W 2 + W 3 + '" + W n

=

L

Wi.

To satisfy the second condition for equilibrium, the sum of the torques acting on the system about any axis must be zero. We choose an axis of rotation directed along the Z axis, passing through the origin. Each of the
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forces Wi is acting in the -Y direction, while the force F is acting in the
+Y direction through an unknown point whose coordinates may be taken
as (xo, Yo, zo). The moment arm of the force F about the chosen axis is
given by Xo, while the moment arm of a force Wi is given by its x coordinate
Xi. Applying Equation (4-3) for determining the z components of the
torque, we find

L:G z = +Fxo - WI Xl

-

W2X2 - W3X3 - ... - WnX n = 0;

thus

so that

L:WiXi
Xo = - - - .
L:Wi

(4-4a)

By reorienting the system so that the x axis is vertically upward, we can
find the y coordinate of the center of gravity

Yo =

L:WiYi
L:Wi

'

(4-4b)

and in one additional reorientation we obtain

L:WiZ i
Zo = - - - .
L:Wi

(4-4c)

A distribution of matter not made up of point particles can be imagined
to be divided into pieces of simple geometric shapes. Each of these may
be replaced by a point particle of the same weight located at its center of
gravity, and the location of the center of gravity of the body may then be
calculated from Equations (4-4).
Illustrative Example. Find the location of the center of gravity of a carpenter's square made of sheet steel. The body dimensions of the rule are 24 in.
X 2 in., and the dimensions of the tongue are 16 in. X 1! in. The square, laid
onto a coordinate system, is illustrated in Figure 4-10. Suppose the square is
made of material weighing u (sigma) Ib/in. 2 • We divide the square up into two
simple rectangles-a body section of dimensions 24 in. X 2 in. 2 and a tongue
section of dimensions 14 in. X 1! in. 2 , as shown in the figure. The center of
gravity of each of these sections is located at the center of that section. Thus we
may imagine the body section whose cross-sectional area is 48 in. 2 to be replaced
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by a particle weighing 480" lb located at the point whose (x, y, z) coordinates are
given by (12, 1, 0). Similarly, the tongue section may be replaced by a particle

y

Fig. 4-10

x
z
weighing 210" lb located at a point whose coordinates are (1, 9, 0). For the case
of two point particles, Equations (4-4) reduce to
Xo =

WIXI

WI

+ W 2X2
+W
2

480" lb X 12 in.
480" lb

+ 210" lb
+ 210" lb

X

i

in.

= 8.56 in.,

Yo

=

WIYI

WI

+ W 2Y2
+W
2

480" lb X 1 in.
480" lb
=

+ 210" lb
+ 210" lb

X 9 in.

3.44 in.,

and, since the figure may be thought to be in the x-y plane,
Zo

=

O.

Thus the coordinates of the center of gravity have been obtained. As shown
in the figure, the center of gravity of the system lies along the line joining the
centers of gravity of the base and the tongue of the square.
We may represent the procedure for finding the center of gravity of
an extended body in the form of an integral by replacing the summation
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signs in Equations (4-4) by integral signs. Thus we have
JXdw
JXdW
Xo = - - - =
W
Jdw

(4-5at

JydW
Yo =

-~-V-

(4-5b)

Jzdw
Zo

= ---,
W

(4-50)

where dw is the weight of a small volume element of the body located at co~
ordinates x, y, z, and the total weight of the body is represented by W.
4-6

Discussion and Further Examples

The problems of statics vary greatly in difficulty, but if they are soluble
at all they are soluble by the methods and principles developed in this
chapter. The two fundamental principles which govern the equilibrium
of a rigid body, and which govern the equilibrium of a particle in the limiting case that the rigid body is composed of a single particle, are: The vector
sum of all the forces acting on the body must be zero. The vector sum of all the
torques about any axis acting on the body must be zero. Written in equation
form, these two statements are

I D' LG =

0;
O.

I

(4-6a)
(4-6b)

These two equations, in extremely concise form, represent our entire knowl·
edge of the forces exerted by and on structural elements and form the ana·
lytical foundation upon which all structures are built. While, in general,
equilibrium is interpreted to mean a state of rest with respect to the earth,
it must be recognized that rest and uniform motion in a straight line are
equivalent conditions, according to Newton's first law of motion. Thus
it is that the very same equations apply to the equilibrium of a structure
moving with uniform speed, and the analytic procedures which apply to the
construction of a crane or a bridge may also be used in the design of an
airplane.
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Illustrative Example. A wagon wheel 26 in. in diameter and weighing 10 lb
rests against a square curb 8 in. high, as shown in Figure 4-11. What horizontal
force applied to the axle is necessary to push the wheel over the curb?
The wagon wheel will start to rise when the supporting force exerted by the
roadway on the wheel is zero. At that time the forces acting on the wheel, as
shown in Figure 4-11(b), are the unknown horizontal force H, the force of gravity
W acting at the center of gravity of the wheel, and the force of the curb P against

A

(a)

(b)
Fig. 4-11

the wheel. Let us choose an axis of rotation normal to the plane of the paper at
the curb C. The moment arm of the force W is the distance DC, 12 in. The
moment arm of the force H is EC = OD = 5 in. Applying the torque condition
for equilibrium, we know that the sum of the torques Gc about an axis normal to
the plane of the paper through C is equal to zero; or

L Gc
or
so that

=

0

=

W X DC - H X EC,

10 lb X 12 in. - H X 5 in.

H

=

=

0,

24 lb.

'Illustrative Example. A ladder 26 ft long and weighing 30 lb leans against a
smooth wall 24 ft from the ground and rests on a rough floor 10 ft from the wall.
A man weighing 200 lb climbs 20 ft up the ladder before the ladder starts to slip
[see Figure 4-12(a)]. (a) Find the forces exerted on the ladder by the floor and
the wall. (b) What is the coefficient of static friction between the ladder and the
floor?
We begin by isolating the ladder and labeling the forces acting on it, as shown
in Figure 4-12(b). The unknown force exerted by the floor at the point a is
called A, with components Ax and A y. The entire weight of the ladder W of 30 lb
acts vertically downward through its center of gravity located at the middle
of the ladder. The weight of the man M of 200 lb acts vertically downward
through a point 20 ft up the ladder. The smooth wall exerts a force B which must
be perpendicular to the wall. Once again, italic symbols represent the magnitudes
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er-------

~

W=301b

Ax

d
a~

k-10ft

(a)

(b)

Ay
Fig. 4-12

of the forces, with directions given by the directions of the arrows. From the
condition for equilibrium for the x components of the forces acting on the ladder,
we have
'L,F x = Ax - B = 0,
while for the y components we have

'L,F y = A y

-

30lb - 200lb = 0,

A y = 230 lb.

so that

Applying the conditions that the sum of the torques on the ladder must be zero,
we choose an axis perpendicular to the plane of the paper through any convenient point such as a and get

'L,G a = 0 = Ax X 0

+ Ay X 0 -

W X ac - M X ad

+B

X ea.

Substituting numerical values, we obtain
- 30 lb X 5 ft - 200 lb X

1.&_ ft + B

X 24 ft = 0,

+ 1,540 lb ft = 70.4 lb·
24 ft
'
lind since Ax = B, from a preceding equation,

from which

B = 150 lb ft

Ax = 70.4 lb.
The coefficient of static friction has been defined from the equation

F r = fN.
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In this example the force Ax is the frictional force, and A y is the normal force,
so that the coefficient of friction is equal to

f

=

~
Ay

=

70.4 Ib
2301b

=

0.31.

Note that the coefficient of static friction was obtained from an analysis of the
forces on the ladder when the ladder was on the point of slipping, when the force
of static friction was at its maximum value.
Problems

4-1. Determine the torque produced by a force of 6 Ib acting horizontally
on the top of a bicycle wheel 24 in. in diameter with respect to an axis through
its axle.
4-2. A torque of 5 ft Ib is required to swing open a door which is 30 in. wide.
What is the least force that must be exerted to open the door if it is applied (a) at
a distance of 30 in. from the line of hinges and (b) at a distance of 24 in. from
this line?

6ft
Fig. 4-13

4-3. A uniform horizontal bar AB, 8 ft long and weighing 120 Ib, is pinned
to the wall at A, while a steel cable 10 ft long extends out from a point C on the
wall and is fastened to the bar at the point B, as shown in Figure 4-13. This bar
supports a weight of 900 Ib at a point D, 6 ft from the wall. Determine (a) the
tension in the cable, (b) the vertical component and (c) the horizontal component
of the force at A.
4-4. A man carries a bar 6 ft long which has two loads, one of 40 Ib and the
other of 60 Ib, hung from its ends. At which point should the man hold the bar
to keep it horizontal? Neglect the weight of the bar.
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4-5. If the bar in Problem 4-4 is uniform and weighs 20 lb, determine the
point at which the man should hold the bar to keep it horizontal.
4-6. A load of 180 lb is hung from a bar 10 ft long at a point 6 ft from one
end. Two men carry this bar in a horizontal position. How big a force does
each man exert, assuming that the bar is supported at its ends?

K----------l1----120
K----

in.--~

75 in.---+j

w
Fig. 4-14

4-7. A car weighing 3,200 lb has a wheel base of 120 in., and its center of
gravity is 75 in. from the front wheels (see Figure 4-14). Determine the force
(a) that the two front wheels exert on the ground and (b) that the two rear wheels
exert on the ground.
4-S. A car weighing 3,600 lb has a wheel base of 125 in., and its center of
gravity is 80 in. from the front wheels. Two passengers sit in the front seat.
If their combined weight is 400 lb and if their center of gravity is at a point
60 in. from the front wheels, determine the shift in the center of gravity produced
by the passengers.
4-9. A boom in the form of a uniform pole weighing 400 lb is hinged at the
lower end. The boom is held at an angle of 60 with the ground by means of a
horizontal cable attached to its upper end. (a) Determine the tension in the cable
when there is no load on the boom. (b) Determine the tension in the cable when
a load of 1,000 lb is attached to the upper end of the boom.
4-10. A door 8 ft high and 3 ft wide weighs 80 lb, and its center of gravity is
at its geometrical center. The door is supported by hinges 1 ft from top and bottom, each hinge carrying half the weight. Determine the horizontal component
of the force exerted by each hinge on the door.
4-11. A uniform ladder 25 ft long rests against a smooth vertical wall. The
ladder weighs 30 lb. The lower end of the ladder is 15 ft from the wall. A man
weighing 150 lb climbs up the ladder until he is 20 ft from the base of the ladder,
at which point the ladder starts to slip. What is the coefficient of friction between
the ladder and the floor?
4-12. Two rods, each of length 10 ft and weight 5 lb, are joined to make a
30 0 V. Find the center of gravity of the V.
4-13. Find the center of gravity of a collection of weights located at the
0
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corners of an equilateral triangle, each side of length a. The three weights are
1, 2, and 3 Ib, respectively. Place the x-axis along the line joining the 1 and 31b
weights with the origin at the 1 Ib weight.
4-14. A card table is made of 4 straight legs of dimensions 1 in. X 1 in. X24 in.,
each weighing lIb, which are fastened to the corners of a square table top 30 in.
on an edge by 1 in. thick. The table top weighs 5 lb. Find the center of gravity
of the table.

Fig. 4-15

4-15. A uniform beam 15 ft long weighing 75 Ib is supported 3 ft from its
upper end A by a smooth cylindrical rail which is 5 ft from the ground, as shown
in Figure 4-15. What force must be exerted at the lower end B of the beam,
located 3 ft from the ground, in order to support the beam?
4-16. A chain 5 ft long is placed on a horizontal table so that part of it hangs
over the edge. If it starts to slip when 2 ft of chain hang over the side, find the
coefficient of starting friction between the chain and the table.
4-17. Find the location of the center of gravity of a square sheet of metal
of edge 4 in. which has had a smaller square of edge 1 in. cut out of one corner.
4-18. A uniform ladder 20 ft long and weighing 351b rests against a smooth
wall at an angle of 30° to the wall. A 200-lb man stands 15 ft up the ladder.
If the coefficient of friction between the floor and the ladder is 0.1, what additional
horizontal force must be exerted at the base of the ladder to keep it from slipping?
4-19. Show that the center of gravity of a thin uniform board cut in the
form of an isosceles triangle of altitude h is at a point fh from the vertex on the
perpendicular bisector of the base. [HINT: Choose a set of x-y coordinate axes
with the origin at the vertex and the x axis along the perpendicular bisector, as
shown in Figure 4-16. Take an element of the board formed by two lines a distance dx apart parallel to the base. The area of this element is 2y dx, and its
weight is dw = (j·2y dx, where (j is the weight per unit area. Then apply Equation (4-5a). Note that
b
y =-x
a

where 2b is the width of the base.]
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Fig. 4.16

(a,b)

a

x

(a,-b)
4-20. Find the center of gravity of a thin board cut in the form of a 3-4-5
right triangle. [HINT: Apply the result of Problem 4-19.]
4-21. An irregular slab of material is pivoted at one corner by a horizontal
pin, and is supported by a vertical force of 80 lb located 10 ft to the right of the
pin. The slab weighs 200 lb. (a) How far to the right of the pivot is the center
of gravity located? (b) What is the force on the object due to the pivot?
4-22. Show that if the resultant of a set of concurrent forces is zero, the sum
of the moments of these forces about any axis is zero.
4-23. Using the second condition for the equilibrium of a body, show that
when a body is in equilibrium under the action of three nonparallel forces, these
forces must pass through a single point; that is, the forces are concurrent.

5
Force and Motion

5-1

Starting and Stopping Motion

All of us have many times had the experience of setting a body in motion.
If we analyze any of these experiences, we readily recall that in each case
some force was required to start the object moving. In throwing a ball,
moving a piece of furniture, or pulling a sled, the force needed to start the
object moving is supplied by one's muscular effort as a push or a pull. In
more complex cases, such as setting a car or an airplane in motion, the
analysis, although more complicated, will also show that a force is required
to start the body moving.
There are many cases in which the force that acts on the body to
produce the motion is not directly discernible. It was Newton who first
showed that the acceleration of a freely falling body is produced by a
force which acts between the earth and the body, called the force of gravitation. We shall encounter other such action-at-a-distance forces in electricity and magnetism, and in molecular and atomic physics.
Once a body has been set in motion by the action of a force, it will not
necessarily stop moving when the force is removed. A sled in motion along
a level road will continue to move in a straight line along the road, although
with diminishing speed. The reduction in speed is due to the force of
friction between the runners of the sled and the ground. If there is clean
snow on the ground, the force of friction will be very small; if ashes or sand
have been dumped on the snow, the force of friction will be greater, and the
sled will come to rest much sooner.
The above examples illustrate the fact that a force is required to change
the state of motion of a body. It was Sir Isaac Newton (1642-1727) who first
recognized the relationship between force and the state of motion of the
body on which it is acting. He epitomized the entire science of mechanics
in the form of three statements which have become known as Newton's
laws of motion. Although the first and third laws have been previously
stated and discussed, they are sufficiently important to bear repetition.
76

§5-3
5-2

NEWTON'S FIRST LAW

77

Newton's Laws of Motion

Newton's three laws of motion can be stated as follows:
First law: A body at rest will remain at rest, and a body in motion will
continue in motion 'Utith comtant speed in a straight line, as long as no net
force acts on it.
Second law: If a net force acts on a body, the body will be accelerated; the
magnitude of the acceleration is proportional to the magnitude of the force,
and the direction of the acceleration is in the direction of the force.
Third law: Whenever one body exert~ a force on another, the I'.econd body
exerts a force equal in magnitude and opposite in direction un the first body.

Fig. 5-1 Sir Isaac Newton (16421727). One of the greatest physicists
of all time, he developed the law of
universal gravitation; epitomized
the subject of mechanics in the three
laws of motion which bear his name;
made important contributions to
optics.
The publication of his
Principia, the Mathematical Principles of Natural Philosophy, in 1687,
was an epoch-making event for
science. (Courtesy of Scripta Mathematica.)

5-3

Newton's First Law

Newton's first law states that a body at rest will remain at rest, and a body in
motion will continue in motion with constant speed in a stmight line, as long
as no net force acts on it.
An examination of this first law shows that a body at rest and a body
moving with constant velo('ity have one characteristic in common: there
is no net external force aetinp; upon either one. This is the case when the
resultant. of all the external forces aeting on the body is zero. As we have
already seen, this is the condition for the equilibrium of a particle; this is
also the condition for the translational equilibrium of a rigid body.
According to I'\C\\·ton's first law, a train moving at a constant veloeity
along a level track is in equilibrium. It is acted upon by several external
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forces whose resultant is zero. Consider the forces acting on a train of cars
being pulled by a locomotive (see Figure 5-2). The weights WI, W 2 , W 3 ,
of the cars act vertically downward through the respective centers of
gravity. They are opposed by the forces Nt, N 2 , N 3 , and so on, which the
tracks exert upward on the wheels of the train to support the weight. The
sum of these upward forces must equal the total weight of the train. There
are also frictional forces which oppose the motion of the train. Some of
these frictional forces occur between the wheels and the tracks and in the
wheel bearings; there is also another type of frictional force owing to the

Fig. 5-2

A train moving with constant velocity has no net force acting on it.

~+~+~=~+~+~+~+~+~.p=~

resistance of the air to motion through it. All of these frictional forces are
represented in the figure by the single force F. The effect of these frictional
forces would be to reduce the speed of the train; to prevent this reduction
in speed, the locomotive supplies a force P equal to F in magnitude but in
the forward direction. There is no net force acting on the train when it is
moving with constant velocity.
In this illustration we have taken a very liberal view of the meaning of
body and of net force. We have considered the collection of all the cars of
the train as a body, or as a system which could be surrounded by an imaginary box. Everything within the walls of the box was considered to be the
body, and only the forces acting from outside the box upon objects inside
the box were considered as forces acting on the body. In addition to the
forces illustrated in the figure, each car exerts a force upon the two cars
immediately adjacent to it. Nevertheless, these internal forces can be
disregarded in our analysis of the over-all motion of the system, and our
attention can be focused upon the external forces acting upon the system.
From Newton's third law the sum of these internal forces must be zero.
This procedure is analogous to what we have already done in the study of
the equilibrium of a rigid body when we considered only the external forces
acting on the rigid body and paid no attention to the internal forces which
connected one particle to another particle of the body.
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Implicit in the statement of Newton's first law is a property common
to all objects-the property known as inertia. The inertia of a body is that
property of a body associated with the first law, that a body at rest will
remain at rest llnless acted on by a net force, and that a body in motion will
continue to move with uniform velocity unless acted on by a net force.
The magician who whisks a cloth from under the dinner dishes on a
table, the prankster who places a brick under a hat on the sidewalk, have a
qualitative understanding of the concept of inertia. We shall attempt to
systematize and formalize this concept in the following sections of this
chapter.
5·4

Newton's Second Law

Newton's second law states that if a net force acts on a body, the body will be
accelerated; the magnitude of the acceleration is proportional to the magnitude
of the force, and the direction of the acceleration is in the direction of the force.
Let us examine the meaning of the second law of motion. When a
single force acts upon a body, an acceleration results. The body is accelerated in the direction in which the force acts. The magnitude of the
acceleration is proportional to the magnitude of the force and to some
quality of the body which has not yet been specified. Since both force and
acceleration are vector quantities, we may write Newton's second law in
the form of an equation:

F = ka.

(5-1)

The quantity k is used to represent a constant of proportionality, a scalar
quantity, having whatever dimensions are necessary to give the equation
formal meaning. The constant k must clearly depend on the properties
of the body, for the other quantities in the equation do not. The value of
k must also depend upon the choice of units for F and a. It is desirable to
break up k into two parts, one of which depends only upon the properties
of the body, and another which depends only upon the choice of units in
which to express the magnitudes of these quantities. Thus we rewrite
Equation (5-1) af'
(5-2)
F = KMa,
where both K and M must be scalar quantities. We use the constant K
to represent that part of k which is associated with a choice of units, and let
the symbol M represent the part of k which is associated with the body
being accelerated. We have already referred to the resistance of a body
to a change in its state of motion through the qualitative concept of inertia.
The quantitative measure of the inertia of a body is its mass, represented
in Equation (5-2) by the symbol M.
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Given a choice of the constant K, to be associated with the choice of
units used to represent F and a, Equation (5-2) represents both a definition
of mass and a recipe for its experimental determination. If,ve had chosen
to define a unit of force in terms of the deflection of a spri~g, we could determine the mass of a body by using the spring to exert a force on the body
resting on a frictionless table. The resulting acceleration might be determined through the measurement of the distance traversed in a known time.
Such a determination of mass would be called a dynamic determination.
We have already seen in Chapter 1 that the customary method for the
determination of mass is based upon comparing the earth's gravitational
force upon the unknown mass and a standard mass in a beam balance.
It is considerably simpler to embody a standard of mass as a preservable physical entity, say in the form of a piece of metal, than it is to embody
a standard of force. While the standard of mass may be protected from
alteration by wear and corrosion, the properties of a spring which determine
the force it exerts vary with the age and condition of the spring. Consequently, mass is often taken to be a fundamental mechanical quantity,
along with distance and time, and the force is considered to be a derived
quantity, whose definition is based upon Kewton's second law of motion.
5-5

Absolute Systems of Units

When numerical values are used with an equation involving physical
quantities, such as Equation (5-2), these numerical values must be accompanied by appropriate units. There are many different sets of units in
actual use today, each set consistent within itself, each chosen for some
special merit which it is supposed to have for the particular group of experiments or investigations under consideration. An absolute system of units
is one in which the unit of force is defined without reference to gravity, as in
the two metric systems of units discussed in this section. A gravitational
system of units is one in which gravity, or weight, is used as the basis of the
definition of a unit of force, as in Section 5-6. Quantities expressed in one
set of units can be converted more or less readily into any other set of
units. Most physicists prefer to base the systems of units upon length,
mass, and time as the fundamental concepts. Of these systems one of the
most widely used is the cgs system in which the centimeter, gram, and second are the units for the respective fundamental quantities.
For convenience, the constant K of Equation (5-2) is set equal to 1,
a pure number without physical dimensions. When K = 1 Equation
(5-2) becomes

IF

=

ilIa. ]

(5-3)
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Equation (5-3) is the form most commonly used to represent i';"ewton's
second law of motion. It must be emphasized that the quantity F is the
net force, or unbalanced force, or the resultant force acting on the body.
If the force is entirely in the x direction, the acceleration must also be in the
x direction. Resolving both the force and the acceleration into components
parallel to each of the three coordinate axes, we obtain the component
form of Equation (5-3).
(5-4a)
Fx = 2lJa x ,
Fy

=

Jl1a y ,

(5-4b)

Fz

=

Ma z ,

(5-40)

where the symbols Fx , Fy, and Fz represent the x, y, and z components of
the net or resultant force acting upon the body, and ax, ay, and a z represent
the x, y, and z components of the acceleration.
In the cgs absolute system of units, the mass of a body is expressed in
grams, and the acceleration is expressed in centimeters per second per second.
A unit of force must be introduced that will be consistent with Equation
(5-3). This unit of force is called a dyne and is defined as that force, which,
acting on a one-gram mass, produces an acceleration of one centimeter per
second per second. Thus Equation (5-3), together with legally defined units

of mass, length, and time, has been used to generate a unit of force.
Suppose that a force F acts on a body whose mass is 1 gm and that it
produces an acceleration of 1 cm/sec 2 • Then Equation (5-3) would read
em
gm em
F = 1 gm X 1 - 2 = 1 - = 1 dyne.
sec
sec 2
Illustrative Example. A loaded car has a mass of 2,800 gm. (a) What horizontal force is required to give this car an acceleration of 80 cm/sec 2 ? (b) What
velocity will this car acquire if it starts from rest and the force acts on it for 8 sec?
(a) Using Equation (5-3), and noting that F and a have the same direction,
we may write

F

=

Ma,

and substituting values for M and a, we get
cm
F = 2,800 gm X 80 - 2 ,

sec

F = 224,000 dynes.

or

(b) The velocity of the car can be determined with the aid of the equation
at with u = 0, a = 80 cm/sec 2, and t = 8 sec, yielding

v=u

+

cm
v = 80--2 X 8 sec,
sec
so that

v = 640 cm.
sec
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Another absolute system which is widely used is the mks system of
units based upon the meter, kilogram, and second as the respective units of
length, mass, and time. The unit of force in the mks system is the newton,
which is defined as that force which, acting on a one-kilogram mass, produces
an acceleration of one meter per second per second.
If a force F acts on a body whose mass is 1 kg and produces an acceleration of 1 m/sec 2 , then, from Equation (5-3), we have
m
kgm
F = 1 kg X 1 - 2 = 1 - - 2 = 1 nt.
sec
sec
We can obtain the relationship between a newton and a dyne from the above
equation thus:
m
1 nt = 1 kg X 1 -2
sec
cm
sec

gmcm
sec

= 1,000 gm X 100 - 2 = 100,000 - - 2 - ,
so that

1 nt = 100,000 dynes = 105 dynes.

Illustrative Example. A force of 800 nt is applied to a mass ef 160 kg.
(a) Determine the acceleration produced. (b) If the body starts from rest, determine the distance the body travels if the force acts on it for 12 sec.
(a) Solving Equation (5-3) for the acceleration, we get
a

F
=-,
m

and, substituting numerical values for F and M, we obtain

a

=

800 nt
160 kg

(b) Since the initial velocity u

=

=

5~ .
sec 2

0, we can use the equation

for determining the distance s traveled at the constant acceleration of 5 m/sec 2
for 12 sec, obtaining

from which

s

=

t

s

=

360 m.

m

X 5 -2 X 144sec 2 ,

sec

The above two systems of absolute units are based on the metric system
and will be used throughout this book.
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British Gravitational System of Units

While the legally defined unit of mass is the pound mass, defined
as 1/2.20462 kilogram, it is inconvenient to use the pound mass as the basis
of a system of units, for in everyday terminology, and in many engineering
applications, the word "pound" commonly refers to weight rather than to
mass. To conform to this common usage, the British gravitational system
of units has chosen to define the pound of force as the weight of the standard
one-pound body at sea level and at 45° latitude.
Modern engineering practice tends to avoid the use of the pound mass
by introducing a new unit of mass called a slug. The slug is defined as
that unit of mass, which, when acted on by a force of one pound, will acquire
an acceleration of one foot per second per second. In the British gravitational
system of units, the unit of force is the pound, the unit of mass is the slug,
the unit of distance is the foot, and the unit of time is the second.
In everyday language the word "pound" is commonly used as a unit of
mass and as a unit of force. Usually one can infer from the context of a
statement whether the pound is used as a unit of force or as a unit of mass.
For example, in Chapter 3 the pound was consistently used as a unit of
force. In statements where it is possible to interpret the word "pound"
as either force or mass, the terms "pound force" or "pound mass" should
be used to avoid ambiguity.
Let us examine the relationship between the pound mass and the slug.
From Table 2-1 we see that at latitude 45° the acceleration of gravity is
32.17 ft/sec 2 • This is the acceleration acquired by any freely falling body
at sea level, and in particular it is the acceleration which would be acquired
by a pound mass falling freely at sea level. The weight of a pound mass at
this latitude and elevation has been defined as the pound of force. But the
weight of a body is the force of the earth's gravitational attraction. Writing
M as the mass in appropriate units, and sUbstituting in Equation (5-3),
with F = lIb and a = 32.17 ft/sec 2 , we find
lIb = M X 32.17 ft/sec 2 ;
hence

1
M = - - slug.
32.17

A pound mass has a mass in slugs given by 1/32.17 slug; thus the mass of
one slug is 32.17 lb mass.
In general, if the weight of a body W is the only force which acts upon
it, it is a freely falling body and has an acceleration g. We can apply
Newton's second law to a freely falling body by setting F = Wand a = g
in the equation F = M a, to obtain

W=Mg.

(5-5)
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The appropriate units for mass, length, time, and force for use in
Equation (5-3) are shown in Table 5-1. Only when units appropriate to a
TABLE 5-1

SYSTEMS OF UNITS

Ii

System

Mass

Metric absolute-cgs
Metric absolute-mks
British gravitational

Gram
Kilogram
Slug

i

Length

Time

Force

Centimeter
Meter
Foot

Second
Second
Second

Dyne
Newton
Pound

particular system are used is the constant K of Equation (5-2) equal to 1,
and, in fact, it is this consideration which converts a collection of apparently unrelated quantities into a system of units.
Illustrative Example. An automobile weighing 3,200 lb starts from rest and
acquires a speed of 30 mi/hr in 5 sec. Determine the resultant force on the automobile.
The acceleration of the automobile is

a=

30 mi/hr
5 sec

ft
.5 sec 2

44

=--~.

The mass of the automobile is found by substitution in Equation (5-5):

yielding

32~,
2

3,2001b

=

M X

M

=

100 slugs.

sec

To find the force we substitute the now known values of M and a in appropriate
units in Equation (5-3):
F

=

44 ft
100 slugs X - - 2
5 sec

=

880 lb.

A general class of problems of great value in developing understandin:~
of K ewton's second law deals with two or more bodies connected by a rope
which is passed over a pulley. The bodies may be hanging freely or may be
supported on inclined planes, and to add additional complications the planes
may be made rough. In such problems we analyze the forces acting on each
body separately, and then tie the system together through an algebraic
statement about the way the various parts are connected. We call these
connections the constraints under which the system is required to move.
Thus a body sliding on a horizontal table is constrained to move in the
horizontal plane of the table. A bead sliding along a wire is constrained to
move along that wire. Two bodies connected by an inextensible rope must
always be a fixed distance apart.
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Illustrative Example. A useful experimental device, called Atwood's machine,
<lonsists of two bodies suspended by a rope which is passed over a frictionless
fixed pulley, as illustrated in Figure 5-3. Let us call the masses of the suspended
objects M 1 and M 2, the tension in the ropes 8 1 and 8 2 , as illustrated in the
figure, and their respective accelerations al and a2. Suppose that M 1 and M 2
are known and we wish to find the accelerations of the two bodies and the tension
in the rope.
The force of gravity acting upon these bodies is equal to the weights of the
bodies MIg and M 2g, respectively. Each body experiences an upward force

$2

(a)

(b)
Fig. 5-3

r

(c)

Atwood's machine.

produced by the pull of the rope on it. Let us call the tension in the rope acting
on the first body 81, and the tension in the rope acting on the second body 8 2 •
Following our customary sign conventions, we call the direction vertically upward positive.
First we imagine the bodies M 1 and M 2 to be completely isolated in space,
as shown in Figures 5-3(b) and 5-3(c), and apply Equation (5-3) to determine
their motion. Applying Newton's second law, we get
for M 1 :

Ca)
Cb)

Now we examine the connection between the two bodies. First, because
the rope wkich connects them passes over a frictionless pulley, the tension in the
rope is everywhere the same. By the very nature of a tensile force, when the
rope pulls M 1 upward, it must also pull M 2 upward. Thus the rope acts simultaneously on M 1 and M 2 in the directions indicated in Figures 5-3(b) and 5-3(c),
and we may write
Cc)
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~ ow we consider a second aspect of the connection between the two bodies.
The distance between them, measured along the rope, is always the length of the
rope. Thus if the body M 1 moves 1 ft upward, the body M 2 must move 1 ft
downward. A positive displacement of M 1 generates an equal negative displacement of M 2. If the body M 1 is given a positive acceleration, the body M 2 must
be given an equal negative acceleration. \Ve may write

al = -a2 = a.

(d)

Substituting equations (c) and (d) into (a) and (b), we have
S - MIg

=

MIa,

S - M 2g = -M 2a.

Subtracting the second equation from the first, we obtain
M 2g - MIg = M 2a

a =

from which

M2
M2

+ MIa,

-

+

M1
g.
M1

Thus, if M 2 is greater than M 1, the body M 2 receives a positive acceleration of
magnitude a, while the body M 2 experiences a negative acceleration of equal
magnitude. If we multiply the first equation by M 2, the second by M 1, and add,
we find
(M 1 + M 2 )S = M 1M 2g,
S =

from which

M 1 M 2 g.
M1 + M2

120lb

(a)

-

-

(b)

(c)

Fig. 5-4

Illustrative Example. A box weighing 120 lb is placed on a smooth table.
A cord tied to this box passes over a smooth pulley fixed to the edge of the table.
Another box weighing 40 lb is fastened to the other end of the cord, as shown in
Figure 5-4(a). Determine the acceleration of the two bodies and the tension in
the cord.
First we imagine the two bodies to be isolated in space and examine the forces
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acting on them, as in Figures 5-4(b) and 5-4(c). The only forces acting on the
40-lb body are its weight and the tension in the rope supporting it, which we shall
call 8 1 . Three forces act on the 120-lb body. These are the weight of the body of
120 Ib, acting vertically downward, the force of the smooth table on the body
acting vertically upward, which we call N, and the tension in the rope acting on it,
which we call 8 2 • Since the 120-lb body is constrained to move in a horizontal
plane, it can have no vertical acceleration, and
N = 120 lb.
The resultant of the forces acting on the 120-lb body is 8 2 acting to the right.
Writing al for the acceleration of the 40-lb body and a2 for the acceleration of the
120-lb body, we have, from Equations (5-4a) and (5-4b),
81

-

40lb

and

=

82 =

g

slug X aI,

Jl2°- slug

X

a2.

(a)
(b)

Examining the nature of the constraint imposed by the rope, we note first that
the magnitude of the tension in the rope must be the same at both ends of the
rope, and that the directions chosen for 8 1 and 8 2 are appropriate, for a positive
value of 8 1 implies a positive value of 8 2 . We write
(c)

Next we find that a displacement of the 120-lb weight to the right implies an equal
displacement of the 40-lb weight downward. Thus a positive displacement of
the 120-lb weight implies an equal negative displacement of the 40-lb weight, and
a positive acceleration of the 40-lb weight implies an equal negative acceleration
of the 120-lb weight, and we write
(d)

Substituting equations (c) and (d) into (a) and (b), we have
8 - 40lb = ~~ slug X (-a),

and

_\22°_ slug

8 =

X a.

(e)
(f)

Subtracting the second from the first of these equations, we have
-401b
from which

=

\62°- slug

__

ft
a = 8 -2 '
sec '

X a,

(g)
(h)

substituting this value of a in equation (f) yields
8

=

30 lb.

We note that the 120-lb weight receives a positive acceleration of 8 ft/sec 2,
while the 40-lb weight receives an equal negative, or downward, acceleration.

It is particularly important to emphasize the procedure used in solving
these pulley problems. In each case we have systematically isolated the
bodies involved in the problem and have examined the forces acting on each
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of them. To each body we then applied Newton's second law. The constraints which related the several motions to give a sufficient number of
relationships to solve the problem were then introduced. In more advanced
courses in mechanics, more sophisticated methods are developed for the
solutions of such problems, but in all cases the methods depend on Newton's
equation, and if a problem is soluble by any method it is soluble by the
persistent and systematic application of Newton's second law of motion.
5-7

Weight and Mass

Although considerable space has already been devoted to a discussion of the
distinction between weight and mass, the subject is of sufficient importance
to warrant further emphasis. If we consider two freely falling bodies at the
same place on the earth's surface, one of which has a mass ],1 and weight
W, while the other has a mass m and weight w, we find, by application
of Equation (5-5) to each of the bodies, that
W = ilIg,

and
from which

w

= mg,

W

M

w

m

(5-6)

Thus the magnitudes of the weights of two bodies at the same place are in
the same ratio as their masses. This is the reason the beam balance can be
used to determine the mass of an unknown object in terms of a standard
mass.
As we go from place to place, the value of 9 changes with latitude and
with altitude. The mass of a body, however, remains constant unless the
body is traveling with a speed comparable to the speed of light, which is
about 186,000 mi/sec, in which case the mass of the body increases over its
mass at rest. We shall restrict this discussion to bodies moving with speeds
which are small in comparison with the speed of light. The weight W of a
body of constant mass M depends upon the particular place where the
weight is measured. In the systems of units used in this book, the weight
of a body is properly referred to in units of force. Thus the weight of a
body is properly expressed in dynes, in newtons, or in pounds. In these
terms the operations customarily undertaken in a chemical laboratory,
called' "weighings," are more properly "massings," for the analytical
chemist is not interested in the force of the earth's attraction but in the
quantity of matter present in a sample.
The weight of an object is measured by the deflection of a calibrated
spring. The reading of such a spring scale varies with the state of motion
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of the scale. When the scale is at rest, or moving with uniform motion in a
straight line, the reading of the scale is the same, but when the motion is
accelerated, the reading of the scale depends on both the mass of the object
and the amount of acceleration. This is the source of the sensation of
heaviness which is experienced when standing in an elevator being accelerated upward, or of lightness in the same elevator when its acceleration
is downward.

Fig. 5-5

Illustrative Example. A weight lV rests on a spring scale which is placed
on the floor of an elevator. The scale reads 50 lb when the elevator is at rest.
The elevator is started, accelerating upward at a rate of 16 ft/sec z for 1 sec, then
continues at constant speed for 5 sec, and finally is decelerated at the rate of
16 ft/sec z for 1 sec. What is the reading of the scale during the first second?
During the next 5 sec? During the last second?
The forces acting on the body are its weight lV, acting downward, and the
force of the scale F, acting upward, as shown in Figure 5-5.
During the first second the acceleration is 16 ft/sec z in the upward direction.
Substituting in Newton's equation, we find that
F - 50lb
so that

=

~g

ft
slug X 1 6 -z,
sec

F=75Ib.

During the next 5 sec the acceleration is zero. Hence the scale reads 50 lb.
For the last second the acceleration is 16 ft/sec z in the downward direction.
Thus a = -16 ft/sec z, and we find that

or

F - 50 lb

=

h50 slug X

F

=

25 lb.

(

-16 -ftz) '
sec
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Motion on an Inclined Plane

When a block of mass M is placed on an inclined plane, the forces
acting on the block are due to the force of gravity and to the forces exerted
on the block by the plane itself.
When there is no friction, the force exerted by the plane must be perpendicular to the surface of the plane, as illustrated in Figure 5-6(a). The

Mg

(bJ

(a J
Fig. 5-6

Forces acting on a block placed on a frictionless inclined plane.

resultant of the force of gravity Mg and the normal force N of the plane
must be a force F parallel to the plane, as shown in Figure 5-6(b) whose
magnitude is given by
F = Mg sin (J,
where the angle (J is the angle the plane makes with the horizontal direction,
and the direction of F is down the plane, as shown in the figure. Choosing
the direction of the x axis as parallel to the plane, positive downward, we
may find the acceleration of the block, from Equation (5-4a), as
Mg sin

yielding

(J =

Ma,

a = g sin

(J.

(5-7)

The acceleration of a body on a frictionless inclined plane is down the plane
and depends on the angle of inclination but is independent of the mass of
the body. Looking at the same problem another way, we see that the
acceleration g due to gravity is a vector quantity, directed vertically downward. The constraint of the plane prohibits such motion and only permits
the body to move along the plane itself. The component of the acceleration
of gravity along the plane is of magnitude a = g sin (J directed down the
plane.
When Galileo was studying the laws of motion, clocks of sufficient
accuracy to time the motion of freely falling bodies were not yet available.
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To slow down the motion so that it could be studied with available timing
devices, he made use of the properties of a smooth inclined plane.
If a body is in motion on a rough inclined plane, the force of friction
between the body and the plane affects the motion. The frictional force
F r acts so as to oppose the motion of the body along the plane. To determine the magnitude of the frictional force, we resolve the force of gravity W
into components parallel and perpendicular to the plane, as shown in Figure
5-7, and find the parallel component to be of magnitude W sin 0 and the
perpendicular component to be W cos O.

Fig. 5-7

Analysis of forces which act on a body that is sliding down a rough inclined

plane.

The relationship between the frictional force and the normal force
has been given as
F r = fN,
so that

F r =fAlgcosO,

where f is the coefficient of sliding friction between the body and the plane.
If no other forces act on the body, its motion will be down the plane, and
the frictional force will be directed up the plane, as shown in the figure.
If we consider the x direction as parallel to the plane, positive downward,
we find, on substituting in Newton's equation,
Mg sin 0 -fMgcosO
a

=

=

Ma,

g sin 0 - fg cos O.

(5-8)

Equation (5-8) becomes equivalent to Equation (5-7) when there IS no
friction.
If the angle of the plane is reduced to some critical value Oc, the object
will just slide down the plane with no acceleration. Equation (5-8) then gives
from which

o=

g sin Oc - fg cos Oc,

f

tan Oc,

=

which is identical with a result obtained in Section 3-6.

(5-9)
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Illustrative Example. A heavy wooden crate weighing 200 lb is pulled up a
wooden plane, inclined at an angle of 20°, by a force of 150 lb. The c@efficient of
kinetic friction between the two surfaces is 0.30. (a) Determine the acceleration
of the crate. (b) If the rope hauling it breaks, discuss the subsequent motion of
the crate.

Fig. 5-8

(a) Figure 5-8 shows the forces which act on the crate as it moves up the
plane. The force N which the plane exerts on the crate is perpendicular to its
surface and is equal to the normal component of the weight, since there is no
acceleration normal to the plane. Hence
N

=

W cos (j

=

200 lb X 0.9397

=

187.9 lb.

The force of friction is
Fr

=

fN

=

0.3 X 187.91b

=

56.4 lb.

The component of the weight parallel to the plane is
F = W sin (j = 200 lb X 0.3420 = 68.4 lb.

Choosing the direction of the x axis as parallel to the plane, positive downward,
we find, from Equation (5-4a),
-150 lb

+ 56.4 lb + 68.4 lb

=

~-;,l- slug X a,

ft
a = -4.03-·
sec 2

so that

(b) When the rope breaks, the forces parallel to the plane which act on the
crate are the component of the weight parallel to the plane and the frictional
force. The direction of the frictional force is now reversed, since it always acts
in a direction to oppose the motion. We find, substituting in Equation (5-4a),
- 56.4 lb
so that

+ 68.4 lb =
a =

23°2°

+1.92~'
2
sec

slug X a,
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Motion through the Air

. Objects falling through the air are acted upon by the resistance of the air
as well as by the force of gravity. Some of this resistance 'may be due to
the viscosity of the air and the rest to turbulence. This resistive force is
often called drag, in connection with the flight of aircraft, and is the only
reason an airplane does not cut off its engines after once assuming flying
speed at a desired altitude. The effects of drag are also evident in the dust
raised by the wind and in the transport of gravel and sand by flowing water.
Drag is often put to use in engineering in the pneumatic conveying of grain
and similar materials.
Experience shows that the resistance of air to motion through it
increases as the velocity of the body increases. A body falling through the
air for a sufficient time will ultimately reach a terminal velocity, at which
time the force due to the resistance of the air is equal to the weight of the
body. The body then continues to move downward with this limiting
velocity.
For simplicity, let us assume that, for the case of a spherical body
moving slowly through the air the resistance varies directly with the
velocity. We may write
(5-10)
R = Kv,
where K is a constant of proportionality depending on the cross-sectional
area of the body and the viscosity of the air. As the velocity of fall increases, the magnitude of the force R increases until it becomes equal to the
weight of the body. Thus

from which

R

= Kvz = W,

Vz

=-,

W
K

(5-11 )

where Vz is the limiting or the terminal velocity of the body.
Thus the terminal velocity of fall Vz of raindrops depends upon their
weight. When raindrops reach the surface of the earth, the larger and
heavier drops are moving faster than the light ones. The effective crosssectional area of a man wearing an opened parachute is considerably
greater than that of a man wearing a closed parachute, and the associated
increase in K makes a very important difference to the man who is forced
to leave an airplane in flight. The variation in K with cross-sectional area
has been applied for centuries in the winnowing of grain to remove chaff
and is today widely used in the cleaning of seed.
While the path of a freely falling projectile is parabolic, the path of a
projectile in air is not. The speed of the projectile is steadily diminished I
by the resistance of the air. A baseball caught in the outfield is much
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easier to catch than the same ball would have been if it could have been
caught in the infield.
5-10

Pairs of Forces. Newton's Third Law

In our discussion of Newton's first and second laws, our attention was
focused on one body on which a set of external forces acted. If we now
analyze the origin of each of these forces, we find that each force is produced
by the action of some other body on the one under discussion. If we push a
trunk along the floor, the trunk exerts a force against our hands. If a ball
is hit with a bat, not only is there a force exerted by the bat on the ball, but
the ball also exerts a force on the bat. An automobile which is standing still
pushes down on the ground at each of the surfaces of contact between its
tires and the ground. At each region of contact, the ground exerts a force
upward equal to that exerted by the car. Newton's third law states that
whenever one body exerts a force on another, the second body exerts a force
equal in magnitude and opposite in direction on the first body. This law is
sometimes called the law of action and reaction.

Fig. 5-9 Force F ' exerted by the
ground on the wheel is equal in
magnitude but opposite in direction
to the force F exerted by the wheel
on the ground.

As an illustration of Newton's third law, consider the manner in which
a car is set in motion. To start the car moving forward, there must be a
net or unbalanced horizontal force acting on the car. To produce this
horizontal force, the engine is started and then connected by means of
gears and shafts to the rear wheels, causing them to turn in a clockwise
direction, as shown in Figure 5-9. Because of the friction between the
tires and the ground, the wheels exert a force F to the left (backward) on
the ground; the ground exerts an equal and opposite force F' forward on
the rear wheels. It is this horizontal force F' which makes the car go forward. To understand that it is the push of the ground on the driving
wheels which makes the car go forward, just think of driving experiences
on a winter day with ice on the ground, when the friction between the tires
and the ground is very small. What usually happens is that the wheels
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spin in a clockwise direction, but since there is little frictional force available, the wheels merely spin around, and the car does not move.

Problems

5-1. How big a force is required to give a 40-gm mass an acceleration of
150 cm/sec 2 ?
5-2. What constant force is required to give a body weighing 120 Ib an
acceleration of 4 ft/sec 2 ?
5-3. An automobile weighing 2,800 Ib starting from rest acquires a speed of
40 mi/hr in 12 sec. Assuming that the acceleration is uniform, determine the
unbalanced force which is acting on the automobile during this time.
5-4. A box whose mass is 350 gm rests on a table. A steady horizontal force
is applied to this box. After 5 sec the box has acquired a speed of 40 em/sec.
Determine the force acting on the box.
5-5. A box of 800 gm mass is projected across a horizontal table with an
initial speed of 150 em/sec. It comes to rest on the table after having traversed
a distance of 180 em. Determine the frictional force opposing the motion.
5-6. A box whose mass is 12 kg is given an acceleration of 25 m/sec 2 on a
horizontal surface. (a) Determine the resultant force acting on the box. (b)
If the box starts from rest, determine the speed it will acquire in 8 sec.
5-7. A train weighing 450 tons has its speed increased from 20 mi/hr to 50
mi/hr in 15 sec. What force is supplied by the locomotive to produce this
acceleration?
5-8. A steel cable supports an elevator weighing 2,500 lb. What is the tension in the cable when the elevator is moving (a) upward with a uniform velocity
of 600 ft/min and (b) downward with a uniform velocity of 500 ft/min?
5-9. A steel cable supports an elevator weighing 1,800 lb. Starting from
rest, the elevator acquires a velocity upward of 600 ft/min in 2 sec. (a) What is
the resultant force acting on the elevator? (b) What is the tension in the cable?
5-10. The elevator of Problem 5-9, when going down, acquires a velocity
of 500 ft/min in 2 sec. (a) What is the resultant force acting on the elevator?
(b) What is the tension in the cable?
5-11. A steel ball whose mass is 250 gm is attached to the end of a cord.
The ball is pulled upward with an acceleration of 120 cm/sec 2• Determine (a) the
unbalanced force acting on the ball and (b) the tension in the cord.
5-12. A cube whose mass is 1,600 gm rests on a smooth table. A cord which
is attached to the center of one face of the cube passes over a frictionless pulley
at the edge of the table. A steel ball whose mass is 800 gm is fastened to the free
end of the cord. Determine (a) the acceleration of each body and (b) the tension
in the cord.
5-13. A box weighing 72 Ib is placed on a smooth horizontal table. A cord
which is connected to the center of one face of the box passes over a smooth
pulley at the edge of the table. A steel ball weighing 24 Ib is then fastened to the
other end of the cord. Determine (a) the acceleration of each body and (b) the
tension in the cord.
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5-14. Two boxes, one weighing 16lb and the other weighing 41b, are attached
to the ends of a cord. The cord is placed over a frictionless pulley which is free
to rotate about a horizontal axis. Determine the acceleration of each box.
5-15. A cord passes over a fixed frictionless pulley. A cylinder whose mass
is 3 kg is suspended from one end of the cord, and another cylinder whose mass is
2 kg is suspended from the other end. Determine (a) the acceleration of the
system and (b) the tension in the cord.
5-16. A series of frictionless inclined planes all have the same heights but
have different lengths. Show that the time required for an object to slide down
any of these planes is directly proportional to the length of the plane.
5-17. A car weighing 3,000 lb and moving with a speed of 20 mijhr reaches a
hill having a 5 per cent grade and starts coasting downhill. Determine (a) the
component of the weight acting downhill and (b) the speed the car will acquire
if it coasts for 400 ft, assuming friction is negligible. [N OTE: A hill having a 5
per cent grade is one which rises 5 ft for every 100 ft of length.)
5-18. A body whose mass is 3 kg is projected up an inclined plane with an
initial velocity of 5 m/sec. The plane is inclined at an angle of 30° to the horizontal, and the coefficient of kinetic friction between the plane and the body is
0.2. Determine (a) how far up the plane the body will go before coming to rest,
(b) its acceleration down the plane, and (c) the speed it will have when it reaches
its starting point.
5-19. A box slides down a 30° inclined plane with an acceleration of 4 ft/sec 2•
Determine the coefficient of friction between the box and the plane.
5-20. A box whose mass is 18 kg rests on a table. A cord tied to this box
passes over a frictionless pulley at the edge of the table. A cylinder whose mass is
6 kg is hung from the free end of the cord. The coefficient of friction between the
box and the table is 0.25. Determine (a) the acceleration of the box, (b) the tension in the cord, and (c) the distance the cylinder will move in 3 sec.
5-21. A boy takes a running start with a sled and acquires a speed of 8 ft/sec.
If the coefficient of friction between sled and snow is 0.10, how far will the sled
move on a level road before coming to rest?
5-22. A boy coasts down a hill on a sled, reaching level ground with a speed of
30 ft/sec. If the coefficient of friction between the steel runners and the snow is
0.05 and the boy and sled weigh 150 lb, find how far the sled will travel before
coming to rest.
5-23. Show that if the force due to the resistance of the air varies with the
square of the velocity of a falling body, the limiting velocity of fall is proportional to the square root of the weight of the body.
5-24. Two men, one weighing 180 lb and the other weighing 120 lb, are on
ice skates. Each holds one end of a taut rope. The heavier man exerts a force of
20 lb on the rope. (a) How big a force does the lighter man exert? (b) What is
the acceleration of each man? Neglect friction.
5-25. A 5-gm bullet is fired from a gun whose barrel is 60 em long. The bullet leaves the gun with a muzzle velocity of 2,500 em/sec. What was the average
force acting on the bullet?
5-26. A man weighing 150 lb stands on a platform weighing 42 lb. The platform is suspended by a rope which passes over a frictionless pulley. The man
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pulls down on the free end of the rope to lift himself and the platform. (a) With
what force must he pull on the rope if the system consisting of the man and the
platform is to receive an upward acceleration of 3 ft/sec 2 ? (b) What is the maximum acceleration with which the man can raise the platform and still stay on the
platform?
5-27. A rope inclined at an angle of 37° with the horizontal is used to drag a
50-kg block along a level floor with an acceleration of 1 m/sec 2 • The coefficient
of friction between the block and the floor is 0.2. What is the tension in the rope?
5-28. A projectile of mass 5 gm is fired from a gun with a muzzle velocity of
2,500 cm/sec directed due east at an angle of 45° with the horizontal. A wind is
blowing from the north, exerting a steady force of 1,000 dynes against the projectile. Find the position of the projectile when it strikes the ground.
5-29. A body of mass 100 kg is hung from a rope which is passed over a
frictionless pulley to a man on the ground who is interested in raising the body a
distance of 25 m in the shortest possible time. The pulley is hung from the ceiling
by a chain whose breaking strength is 2,000 nt. What is the shortest time in
which the body can be raised?
5-30. Two bodies, each weighing 10 lb, are connected by a cord which paS'Ses
over a light frictionless pulley. What vertical force must be applied to the pulley
to raise the system with an acceleration of 5 ft/sec 2 ?
5-31. Two bodies, weighing 10 lb and 20 lb, rest upon a table. The two
bodies are connected by a cord which passes over a light frictionless pulley. What
is the least vertical force which can be applied to the pulley (a) to raise the 10-lb
weight? (b) To raise the 20-lb weight?
5-32. If in Problem 5-31 a force of 50 lb is applied to raise the pulley, what
will be the acceleration of (a) the 1O-lb weight and (b) the 20-lb weight?
5-33. A block weighing 5 lb rests on a horizontal surface. The coefficient
of friction between the block and the surface is 0.2. A horizontal force of 2 lb
is applied to the block. (a) What is the acceleration of the block? (b) The
system consisting of block, table, and applied force is placed on an elevator which
rises at a constant speed of 5 ft/sec. What is now the acceleration of the block?
(c) The elevator is then brought to a stop with a uniform acceleration of 4 ft/sec 2 •
During this period of vertical acceleration what is the horizontal acceleration
of the block?
5-34. A pendulum bob weighing 1 lb is hung from the roof of a railroad car.
The train is started with a constant acceleration of 3.2 ft/sec 2 • (a) At what angle
with the vertical does the pendulum bob hang? (b) What is the tension in the
string?
5-35. In a train moving with constant acceleration it is observed that the
chandeliers hang at an angle of 0.57° with the vertical. The train starts from
rest. With what velocity is the train moving at the end of 2 minutes?
5-36. A mass of 10 kg and a second mass of 5 kg are connected by a string
and rest on a horizontal frictionless table. A constant pull of 60 nt is applied
to the 5 kg mass. Find (a) the acceleration of the system and (b) the tension in
the string.

6
Circular Motion
and Gravitation

6-1

Circular Motion

Our earlier discussion of the kinematics of a particle was developed principally from the point of view of being able to describe that motion easily
within a rectangular coordinate system. Thus the most complex case with
which we dealt was that of a projectile motion, in which the acceleration
was constant and was directed along one of the coordinate axes. A more
convenient framework within which to discuss rotational and circular motions is provided by a set of polar coordinates. In the present discussion we
will restrict ourselves to motion
+y
in which the polar coordinate
r is constant, or fixed; that is,
the particle is constrained to
/'
move in a circular path.
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Angular Displacement

When a particle is constrained
to move in a circular path, it is
\
I
convenient
to superimpose a
\
I
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I
coordinate
system
on the moI
,
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tion so that the x-y plane is in
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the plane of the circle and the
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+z
origin of coordinates lies at the
center
of the circle. If the parFig. 6-1 Angular displacement.
ticle is initially at the point Pi
at angle Oi and is finally at position P f at angle Of, we say that its angular
displacement !1 0 is given by its final angular coordinate minus its initial
angular coordinate. In the form of an equation we have
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as shown in Figure 6-1. In polar coordinate notation, angles are measured
counterclockwise from the x axis. A positive angular displacement implies
that the particle has been displaced in a counterclockwise direction around
the circle, while a negative displacement implies a clockwise displacement.
An angular displacement may be expressed in degrees or in radians or
in revolutions. As we have previously seen, 1 revolution corresponds to
360 0 or to 271" radians, so that
.
3600
0
1 ra d Ian = 2;- = 57.3 .

6-3

Angular Speed and Angular Velocity

The average angular speed w (omega bar) is defined as the quotient of the
angular displacement M divided by the time interval /:1t in which that displacement took place. In the form of an equation, we have
M

w=-'
/:1t

(6.2)

When !:1fJ is expressed in radians and /:1t is expressed in seconds, w is given
in units of radians per second. Other appropriate units may be used.
The instantaneous angular speed at a point w is obtained by a limiting
process analogous to the process used in the definition of the instantaneous
linear speed. Without going through the details of that process, we may
write

/:10
dO
w=lim-=-'
t>t->o /:1t
dt

(6.3)

If the angular speed is constant, the average angular speed w is equal
to the instantaneous angular speed w. A particle whose angular speed is
changing is said to have angular acceleration.
A particle on the rim of a spinning wheel is moving in circular motion
with the angular speed of the wheel, but the angular speed alone is not a
sufficient description of the motion, for, in order to know where the particle
will be at some subsequent time, it is necessary to know the axis about which
the wheel is rotating. To describe more completely a rotational motion
with constant angular speed, it is necessary to specify both the angular
speed and the direction of the axis of rotation.
We may describe the angular velocity of a particle in circular motion
as a vector quantity whose magnitude is its angular speed and whose direction is along the axis about which the particle is rotating. The sense of the
angular-velocity vector is given by the right-hand rule used to describe the
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torque vector. If the bent fingers of the right hand are pointed in the direction of rotation of the particle, the outstretched thumb indicates the
direction of the angular-velocity vector along the axis of rotation. Thus
in Figure 6-1 the angular-velocity vector of the particle rotating about the
z axis from Pi to P f would be in the
positive z direction.
6-4

Angular Speed and Linear Speed

The angular speed of every particle of a
rotating disk is equal to the angular
speed w of the disk, but the instantaneous linear speed of each particle depends upon its position. The linear
speed of a particle is given by the distance traversed divided by the elapsed
time. In a short time interval /::"t, a
particle of the disk initially at a point
Fig. 6-2
Pi has been displaced to the position
F f , through a small arc of length /::"s, while the angular displacement of
every particle of the disk has been /::,.(i, as shown in Figure 6-2. We have
/::,.s
/::,.()=-,

r

where r is the radial distance of the particle from the axis of rotation.
Thus

/::,.s

=

r /::,.(),

and, dividing both sides of the equation by the time interval /::"t, we obtain
/::,.s

/::,.()

/::"t

/::"t

-=r-,
from which we see that the instantaneous linear speed v with which the
particle moves is the product of r by its angular speed w. In the form of an
equation we have
(6-4)

From Equation (6-4) we see that the particles near the rim of a disk which
rotates about a fixed axis move with greater linear speed than do particles
which are nearer the axis of rotation. The particles on the axis of rotation
have zero linear speed; they are at rest.
Illustrative Example.

An airplane propeller is rotating with uniform angular
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speed of 1,800 rpm. The blades of the propeller are 6 ft long. Determine the
linear speed of a point (a) 2 ft from the axis and (b) 6 ft from the axis.
Expressing the angular speed in radians per second, we get
w = 21T X 1,800 radian~ = 188.4 radians.
60
sec
sec

(a) Using Equation (6-4) with r

=

2 ft, we get

radians
ft
v = 188.4 - - X 2 ft = 376.8 - ;
sec
sec
and when r
(b)

=

6 ft, we get
v = 188.4 radians X 6 ft = 1130
~.
,
sec
sec

As discussed in Chapter 1, the term "radian" has no physical dimensions since it is
· 0 f t wo Ieng th s; h ence sue h a umt
. as radians
. eqmvalent
.
th e ra t 10
- - X ft IS
to the
ft
sec
unit-·
sec

6-5

Angular Acceleration

Since angular velocity is a vector quantity, it can change in either direction
or magnitude or in both. An airplane generally cruises with its engines
turning at a steady rate. Its propellers therefore rotate at a fixed angular
speed. When the airplane makes a turn, the angular speed of the propellers
remains fixed, but the direction of the axis of rotation is changing and therefore the angular velocity is changing, with important consequences which
will be discussed in a later section. In this section we shall consider changes
in the magnitude of the angular velocity only. Just as for linear acceleration, we shall define the angular acceleration as the change in angular
velocity in a time interval f:l.t.
We define the average angular acceleration a. (alpha bar) as the change
in angular velocity f:l.co divided by the time interval f:l.t in which that change
takes place. In the form of an equation we have

a.

f:l.co

=-.

(6-5)

f:l.t

The instantaneouii angular acceleration a. is again obtained by a limiting process, and we may write
~co

a. = lim -

t.t~O f:l.t

dco
dt

= -.

(6-6)
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Since the angular acceleration is given by the result of dividing LlCl), a
vector, by Llt, a scalar, the angular acceleration a. is a vector quantity. In
the present chapter we shall deal only with the case in which the motion
takes place about a fixed axis. The angular-velocity vector will always be
directed parallel to that axis. Changes in the angular velocity will therefore also be directed parallel to the axis of rotation. Thus in this case the
angular-acceleration vector must be parallel to the axis of rotation.
6-6

Equations of Motion for Constant Angular Acceleration

The defining equations for linear motion and for angular motion are identical except for the symbols used. In the equations representing linear motion, the symbols x, v, and a need only be replaced by (), w, and a to obtain
the corresponding equations for angular motion. From the definitions of
velocity and acceleration, a few mathematical manipulations enabled us
to obtain equations relating such quantities as displacement, velocity, acceleration, and time, which were of considerable usefulness in describing
the motion of a particle. For rotational motion it will not be necessary to
repeat the development of these equations, for we have deciphered the
code which enables us to translate freely from angular motion to linear
motion. To translate equations developed for linear motion to equations
appropriate for use in angular motion, we simply replace the symbol x by (),
.v by w, and a by a. The symbol u which was used to represent the initial
linear velocity will be replaced by the symbol Wi to represent initial angular
velocity.
We display the correspondence between the equations representing
linear motion and those representing angular motion as follows:
Linear Motion

() = wt

x=fJt

v2 =

+ tat
2
u + 2ax

U +v
v=-2

(6-7a)

+ at
2
(j = Wit + tat
w2 = W; + 2a()
Wi + W
w=--W = Wi

v=u+at
X = ut

Angular Motion

2

2

(6-7b)
(6-70)
(6-7d)
(6-78)

Both sets of equations are for uniformly accelerated motion. The
equations for linear motion represent motion in a straight line, here chosen
as the x axis, with constant acceleration a, while the equations for angular
motion represent rotation about a fixed axis with constant angular acceleration a. Although, to avoid complication, we have not discussed the com-
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ponent form of the equations for rotational motion, it is evident that both
sets of equations may also be thought of as the component form of the general vector equations for the motion of a particle, with the linear equations
representing the x component of the motion, while the angular equations
represent the components along an unspecified axis of rotation.
Illustrative Example. The angular velocity of an airplane propeller is
increased from 1,800 rpm to 2,200 rpm in 10 sec. Determine (a) its angular
acceleration and (b) the angle traversed during this period.
(a) We may apply the definition of angular acceleration directly with the
units given in the problem and get
a = 2,200 - 1,800 rpm = 40 ~ ,
10
sec
min sec

and we may find the total rotation by the application of Equations (6-7) with
these units as
1 .
() = 2,200 + 1,800 -rev
- X - mm
2
min
6
=

333 rev,

or (b) we may express the angular velocities in radians per second and apply
Equations (6-7). The final angular velocity is
radians
w_ -27r
- X2, 200 --,
60
sec
and the initial angular velocity is
Wi =

27r X 1,800 radians,
60
sec

so that
27r (2,200 _ 1,800) radians
60
sec
a=
,
10 sec
a = 4.19 radians;
sec 2

27r (2,200
and

() =

+ 1,800) radians
sec
2

() =

6-7

60

X 10 sec,

2,090 radians.

Uniform Circular Motion

In our previous study of accelerated motion, we restricted ourselves to the
motion produced by the action of a force which remains constant in mag-
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nitude and direction throughout the motion. The particular path followed
by the body depended upon the relationship of the direction of the initial
velocity and the direction of the force. When the initial velocity was parallel to the force, the motion was linear; when the initial velocity was at any
other angle to the direction of the force, the motion was parabolic. We
shall now consider another important type of motion, that of uniform mo-

Fig. 6-3 Force F acting on a particle which is moving with uniform
motion in a circular path is directed
toward the center of the circle.

lion in a circle; that is, motion in a circular path in which the speed of the
body remains constant in magnitude, but where the direction in which the
body is moving changes constantly. We shall show that this type of motion is produced by a force which is always constant in magnitude but continually changing in direction in such a way that it is always at right angles
to the velocity of the body.
Consider a particle moving with velocity v in a horizontal circular path
of radius r, as in Figure 6-3. The direction of the velocity is always tangent
to the path. If the force F acts at right angles to the velocity, it can have
no component in the direction of the velocity; that is, it cannot change the
speed of the body. The only effect of the force is to change the direction
of the motion. Since the radius of a circle is always at right angles to the
tangent, the force F must act along a radius. Furthermore, the force must
be directed toward the center of the circle. According to Newton's first law,
a particle moves with uniform velocity v in a straight line when the resultant force on it is zero, and such a motion would take it away from the center
of the circle. To bring it back toward the center requires that there be an
acceleration toward the center, and hence there must be an unbalanced
force acting toward the center of the circle. One way of supplying such a
force is to tie one end of a flexible string to the particle and to tie the other
end to a pin at the center of the circle. A flexible string is used because such
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a string can support only a tension, hence it must exert a pull toward the
center on the particle.
6-8

Centripetal Acceleration

We can derive the expression for the acceleration ·of a particle moving in
uniform circular motion in terms of the speed of the particle and the radius
of the circle by considering two neighboring positions A and B of a particle
moving with uniform speed in a circle of radius r, as shown in Figure 6-4(a).

Fig. 6-4

(b)

(a)

The velocity of the particle at A is VA and its velocity at B is VB. The
change in velocity ~V of the particle is the vector difference of the two
velocities VB - VA. To find the difference between these two velocities,
we add -VA to VB, as shown in Figure 6-4(b). If ~t is the time to go from
A to B, the average acceleration a of the particle is
VB -

~V

VA

a=--~t

~t

Now the triangle formed by these vectors and the triangle ABC are similar,
since they are both isosceles triangles and have equal angles 0. We may
therefore write
~V

AB
AB
-=-----===.=-.
r
AC

Dividing both sides of the equation by
equation by VA, we obtain
~V

{;'i =
so that

~t

and multiplying both sides of the

AB

~t X r

AB

a = --~t

X r

VA,

VA.
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To find the instantaneous acceleration of the particle, we take the limit of
a as t:.t approaches zero; the points A and B approach each other, and the
chord AB approaches the length of the arc .AB; the velocity VA becomes
equal to the velocity V at the limiting point, and the distance AB may be
replaced by v t:.t. Substituting these values into the previous equation,
we find
(6-8)

A glance at Figure 6-4 shows that when the angle (J is very small, the vector
t:.v is at right angles to the velocity VA and is directed toward the center of
the circle.
When an object moves in uniform circular motion with linear speed v,
it is accelerated toward the center of the circle with an acceleration a given by
a = v 2 jr.
We call the acceleration of a particle moving in uniform circular motion
centripetal acceleration; the word "centripetal" means "directed toward the
center."
A particle moving in uniform circular motion with constant linear
speed v may also be described as moving with uniform angular speed w
with the linear and angular speed related by Equation (6-4) as v = wr,
where r is the radius of the circle in which the particle is moving. We may
therefore rewrite Equation (6-8) in terms of w as

a

6-9

v2

= -

r

= w2r.

(6-9)

Centripetal and Centrifugal Forces

Knowing the magnitude and the direction of the acceleration of a particle
moving in uniform circular motion, it is a simple matter to compute the
force which acts on the particle. If the mass of the particle is m, we find,
upon application of Newton's second law,
mv 2
F = = mw 2 r
r

(6-10)

for the magnitude of the force acting toward the center to keep the body
moving with uniform circular motion. The force acting toward the center
is called the centripetal force. It must be remembered that the centripetal
force acts on a body moving in a circular path.
Referring again to the particle that is being whirled around at the end
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of a string, as in Figure 6-3, we note that the centripetal force is the pull of
the string on the particle. From Kewton's third law, the particle exerts an
equal and opposite force on the string. This reaction is sometimes referred
to as centrifugal force, meaning directed away from the center. If the
string is cut during the circular motion, there will no longer be a force acting
on the particle. The instant the string is cut, the particle will continue to
move in the direction it was moving at the time; that is, the particle will
go off at a tangent to the circle.
In ordinary conversation there is a great deal of confusion about the
terms "centripetal force" and "centrifugal force." If one asks why the
particle flies off when the string is cut, the answer seems always to be
centrifugal force. If the question is raised as to why the passenger in a car
seems to be thrown against the door when the car goes around a curve, the
same answer invariably is given-centrifugal force. In terms of Newton's
laws of motion, this is obviously incorrect. An observer, viewing the car
turning the corner from some perspective above the car, would observe
that the passenger, who has little or no radial force exerted on him by the
slippery seat covers, moves in a straight line with uniform speed, while the
car, which is acted on by the frictional force of the road, moves in a circular
path. When the trajectories of the passenger and the side of the car intersect, the passenger says that he has been thrown against the door. The
passenger views the world as though he were at its center, and if he finds
himself in contact with the door, he assumes that he must have been
forced toward it.
Illustrative Example. A stone weighing 0.5 lb tied to a string 2 ft long is
placed on a smooth horizontal table. The other end of the string is tied to a pin
at the center of the table. The stone is given a push for a short time, and acquires
a speed of 6 ft/sec. (a) Determine the tension in the string. (b) If the breaking
strength of the string is 15 lb, determine the maximum speed with which the
stone can be whirled.
(a) The mass of this stone is
m =

0.5 lb
= ~ slug.
32lb/slug
64

The centripetal force F required to keep it moving in a horizontal circle of radius
r = 2 ft with a speed of v = 6 ft/sec is, from Equation (6-10),
1 I
36 ft2/sec 2
,
F =-sugX
642ft
so that

F

=

0.28 lb.

(b) If the breaking strength of the string is 151b, this represents the maximum centripetal force that the string can apply to the stone. Using this value for
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F in Equation (6-10) and letting v be the unknown maximum speed of the stone,

we get
15 lb

from which
and

6-10

v2

1

slug X - ,
642ft

= -

ft 2
sec

v2

=

1920-,
2

v

=

43.9-·

,

ft
sec

Banking of a Curved Road

A car rounding a curve can be considered as moving in an arc of a circle or,
in some cases, in a series of such arcs of slightly aifferent radii. In order to
move the car in a circular path of radius f, an outside force must act on the
car, and this force must be directed toward the center of the circle. In the

F

---1
I

I
I

:-w

I

I

elI
I
I
I

(b)
Fig. 6-5 (a) Car moving on a curve in a road banked at an angle () to the horizontal.
(b) The components of the normal force N are - Wand F.

case of an automobile rounding a curve, this force is supplied by the friction
between the road and the tires. The frictional force which can be supplied
by the contact between the road and the wheels of a car is variable, depending on the conditions of the road and the tires of the vehicle. It is much
more desirable for design purposes to pretend that the road is smooth and
to bank the road so that the normal force exerted by a smooth road has a
horizontal component of magnitude and direction equal to the required
centripetal force. The angle at which the road is banked will depend on
the speed of the vehicle. Thus when a railroad curve is marked with a
speed of, say, 40 mi/hr, this does not mean the maximum speed at which
the turn should be traversed, but rather the speed for which the turn was
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designed. In general, small variations from the design speed are compensated for by frictional forces.
An airplane moving through the air is affected by the lift of the air on
the wings. In level flight this force is directed vertically upward. An airplane may execute a turn by banking in such a manner that the force
on the wings has a horizontal component of the desired magnitude and
direction to supply the centripetal force necessary for the circular motion.
In Figure 6-5(a), if a car is to move in a circular path, the normal force
N exerted on the car by the road must both support the weight of the car W
and supply a horizontal component F equal to the required
centripetal force. From Figure
6-5(b) we see that the horizontal
component is

F

=

NsinO

mv 2

=-,

r

and the vertical component is
- W = N cos 0 = mg.

From these equations we find that
v2
tan 0 = -.
rg

(6-11)

Essentially the same analysis
can be applied to the banked turn
Fig. 6-6 The banked turn of an airplane.
of an airplane, as illustrated in
Figure 6-6. We note from Equation (6-11) that the angle of inclination
of the road, or the angle at which an airplane should be banked upon
making a turn, depends only upon the speed and the radius of the turn and
does not depend on the mass of the vehicle. It is this latter consideration which makes it possible to bank highways.
Illustrative Example. A truck weighing 2.5 tons rounds a curve in a level
road at 30 mijhr. The curve is in the form of a circular arc of 1,200 ft radius.
(a) Determine the lateral force exerted by the road on the tires to keep the truck
moving in its circular path. (b) Find the angle of banking if the turn is to be
executed without friction.
(a) The road must exert a force toward the center of the circle in which the
..
.
mv 2
car IS movmg of magmtude F = - . Now
r
m = W = 2.5 X 2,000 slugs'

g

32

'

mi
ft
v = 30- = 44 - '
hr
sec'

r

=

1,200 ft;
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substituting these values, we get
F = 2.5 X 2,000 slu s X
32
g

from which

(

44

~)2

sec,
1,200 ft

F = 252lb = 0.126 ton.

(b) The angle of banking may be determined from Equation (6-11). Substituting numerical values, we have
tan e = ~ =
rg
=

e=
6-11

2

(44 ft/sec)
1,200 it X 32 ft/sec 2

0.0504,
2.9°.

Motion in a Vertical Circle

When circular motion takes place in a vertical plane, as, for example, when
an airplane loops the loop, the motion is not uniform, and the speed varies
from point to point on the circle. Consider a particle which acquires speed

Fig. 6-7

by sliding down a frictionless inclined plane, as shown in Figure 6-7, and
then starts up the inside of a vertical circular track. It is obvious that the
danger point is the highest point A of the track. The particle must negotiate this point with the proper speed if it is to travel safely around the
track.
Suppose the particle is at point A under the track. The particle will
stick to the track as long as it moves fast enough so that the track is required to exert some force against it to provide the necessary centripetal
acceleration. The minimum speed the particle may have is one in which
the force exerted by the track is zero. At this critical speed Vo, the only
force acting on the particle is the force of gravity. Consequently, the
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acceleration of gravity g must be equal to the required centripetal acceleration; that is,
V~
g =-,
r

from which
Vo =

y:;:g.

If the speed of the particle is greater than this minimum speed, its
acceleration toward the center will be greater than g; this means that the

Fig. 6-8 Multiflash photograph of a ball which starts on an inclined plane but does not
acquire sufficient speed to loop the loop in a vertical circle. (Reproduced by permission
from College Physics, 2nd ed., by Sears and Zemansky, 1952; Addison-Wesley Publishing
Company, Inc., Reading, Mass.)

track will have to exert a force toward the center to keep it moving in the
circular path; the particle will stick to the track. If its speed is less than
the minimum safe value of Vo, the particle will leave the track and follow
the parabolic path of a projectile (see Figure 6-8).
6-12

Angular Acceleration and Linear Acceleration

When a rigid body rotates about a fixed axis with constant angular acceleration a, each particle of the body has the same angular acceleration, but
the linear acceleration a of each particle will be different. The linear acceleration a of a particle may be resolved into two components, one component
at tangent to the path and given by the time rate of change of the speed of
the particle, and the other component a c , the centripetal acceleration,
directed perpendicular to the velocity and parallel to the radius of the
circle in which the particle is moving.
The relationship between the length of arc s subtended by an angular
displacement e on a circle of radius r is well known as the basis of definition
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of the radian as
s = Or.

Differentiating this equation once with respect to time for circular motion
of constant r, we obtain
ds
dO
- = -r.
dt
dt
ds
By definition, the instantaneous linear speed v is equal to - , while the
dt
.
dO, an d we may rewnte
. t h'IS
mstantaneous
angular speed
w 'IS equa1 to .
dt
equatIOn as
v = wr,
which we have seen before as Equation (6-4). If we differentiate once
again with respect to time, neglecting the change in direction of v and considering only the change in magnitude, that is, the change in the angular
speed of the particle, we obtain
dv
dw
- =-r.
dt
dt
By definition, the rate of change of the linear speed is the component of the
acceleration measured along the path, hence the tangential acceleration at>
while the rate of change of the angular velocity is the angular acceleration
a. Thus we find
(6-12)

We have already seen that the central, or radial, component of the acceleration which is due to the change in direction of v may be expressed in terms
of the angwlar velocity from Equation (6-9) as

v2
r

ac

= -

= w 2 r.

(6-13)

The tangential component of the acceleration depends upon the
angular acceleration a, while the central component of the acceleration
depends upon the angular velocity w. Both the tangential and the central,
or radial, components of acceleration depend upon the distance of the particle from the axis of rotation. If the particle is moving with uniform speed
in a circle, the radial acceleration is the total acceleration. If the speed
is increasing or decreasing while the particle is moving in a circle, then its
total acceleration a is made up of two components at and a c • Since these
two components are at right angles to each other, we have

a

=

va; + a;.

(6-14)

Illustrative Example. A circular pulley 4 ft in diameter is mounted so that
it can rotate about an axis passing through its center. One end of a cord which is
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wound around the pulley is being pulled in a horizontal direction, as shown in
Figure 6-9, with an acceleration of 6 ft/sec 2 • (a) Determine the angular acceleration of the pulley. (b) Assuming the pulley to have been at rest initially, determine the acceleration of the lowest point B on the rim of the pulley at the end of
lOsec.
(a) The point A at the top of the pulley is the point at which the rope just
leaves the pulley. The tangential component of the acceleration at of this point
is the same as the acceleration of a point on the rope. We can, therefore, use the
acceleration of this point for determining the angular acceleration of the pulley.
From Equation (6-12) we get
at

6 ft/sec 2

a=-=---'----

2 ft

r

__A_a;;:t:--J,.....;;.....;."""'-~...

3 radians

sec

2

(b) The angular speed of the pulley at the
end of 10 sec is, from Equations (6-7),
W =

Wi

+ at.

Since the pulley starts from rest,
we have
W

=

radians
10 sec
3 - - 2- X
sec

=

Wi =

0, and

30 radians
-sec

.

B
Fig. 6-9

Since the angular acceleration is clockwise,
the lowest point on the rim of the wheel is moving toward the left. The two components of the acceleration at this instant are
ft
sec

at = ar = 6 - -2 , to the left,
2

and

6-13

ac

=

radians)
w2r = ( 30 - - X 2 ft =
sec

1800~
,
sec 2

.

Periodicity of Uniform Circular Motion

One of the interesting properties of uniform circular motion is that it is
periodic; that is, a particle in uniform circular motion traverses a full circumference in a time T. This time T is called the period of the motion.
The period remains the same no matter how often the motion is repeated.
In one complete revolution the angular displacement is 27r radians, and
•the distance traversed is 27rr where r represents the radius of the circle.
The period, or time, for one complete revolution is therefore equal to

27rr
v

T=-,
or

27r

T=-·
W

(6.15)
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We have already shown that the acceleration of a particle in uniform circular motion is

Substituting the value of w, from Equation (6-15), yields
41T"2 r

a = - 2-

T

(6-16)

for the relationship between acceleration and period for uniform circular
motion.
6-14

Planetary Motion

One important type of periodic motion which has been studied and recorded for centuries is that of the bodies constituting the solar system.
Theories concerning these bodies have changed with the centuries, and to a
certain extent these changes mirror man's intellectual progress. Of course,
it has not always been known that these bodies were part of a system which
was tied to the sun, but knowledge of the planets predates recorded history,
for after the sun and the moon these bodies are often the most prominent
objects in the sky that are visible to the naked eye, and they have the
very special character that they wander in the heavens among the fixed
stars.
Among the early theories which held sway for centuries was that
associated with the name of Claudius Ptolemy (c. A.D. 150) and known as
the geocentric theory of the universe. In the geocentric theory the earth was
assumed to be at the center of the universe, and the sun, the moon, the
planets, and the stars were thought to move around it in complicated
paths. In a sense, this was a theory which most nearly corresponded to
direct observation and to man's rather egocentric view of his own place
in the universe.
Several centuries before Ptolemy, Aristarchus of Samos (c. 310-230
B.C.) proposed a theory in which the sun was fixed at the center of the
universe and the earth revolved around the sun in a circular orbit, called
the heliocentric theory of the universe. He also recognized that the stars
appeared fixed in position because their distances from the earth were
tremendous in comparison with the distance of the earth from the sun.
Very few of the early astronomers accepted the heliocentric conception of
the universe; from the second to the sixteenth century, only the geocentric
theory of Ptolemy was taught and used. In the sixteenth century Nikolaus
Copernicus (1473-1543) revived and extended the heliocentric theory of
Aristarchus and thus started a revolution in scientific thought which was
carried forward by Kepler, Galileo, and Newton. In the heliocentric theory
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of Copernicus (see Figure 6-10), the sun was considered at the center of the
universe, the planets revolved around the sun in circular orbits, and the
fixed stars were assumed to lie in a sphere surrounding the solar system.
Copernicus' theory was not readily accepted by scientists of that
period. Tycho Brahe (1546-1601), a famous Danish astronomer, made very
careful and accurate measurements of the motions of the planets and the

Fig. 6-10 Orbits of the planets and the fixed stars in the heliocentric theory of the
universe according to Copernicus.

sun. He had never become convinced of the correctness of the Copernican
hypothesis, but his extensive and careful measurements which he bequeathed to another astronomer, Johannes Kepler (1571-1630), laid the
foundations of modern astronomy. It may be noted here that Brahe's
observations were made without telescopic instruments. The telescope
had not yet been invented.
From his study of the data accumulated by Tycho Brahe, Kepler
deduced three laws which accurately described the motions of the planets
about the sun. Kepler's three laws follow.
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First law: Each planet moves around the sun in an elliptic path (or orbit)
with the sun at one focus of the ellipse.
Second law: As the planet moves in its orbit, a line drawn from the sun
to the planet sweeps out equal areas in equal intervals of time (see Figure 6-11).
Third law: The squares of the periods of the planets are proportional to
the cubes of their mean distances from the sun.
Fig. 6-11 The path of a planet about the
sun S is an ellipse. PIP2P 3P 4 represent
positions of a planet in its orbit at different
times. The speed of a planet is such that
an imaginary line joining the sun and the
planet would sweep out equal areas in
equal intervals of time. For example,
area SP 1P 2 is equal to area SP 3P 4.

It can be seen that the simplified picture of the planetary system proposed by Copernicus is not sufficiently accurate; however, the elliptical
orbits of the planets are not far removed from circles.
In large measure it was to explain Kepler's laws that Newton invented
the laws of motion and the law of universal gravitation that we shall discuss
in the next section. From astronomy, from pure speculation about the
motion of the planets, has come the stimulus for much of today's engineering and for the foundations of moderJ.l science. Centuries of careful observation and profound thought have been distilled into a few carefully
worded statements about the behavior of material bodies, and today every
schoolboy knows more about the universe than did Kepler or even Newton.
6-15

Newton's Law of Universal Gravitation

Although Kepler's laws give an adequate description of the motions of the
planets, they do not give a physical explanation of the cause of the motion.
Newton, having introduced the concept of force into mechanics, now
applied this concept to help explain the cause of the motions of the planets
around the sun. He developed the law of universal gravitation which states
that any two bodies in the universe attract each other with a force which is
directly proportional to the product of the masses of the two bodies and inversely
proportional to the square of the distance between them.
Stated in mathematical form, this law becomes
F

<X

Mm

~-,

r2

where M is the mass of one body, m is the mass of the other body, r is
the distance between them, and F is the force that one body exerts OR the
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other. This proportionality may be replaced by an equation by replacing
the proportional sign by an equal sign and a constant of proportionality,
thus
},{m

F = Go - z- '
r

(6-17)

where Go is the constant of proportionality known as the universal constant
of gravitation, or the gravitational constant. The force of gravitation is
directed along a line joining the two bodies.
Newton's law of universal gravitation, when combined with his laws
of motion, predicts with great accuracy the motions of the planets. In fact,
astronomy is one of the more important observational means of verification
of Newtonian mechanics. In the last 40 or 50 years, it has been found that
Newton's laws of motion have had to be extended to include some additional concepts in order to deal properly with atoms and molecules by a
theory called quantum mechanics, and have had to be extended for even
larger aggregates of matter when these are moving with extremely high
speeds. It is extremely impressive, however, that Newton's laws have
been shown to be a correct formulation of the rules of order which nature
imposes upon material objects in the range of size from microscopic to
astronomical, a range of from 10-6 m to 10 9 m, or more. The enormous
success of the Newtonian view of the rational character of the world has
had repercussions in other areas of human experience, and the philosophy
of rationalism owes much of its stimulus to the great success of physics
and astronomy in developing a rational view of nature.
Newton's law of universal gravitation is applicable to all particles in
the universe. To use it most fully, it is necessary to evaluate the constant
Go. Of course the numerical value of Go will depend upon the units used
for mass, force, and distance. Since the units appropriate to these quantities have already been defined through the equation F = ma, we cannot
set Go equal to 1 but must determine its value experimentally. We can
give Go a simple physical interpretation, no matter what system of units is
used, by imagining two unit masses placed a unit distance apart; that is,
M = 1, m = 1, and r = 1. The force F r with which two such masses
attract each other is, from Equation (6-17),
F r = Go;

that is, Go can be interpreted as the force with which two unit masses will
attract each other when placed a unit distance apart.
The first experimenter to evaluate Go was Henry Cavendish (17311810). One method of determining the gravitational constant Go makes use
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of a very delicate torsion balance such as that sketched in Figure (6-12).
This consists of a fine elastic fiber AB suspended from some support at A;
a small stiff metal rod CD is fastened to B. Two identical metal spheres,
usually silver or gold, each of mass m,
are mounted on the ends CD. Two
much more massive spheres made of
lead are placed near the small spheres,
one in front of the sphere at D, the
other behind the sphere at C. Each
of the lead spheres has a mass M.
The force of attraction between each
lead sphere and the small metal sphere
near it produces a torque about
AB as an axis; the two torques are in
the same direction and cause the fiber
to twist through a small angle. The
Fig. 6-12 Method of determining
angle of twist can be measured by
the gravitational constant Go using
a delicate torsion balance.
reflecting a beam of light from a small
mirror attached to the fiber onto a
scale. By shifting the positions of the large lead spheres so that one is now
behind D and the other in front of C, the fiber is made to twist in the opposite direction. From a calibration of the fiber, the force F that each lead
sphere of mass M exerts on the small metal sphere of mass m can be computed. The distance r between the centers of the spheres is also measured.
Putting these data into Equation (6-17) will give the value of F.
The value of Go determined experimentally is

Go = 6.670 X 10-8 dyne ~m2 = 6.670 X 1O-11 nt n;2 .
gm
kg
Because the force of gravitational attraction between ordinary objects is
extremely small, we are not normally conscious of the gravitational attraction between adjacent objects, and we neglect it entirely in engineering
calculations in comparison to the force of the earth's attraction and to the
forces exerted by structural members upon each other.
6-16

The Gravitational Field

The force that exists between two particles because of their masses acts no
matter how far apart these masses may be. This is one example of a type
of force which is called an action-at-a-distance force, for it requires no material medium to transmit the force. We know, for example, that the space
between the planets of the solar system is essentially empty. There is
another way of thinking about gravitational forces and that is to imagine
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that in the space all around a particle, and extending to infinity in all
directions, there exists a gravitational field. Whenever any other particle
finds itself in this gravitational field, it will experience a force F, given by
Equation (6-17). We can define a new term called the intensity of the
gravitational field at any point in space as the force F which acts on a particle
at this point divided by the mass m of the particle situated there. Let us denote
the gravitational field intensity by the letter I; then
1=

.!.
m

(6-18)

Note that the gravitational field intensity I is a vector quantity. Substituting the value of F from Equation (6-17) to obtain the magnitude of I
yields
M
I = Go -2 '
(6-19)
r
Equation (6-19) shows that the gravitational field intensity varies
inversely with the square of the distance from the particle of mass M which
is the source of the field. The intensity is a vector quantity; its direction
is that of the force F which acts on a particle placed anywhere in the field,
and since the force is always one of attraction, its direction is always
toward the mass M.

Fig. 6 -13 Radial gravitational field
around a small concentrated mass
M. The number of lines of force
through a unit area at P is proportional to the intensity I of the
gravitational field at P.

We can develop a graphical method for representing the gravitational
field so that it will show at a glance both the magnitude and the direction
of the field intensity. This is illustrated in Figure 6-13 in which radial
lines are drawn converging upon the mass JY[; a scale can be chosen so that
the number of lines passing perpendicularly through a unit area at any
point such as P will be proportional to the intensity I at that point. The
direction of the field is given by the direction of the lines. Such lines are
called lines of force.
An interesting case is that of the earth's gravitational field. Newton
was the first to prove that the field outside a spherical mass is identical with
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that of a mass concentrated at the center of the sphere. Hence, at points
outside the earth's surface, the gravitational field intensity is given by
Equation (6-19). However, we have been using the term "weight" to
describe the force which the earth exerts on a mass m placed anywhere in
its field. The intensity of the earth's gravitational field at the surface of
the earth Ie is therefore

W
Ie = - = g.
m

(6-20)

The term which we have been calling the acceleration of a freely falling
body is identical with the gravitational field intensity. From Equation
(6-20) we note that the units for gravitational field intensity can be either
those of acceleration or the ratio of force to mass, such as lb/slug, dynes/gm,
nt/m.
Comparing Equations (6-19) and (6-20), we find that
g

M
r

= Go 2

for r

~

Re,

(6-21)

in which M is now the mass of the earth, and r is the distance of a point
from the center of the earth. Equation (6-21) holds only for points outside
the surface of the earth, that is, for distances r greater than the radius of
the earth R e • We have treated g as though it were independent of altitude
in the solution of projectile problems. We see that if we set r = R e + h,
where h is the height above the surface of the earth, we may take h as
small compared to R e and to a good approximation we may set r = R e •
Illustrative Example. Equation (6-21) may be used to determine the mass
of the earth once Go has been measured. For this reason the experiment measuring the value of Go is popularly called "weighing the earth." Taking known
values of g = 9.80 m/sec 2, Go = 6.67 X 10- 11 nt m 2/kg 2, r = R e = 6,380 km =
6.380 X 10 6 m, and solving for M, we get
gR2

lvf = -

Go

9.8 ~ X (6.38 X 10 6 m)2
sec 2
t m2
6.67 X 10~1l 1_1_
_
kg 2

from which

M

=

5.98 X 10 24 kg.

Illustrative Example. With the development of modern high-speed rockets,
it is interesting to inquire what speed a particle should have in order to become a
satellite of the earth, that is, to travel in an approximately circular path around
the earth.
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Any particle traveling with a speed v on a circular path of radius r has an
acceleration toward the center of the circle of

If it is traveling in the earth's gravitational field, then approximately a
so that

from which

v

Near the surface of the earth r

=
=

=

0,

vg;..
4,000 mi, and

ft

32

mi

sec ~

5,~SO

sec 2

g = 32 ---- = - - - - - .

,

Substituting these values into the nbove equation yields
v

6·17

=

32 rni
X 4 000'
m]
'
5,2S0 sec z

1-~~~

=

_ mi

b-'

sec

The Curvature of Space

From Newton's first law, we might infer that one of the consequences of
this law is that an observer cannot measure his own velocity except with
respect to an outside reference frame. Velocity is a relative quantity
rather than an absolute quantity. This concept was one of the building
blocks of the theory of special relativity by Albert Einstein (1879-1955)
and is now part of the basic structure of physics. Another concept due to
Einstein is the impossibility of distinguishing, when inside a closed system,
between a gravitational field and accelerated motion. Let us consider an
observer moving through space in a rocket ship which is completely enclosed. He has on board a massive object which is hung from a spring
balance. A reading of the balance will tell him either that he is being accelerated or that he has entered a gravitational field, but no measurement he
can make within the rocket ship can distinguish between the two possibilities.
With this as a starting point, we see that we may consider any gravitational field as though it were an accelerated enclosure. Even a ray of light
traversing an intense gravitational field must behave as though it were
traversing an accelerated chamber. A ray of light passing horizontally
through an elevator accelerated in the upward direction would appear to
be deflected toward the floor; that is, it would enter the elevator through
an aperture in the side wall at some distance s above the floor and would
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leave the elevator through an aperture in the opposite wall at some lesser
distance s' above the floor. To an observer in the elevator, the light beam
would appear to have been deflected toward the floor. A massive object
located in an elevator which is being accelerated in the upward direction
behaves as though there were a gravitational field directed toward the floor.
By analogy, we would expect a ray of light passing through an intense
gravitational field to be deflected toward the source of the field. Measurements made, during a solar eclipse, of starlight passing by the edge of the
sun indicate that the light is bent by the sun's gravitational field, in quantitative agreement with these ideas.
In this connection it is of interest to reconsider just what we mean by a
straight line in space. In practice, when we wish to determine the straightness of a straightedge or when we wish to determine the straight line connecting two points, we sight along the straightedge or we look through a
surveyor's transit. In practice, a straight line is defined as the path of a
ray of light. Since the path of a ray of light is curved in the vicinity of
a gravitational field, we must infer that space itself is curved in the vicinity
of a gravitational field.

Problems
6-1. A flywheel of a steam engine is rotating with a uniform angular speed
of 180 rpm. (a) Express this angular speed in radians per second. (b) Determine
the linear speed of a portion of this wheel which is at a distance of 2 ft from the
center. (c) Through what angle, in degrees, will the wheel have rotated in 10 sec?
6-2. The' fuel supply is shut off from an engine when its angular speed is
1,800 rpm. It stops rotating 15 sec later. (a) Determine its angular acceleration,
assuming it to be constant. (b) Through what angular displacement, in radians,
will the wheel have rotated before it comes to rest?
6-3. The angular speed of an automobile engine is increased from 3,000 rpm
to 3,600 rpm in 20 sec. (a) Determine its acceleration, assuming it to be uniform.
(b) Determine the number of revolutions made by the engine in this time.
6-4. A uniformly accelerated wheel initially is rotating with an angular
velocity of 10 radians/sec, and after 150 radians is rotating with an angular
velocity of 25 radians/sec. (a) Determine the angular acceleration of the wheel.
(b) For how long a time was the acceleration applied?
6-5. Derive Equation (6-7b) from the definitions of angular velocity and
angular acceleration.
6-6. Derive Equation (6-7c) from the definitions of angular velocity and
angular acceleration.
6-7. Derive Equations (6-7d) and (6-7e).
6-8. A drum 2 ft in diameter is free to turn on a fixed horizontal axis, as
shown in Figure 6-14. A rope is wrapped around the drum. The free end of the
rope is tied to a hanging weight which is observed to fall with an acceleration of
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16 ft/sec 2 as the rope unwinds from the drum. If the weight starts from rest,
(a) determine the angular velocity of the drum at the end of 5 sec. (b) If the
weight has a mass of 2 slugs, determine the tension in the rope. (c) Determine
the angular displacement of the drum at the end of 10 sec.

Fig. 6-14

6-9. A stone whose mass is 150 gm is attached to a cord 30 em long and placed
on a smooth horizontal table. The stone is then whirled in a circular path with
a speed of 25 em/sec. Determine (a) the tension in the cord and (b) the acceleration of the stone.
6-10. A car weighing 3,000 Ib rounds a curve of 600 ft radius at a speed of
40 mijhr. What lateral force must the ground exert on the tires to keep this car
moving in this circular path? In what direction is this force?
6-11. Assume that the moon is moving in a circular path of 380,000 km
radius about the earth. The period of revolution is 27.3 days. (a) Calculate the
acceleration of the moon. (b) Calculate the mass of the earth.
6-12. An automobile rounds a curve of 800 ft radius at a speed' of 50 mijhr.
What is the minimum value of the coefficient of friction between the tires and
the road in order that there be no skidding?
6-13. (a) Determine the angle at which a road should be banked if the radius
of the curve is 1,600 ft and if it is to supply the necessary centripetal force to a
car traveling at 50 mijhr. (b) If the same car is driven at 75 mijhr over the
banked road, what must be the coefficient of friction between the tires and the
road in order that there be no skidding?
6-14. Uniform circular motion may be described in polar coordinates in
terms of the equations r = R, a constant, and f) = wt. The rectangular coordinates of a point in uniform circular motion are given by the equations
x

=

R cos wt

and

y

=

R sin wt.

From these relationships, show by the use of the calculus that a = w2 R.
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6-15. A stone of mass 100 gm is tied to the end of a string 50 cm long. The
stone is twirled as a conical pendulum, so that it rotates in a horizontal circle
30 cm in radius, as shown in Figure 6-15. Determine (a) the angular speed of
rotation and (b) the tension in the string.
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6-16. A small car whose mass is 25 gm moves on the inside of a vertical circular track of radius 40 cm. (a) Determine the minimum speed that the car must
have at the top of the circular track in order to move in this circular path. (b)
Assuming that it has the minimum safe speed at the top of the track, determine
its speed at the bottom of the track. What is the force that the track exerts on
the car (c) at the top of the track and (d) at the bottom of the track?
6-17. A pilot pulls his plane out of a dive by moving in the arc of a vertical
circle with a speed of 600 mi/hr. (a) Determine the minimum radius of this
circle if his acceleration is not to exceed 7g at the lowest point. (b) Determine
the force which acts on a pilot weighing 180 lb.
6-18. The period of Jupiter is 11.86 years. With the aid of Kepler's third
law, determine its distance from the sun. The distance from the earth to the
sun is 1.49 X 10 8 km.
6-19. Assuming the earth to move around the sun in a circular orbit of radius
1.49 X 10 8 km with a period of 365.3 days, compute (a) the speed of the earth
in its orbit and (b) the acceleration of the earth relative to the sun. The mass of
the earth is 5.98 X 10 24 kg. (c) Determine the gravitational force between the
sun and the earth.
6-20. Two blocks, each of mass 1 kg, rest on a horizontal table a distance of
1 m apart. (a) What is the force with which they attract each other? (b) What is
the minimum value of the coefficient of static friction if the blocks are to remain
at rest on the table?
h, where R is the radius of the earth
6-21. In Equation (6-21) set r = R
and h is the height above the surface of the earth. Expand r- 2 = (R + h)-2
by the binomial expansion. What is the greatest value h may have if g is to
remain a constant (a) within 1 per cent? (b) Within 0.1 per cent?

+
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6-22. The equation x 2
y2 = r defines a circle centered at the ongm.
If this equation is differentiated twice with respect to time, an equation relating
the x and y components of velocity and acceleration results. For the special
case of x = r, y = 0 show that

r

6-23. The distance from the earth to the sun is 149 X 10 6 km. Assuming
that the earth's orbit around the sun is circular, calculate the mass of the sun.
6-24. In an experiment on the determination of the universal constant of
gravitation Go, a lead sphere whose mass is 2,000 gm was placed near a gold
sphere of mass 4 gm with their centers 6 em apart. The force of attraction between them was found to be 1.45 X 10- 5 dyne. Determine the value of Go from
these data.
6-25. Assuming that a planet moves in a circular orbit of radius r around the
sun of mass M with a period T, show that

T2 =

411"2

r 3•

GoM
Compare this with Kepler's third law.
6-26. A satellite, launched by Russia and called "Sputnik," traverses an
orbit around the earth at an altitude of about 500 miles. Determine (a) the
value of 9 at this altitude; (b) the lineal' velocity of the satellite; and (c) its period.
6-27. Two equal masses of 2 slugs each are joined by a rod of negligible mass
which is pivoted at its center. The system rotates in a horizontal plane at an
angular velocity of 20 rad/sec. Each mass is 1 ft from the axis of rotation. What
is the tension in the rod?

7
Work and Energy

7 -1

Work Done by Forces

An extremely important concept that has been developed in physics is
that of the work done on a body by the action of some external agent which
exerts a force on this body and produces motion. For example, whenever
someone lifts a body, he does work by exerting a force upward on it and
moving it upward. Whenever a steam locomotive pulls a train, a series of
processes takes place in the steam engine of the locomotive which enables
it to exert a force on the train and move it in the direction of the force. The
term work, as used in physics, is a technical term. Whenever work is done
by an external agent on a body, the work done is the product of the force which
acts on the body and the distance through which the body moves while the force is
acting on it, provided that the force and the distance through which the body
moves are parallel to each other.
In the initial development of the concept of work, we shall restrict
our discussion to work done by a constant force. We shall later (Section
7-8) remove this restriction and treat the more general case of work done
by a variable force.
If a constant force F acts on a body for a distance s in the direction of
the force, then the work done tr is, from the definition,
(7-1a)

If the force F and the distance s are not parallel, then only that component of the force which is in the direction of the motion does the work.
For example, if a heavy block is to be moved, it may be more convenient to
pull with a force F at some angle () with respect to the ground, as shown in
Figure 7-1. The component of F in the direction of the motion is F cos ();
if the block is moved through a distance s while this force is acting on it,
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is

I )f' = Fs cos e. I

(7-lb)

Work is a scalar quantity. The concept of physical work is often a
confusing one, in part because of the way the word "work" is used in everyday language, and in part because there is no direct physiological analogue
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Fig. 7 -I Work done by a constant force F acting at an angle 0 to the direction of its
motion is Fs cos o.

to the physical concept of work. In physics no force exerted, no matter how
great nor for how long a time, generates any work unless there is a displacement. No force generates work unless the force has a component in
the direction of the displacement. The centripetal force which a string
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Fig. 7-2

exerts on a stone in uniform circular motion does no work upon the stone.
The sensation of tiredness has no direct relationship to physical work. Suppose, for example, that you are called upon to support one end of a car
while the driver changes a tire. When the operation is concluded you will
have done no work, for, although you were called upon to exert a large
force, there was no displacement of the car. Consider an even more unlikely situation. Suppose a barge is being towed through a canal by an
engine located alongside the barge canal, as shown in Figure 7-2. If the
force exerted by the engine is F, the component of the force parallel to the
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canal is F cos e, while the component perpendicular to the canal is F sin e.
The perpendicular component tends to urge the barge against the side of
the canal. You are called upon to exert a force against the side of the barge
of magnitude F sin e to keep the barge from scraping along the walls of the
canal, and you accompany the barge on its trip through the canal, continually exerting the required force. When the trip is completed you will
have done no work on the barge, for the force exerted had no component in
the direction of the displacement.
7-2

Units for Expressing Work

There are several different units that are used for expressing the work done.
In every case the unit used must be equivalent to the product of a force
by a distance. In the British gravitational system the unit used is the
foot pound (ft lb), the product of the unit of distance by the appropriate
unit of force. In the cgs system the analogous unit would be the dyne
centimeter, but this unit has been given a special name, the erg; one erg
is the work done by a force of one dyne acting through a distance of one centimeter, or
1 erg = 1 dyne X 1 cm = 1 dyne cm.
In the mks system the unit of work is called the joule. A joule is
defined as the work done by a force of one newton acting through a distance of
one meter; that is,
1 joule = 1 nt X 1 m = 1 nt m.
The relationship between the joule and the erg can be found readily
from the facts that 1 nt = 100,000 dynes and 1 m = 100 cm. By the usual
conversion procedure, we write
1 joule = 1 nt m X

100,000 dynes
100 cm
X --- ,
1 nt
1m

1 joule = 10,000,000 dyne cm = 10,000,000 ergs,
1 joule = 107 ergs,
or

10-7 joule = 1 erg.

While both work and torque are compounded of the product of a force
by a displacement and therefore have the same units, these are quite
different things. Torque is a vector quantity, while work is a scalar quantity. Torque is the product of a force by a distance which is always
measured in a direction perpendicular to the force, while work is the product
of a force by a distance parallel to the direction of the force. While there
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need be no displacement to generate a torque, on the other hand, no work
can be done without a displacement of the force.
Illustrative Example. Referring to Figure 7-1, suppose that the body is
pulled along a level floor by a rope making an angle of 30° with the floor. If the
body is moved a distance of 15 m, and if the force F is 40 nt, the work done is
)f/

= Fs cos () = 40 nt X 15 m X cos 30°
= 40 X 15 X 0.866 = 520 nt m,

or
7-3

)f/ =

520 joules.

The Scalar Product

We have seen in the preceding paragraphs that work is a scalar quantity,
yet it is composed of the product of two vector quantities-the force and
the displacement. Such operations occur quite often in physics and have

B

)

B

Fig. 7 -3 The scalar or dot product of two vectors A and B is given by A· B = AB cos 0,
where 0 is the angle between the two vectors when they are drawn from a common origin.

been given a special name, the scalar product of two vectors. If we have t\yO
vector quantities, such as the vectors A and B in Figure 7-3, we define the
scalar product of these two vectors as the product of the magnitude of A by the
magnitude of B by the cosine of the angle between them. The scalar produet
of the two vectors A and B is sometimes called the dot product because it is
represented by writing A·B. Thus we have
A·B = AB cos (),

(7-2)

where () is the angle between the vectors A and B when they are drawn from
a common origin. The result of multiplying two vectors by the operation
called the scalar product is a scalar quantity; that is, it has magnitude
only; there is no direction to be associated with the scalar product.
We see that the definition of the scalar product is perfectly adapted
for the representation of work, for work has been defined as a scalar quantity, the result of the multiplication of a vector, force, by another vector,
displacement. If a force F applied to a body produces a displacement s,
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the work done is the scalar product of the force and the displacement for

If' = F·s = Fs cos e.

(7-3a)

In an incremental displacement L\s, the incremental work is

L\1f' = F·L\s = F L\s cos 0,

(7 -3b)

and in the limit of small displacement,

dlf' = F·ds = F ds cos e.

(7-30)

In these formulas boldface type has been used to represent vector quantities, while italics have been used to represent the magnitudes of these
quantities, or to represent scalar quantities. The great advantage of the
representation of work as the dot product is that there is never any ambiguity as to which angle is referred to as e in the formula If' = Fs cos e. From
the definition of the dot product, the angle eis always the angle between the
vectors F and s when these two vectors are drawn from a common origin.
There is the further advantage in the representation If' = F·s in that
there will be no confusion about the fact that work is a scalar quantity, for
the result of the operation called the dot product is always a scalar quantity.

50lb

(b)

(a,
Fig. 7-4

Illustrative Example. A body is pushed up a 30° inclined plane a distance of
20 ft by a horizontal force of 50 lb, as shown in Figure 7-4(a). Find the work done
on the body. In Figure 7-4(b) the force vector and the displacement vector are
shown drawn from a common origin. The angle e appropriate for use in Equation
(7-1b) or (7-3a) is 30°. Substituting into the equation, we find

Jr

=

F·s

=

Fs case

= 50 lb X 20 ft X cos 30° = 50 X 20 X 0.866 ft lb
= 866 ft lb.

When the displacement s is

III

the same direction as the applied
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constant force F, the angle
)f'

(J

is zero. The work

)f'
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done is

= F·s = Fs cos 0° = Fs.

Since F and s represent the magnitudes of the two vectors, they are both
positive quantities. Thus)f' is positive and represents the work done by
the agency applying the force on the body which has been displaced.
In many cases the displacement is opposite in direction to the applied
force, as, for example, when a moving body is slowed down by the action
of an external force. When the displacement vector s is opposite to the
applied force F, the angle (J between the two vectors is 180°. Since the
cos 180° = -1, we find that the work done by the applied force is negative,
or
)f' = -Fs.
We interpret this result by saying that negative work has been done by the
agency applying the force to the body which has been displaced. Alternatively, we may say that positive work has been done by the body which
has been displaced upon the agency exerting the force. Thus, when a
baseball is caught by a fielder, the ball does work upon the fielder.
The discussion of Figure 7-2 illustrates a case in which the applied
force is perpendicular to the displacement. Here the angle (J is 90°, and
the work done is zero.
7-4

The Vector Product

The extension of the concept of multiplication to vector quantities requires
some additional consideration. By analogy with arithmetic, it is clear that
the resulting product should involve the product of the magnitudes of the
two vectors, but the question remains as to what to do about the directions;
and should the resulting quantity be a vector or a scalar? In the preceding
section we have seen the virtue of one type of product, the scalar product,
in which the product of two vector quantities is a scalar quantity which
has been so defined as to be ideally suited to represent work.
A second product, called the vector product, has been defined so as to be
ideally suited to represent torque. Given two vectors A and B, as in
Figure 7-5, we define their vector product as a vector C which is perpendicular to the plane formed by A and B whose magnitude is given by
C = AB sin

(J,

(7-4)

and whose direction is given by the right-hand rule, or by the direction of
advance of a right-handed screw which is made to rotate from the direction
of A into the direction of B. The vector product is usually represented by
the symbol x and is therefore called the cross product, to distinguish it from
the scalar product or dot product.
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Suppose a force F acts on a body at a point P, as illustrated in Figure
7-6. The vector directed from the axis of rotation to the point P is r. Then

z

A

x

Fig. 7 -5 The vector produet, or eross produet, of two veetors A and B is the veetor C,
written as A X B = C. The magnitude of C is given by C = AB sin 0, and the direetion
of C is perpendieular to the plane formed by A and B pointing in the direetion of advanee
of a right-hand serew turned so as to advanee from A to B. As in the sealar produet,
the angle 0 is the angle between A and B when these are drawn from a eommon origin.

z
y

I

G=rxF

G=/rFsine

o

Fig. 7 -6

I

The torque of the foree F about an axis through 0 is given by G

x

=

r x F.

the torque G developed by F about the axis of rotation is given by

G = rxF,

(7-5)

and the magnitude of G is G, given by
G = rF sin e,

(7-6)
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which is precisely the product of the force by the perpendicular distance
between the line of action of the force and the axis of rotation, the moment
arm. The direction of the torque vector is given by the same right-hand
rule in the cross product as the direction previously given for the determination of the torque.
Again the great virtue of the cross-product notation for the representation of torque lies in the fact that the one rule for the determination of the
cross product is adequate for many laws of physics. The same cross product
will reappear in the discussion of angular momentum, in the relationship
between electricity and magnetism, and in other places in physics. The
cross product serves to simplify the notation and the formulas which must
be learned.
We must note that the order of the factors which appear in the cross
product is of some importance. While the magnitude of Ax B is the same
as the magnitude of B x A, the two vectors are opposite to each other in
direction, for a right-handed screw which rotates from A to B advances
in the opposite direction from one which advances from B into A, and we
write
AxB

7-5

=

-BxA.

(7-7)

Work and Energy

An important question which arises from this discussion concerns the result
of the work done by the various forces which act on different bodies.
In some cases the results are immediately obvious. For example, the work
done by a force which accelerates a body produces a change in its speed;
the work done in lifting a body produces an increase in the height of the
body with respect to its former position; the work done against frictional
forces produces an increase in the temperature of one or more of the bodies
involved. In other cases the results may not be so obvious. Some bodies
may become charged electrically; others may become magnetized. These
changes will be discussed at the appropriate places in the text. One general
conclusion can be drawn here; that is, that whenever work is done, some
change is produced in the body or system of bodies on which the forces
acted. To describe these changes, another technical term is used. We say
that, the work done produces a change in the energy of the body or system of
bodies. In the first case above, the energy of motion or the kinetic energy
of the body is changed; in the second case the positional energy or potential
energy of the body is increased. In each case the change in energy is defined
as equal to the work done on the body or system of bodies. From this, it follows
that the units used in expressing the energy of a system are the same as the
units of work. We shall see that it is possible for a body to gain energy as a
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result of work done upon it, and, conversely, a body may lose energy by
doing work upon a second object.
7-6

Kinetic Energy

Suppose that a constant force F acts on a body of mass m for a distance s
in the direction of F, as shown in Figure 7-7. The work done on the body
by the force F is
)1" = Fs.

v

Fig. 7-7

The work done by a force in accelerating a body increases its kinetic energy.

Under the action of a constant force, the body will receive an acceleration
a given by
F
a =-,
m
and the velocity of the body will be increased from its initial value u to
some final value v, given by Equation (2-27c) as
v2

and, substituting F 1m for

= u2

+ 2as,

a, we find
v2 = u 2

+ 2 -Fs
.
m

We now multiply the equation above by
the product Fs, and transpose to find

m

2'

substitute the value

)f'

.
for

(7-8a)

We call the quantity !mv 2 the final kinetic energy of the body and !mu 2 its
initial kinetic energy, and we say that the work done on the body by the
force F acting through a distance s has produced a change in the kinetic
energy of the body.
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In general, the kinetic energy Ck of a body of mass m moving with
speed v is given by
(7 -8b)

Just as work is a scalar quantity, so is kinetic energy a scalar quantity.

7-7

Potential Energy in a Uniform Gravitcitional Field

When a mass m is placed in a uniform gravitational field in which the
intensity of the gravitational field is g, the gravitational force is given by
mg, the weight of the body. If such a
body is lifted through a height h, the
F=mg
work done by the agency which lifts it is
mgh (see Figure 7-8). We say that the
work done has increased the potential
-'cp=mgh
energy cp of the body, and we write as a
defining equation

t

(7-9)

r
h

+F=mg
I
r---..L---,
i mg l cp=O

I
I
The position at which the potential energy is zero is quite arbitrary and, in
fact, makes no difference in the consideraFig. 7 -8 The work done in lifting a
tion of a particular problem. We shall body increases its potential energy.
always be interested in the change in potential energy associated with a change in position, and shall not attempt to
ascribe a meaning to the value of the potential energy itself. For this
reason it is often convenient to take the initial position of the body as
the position of zero potential energy.
The potential energy in the earth's gravitational field is sometimes
called the gravitational potential energy, to distinguish it from other forms of
potential energy such as the energy of a stretched spring or the energy of an
electric charge in an electric field, which will be discussed in the later
chapters of this book.

7-8

Potential Energy of a Spring

Bodies which are acted on by external forces generally undergo changes in
size or shape. A helical spring is an important example of such a body.
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If a spring is fixed at one end and a force F is applied to the other end, an
extension s is produced which is proportional to F and is given by the
equation
(7-10)
F = ks,

where k is called the constant of the spring,. if the force is measured in pounds
and the extension is measured in feet, the constant k is given in pounds per
foot. Each helical spring has a constant k associated with it, whose value
depends upon the material from which it is made, the wire diameter, the
number of turns per unit length, and the diameter of the spring itself.
The linear relationship between applied force and displacement of a helical
spring is the basis of the uniform scale of a spring balance.
To stretch a spring by an incremental amount Ils when it has already
been stretched by an amount s requires that an amount of work IlJY be
done by the agency doing the stretching, which is given by

IlJY = Fils = ks Ils.
The total work done in stretching the spring from the position of zero
extension to the maximum extension Sm is given as the sum of the work
done in the incremental extensions from the initial to the final positions.
Letting the incremental displacement become infinitesimal, as the number
of displacements increases appropriately, we write, in the language of the
calculus,

(Jr

JY = Jo

(8 m

dJY = Jo

ks ds = !ks~.

The same result may be attained by observing that since the force on the
spring varies at a constant rate, the average value of the force exerted by
the spring, F, is half the sum of the initial and final forces. In the form of
an equation,
kS m
F=-,
2
and the work done in stretching the spring is the product of the average
force by the total displacement, or

JY =

FSm =

!ks~ .

Calling the elastic energy in a stretched spring
script m, we get

ce, and dropping the sub(7-11)

The energy of a stretched spring is associated with position or deformation rather than with motion and is therefore a form of potential
energy.
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Conservation of Energy

In the absence of dissipative forces, such as friction, the total mechanical
energy of a system is constant. This principle, known as the principle of
conservation of mechanical energy, is of great usefulness in the solution
of many problems in mechanics. Initially discovered in mechanics, the
principle of energy conservation has since been extended to include heat
energy, radiant energy, electrical energy, chemical energy, and the energy
associated with transformations of mass, so that it has become one of the
most fundamental and unifying principles of physics, and indeed, of all
science. It was Albert Einstein who first showed, from his work in the
theory of relativity, that mass and energy were equivalent and could be
interchanged in accordance with the formula

e == m.

(7-12a)

If the equivalence between mass and energy is to be expressed in
systems of units in which mass and energy units are defined separately,
it is necessary to apply a conversion factor to convert units of mass to units
of energy. In the cgs and mks systems we write

e

=

mc 2 ,
10

(7-12b)
8

where c is the velocity of light, 3 X 10 cm/sec or 3 X 10 m/sec. In the
cgs system of units, e is expressed in ergs, m in grams, and c, the velocity of
light, in centimeters per second. In the mks system e is expressed in
joules, m in kilograms, and c in meters per second.
Einstein's mass-energy relationship has been widely verified experimentally. The nuclear reactor is an example of the practical application of
this relationship, in which energy in the form of mass is converted to energy
in the form of heat.
In more general and extended form, the principle of conservation of
energy states that energy may be tramformed from one type to another without
loss, and that in a closed system the total amount of energy remains constant.
One of the chief contributions of physics in the service of society has
been in identifying and defining the concept of energy. This remarkable
idea, and its subsequent theoretical and experimental development, has
resulted in mechanical devices for the utilization of fuels such as coal and
petroleum, of the mechanical energy of rain, and of the conversion of mass
to other forms of energy by nuclear processes. As a result, each generation
in this last century has lived in a substantially different way from that of its
parents.
1-10

Kinetic and Potential Energy Transformations

Suppose that a ball of mass m is thrown vertically upward with an initial
velocity u. Since the acceleration of the ball is equal to g, directed verti-
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cally downward, we may calculate from Equation (2-27c) that the ball will
rise to a height h given by the equation
u 2 = 2gh.

Consider the application of the principle of the conservation of mechanical
energy to the same problem. Since no mechanical energy is transformed
into heat by frictional processes, the total energy that the ball has initially
will also be the total energy at every point in its path. The kinetic energy
of the ball at the instant it is thrown is !mu 2 , and its potential energy is
zero. At the highest point h in its path, its kinetic energy is zero and its
potential energy is mgh. Equating the initial total energy to the final total
energy, we find
!mu2 = mgh,
u 2 = 2gh.

from which

The speed of the ball at any known height above the initial point can be
found in a similar manner.
The motion of a simple pendulum provides another interesting example
of the transformation of energy and the usefulness of the energy-conservation principle in the solution of problems in mechanics. A simple pendulum
1\
consists of a small ball of mass m
1 \
I \
attached to one end of a string of
I
\
negligible weight and of length L.
~
\
1
\
The other end of the string is at1
\
tached
to some fixed point 0, as
ILeose \ \
shown
in
Figure 7-9. When at rest,
1
\
I
\
the string hangs vertically with the
A' -------~--------~JB
. . . . . . . . . .-_
Ih
,,,"""
ball at its lowest position C. Let us
l
_-'
--C-<.<>'---call the potential energy of the pendulum zero when it is in this position. When the ball is drawn aside
Fig. 7 -9 Motion of a simple pendulum.
from its lowest position and re-,
leased, it moves in the arc of a circle of
radius L. Suppose the ball is moved to position A, at a height h
above point C. The only work which is done on the ball is that done against
the force of gravity in lifting the ball; it increases the potential energy by
the amount mgh. As the ball swings from point A to point C some of its
energy is transformed from potential to kinetic energy until, at C, all of it
is kinetic energy. As it moves from C to B, some of its kinetic energy is
now transformed into potential energy, and, at B, all of it is potential
energy again. The pendulum may be viewed as a device for the continuous
exchange of energy between these two forms.

a

e

,

~mg
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In the simple pendulum the ball moves with variable acceleration. The
tension in the rope is not constant, and the methods of the preceding chapters are not adequate to analyze the motion of the pendulum. This analysis
may be undertaken by the application of the energy principle.
Illustrative Example. A simple pendulum of length 10 cm with a pendulum
bob of mass 5 gm is drawn aside so that the string makes an angle of 30° with the
vertical. Find the linear speed of the pendulum bob when the pendulum has
swung back so that its deflection is only 15°.
At any angle of deflection 0, the height h of the pendulum bob above its
initial position C (Figure 7-9) is given by

h = L - L cosO.
The potential energy of the pendulum, when 0
(Cp)i

= 5 gm X

=

30°, is equal to (c p)i such that

g X (10 cm - 10 cm X cos 30°).

The kinetic energy at this position is zero.
The potential energy of the pendulum, when 0 = 15°, is equal to (c p)f such that
(Cp)f

=

5 gm X g X (10 cm - 10 cm X cos 15°).

The kinetic energy Ck at 0

15°, when the velocity of the bob is v, is

=

Ck

!mv 2

=

Equating the total energy at 0
5 X 10 X 980 X 0.134 erg
5 X 10 X 980 X 0.10 erg
so that

=

=

!

X 5 gm X v 2 •

30° to the total energy at 0

=! X 5gm X
t gm X v2,

v

2

+5X

=

15°, we find

10 X 980 X 0.034 erg,

=

cm
v = 44.3-·
sec

A mass which is oscillating at the end of a spring provides another
illustration of an exchange between potential and kinetic energy. In this
this case the energy is shared three ways. The mass may have kinetic
energy and gravitational potential energy, while the spring itself has elastic
energy associated with its stretch and compression. Here too, the force
acting on the mass is not constant, and the methods developed in earlier
chapters for treating motion resulting from the action of a constant force
are inadequate to the problem. The principle of conservation of energy
once again enables us to find a solution.
Illustrative Example. A 6-lb weight, when placed on a vertical spring,
stretches it 2 in., at which point it is in equilibrium. The weight is then pulled
down an additional 4 in. and released. (a) Determine the energy of the vibrating
system. (b) What is the maximum upward displacement of the weight? (c) With
what speed is the weight moving when it is 1 in. above the equilibrium position?
(a) The spring constant k may be determined from Equation (7-10). From
the statement of the problem, we note that a force of 6 lb stretches the spring
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2 in. or

t

ft, and we find that
k = 6 lb = 3 ~ = 36 ~ .
2 in.
in.
ft

Let us take the zero level of energy as the neutral position of the spring, as shown
in Figure 7-10. The vertical displacement of the weight will be called h, taken

Fi g. 7 - 10 The motion of an oscillating spring.

'*

m Maximum rise

! ~d!D Neutral position of spring
:. 2Ld!D
...
Equilibrium position
•

I

I

I

: 4 in.
•

I

t 1 ~

Initial deflection

negative downward from the neutral position and positive upward from the
neutral position. The energy 6' of the system at any position is given by
(a)

We may evaluate 6' at the position of maximum displacement where v
lb
Noting that mg = 61b, h = -! ft, and k = 36 - , we find that
ft

6' = 0

+ 6lb

= -3 ft lb
so that

X

(-! ft) + !

+ 4.5 ft lb,

X 36 ~ X
ft

=

O.

(-! ft)2

6' = +1.5 ft lb.

(b) Since the system is acted on by no frictional forces, the total mechanical
energy of the system must be constant. At the extremes of the motion, the weight
is instantaneously at rest, and we may find these extremes by finding the values of
h at which v = O. Substituting these values in Equation (a), we get
1.5 ft lb

=

0

+. olb

X h +

!

X 36 ~ X h 2 •
ft

§7-11

141

POWER

Omitting dimensions to simplify the expression, and transposing,
18h 2

we get

+ 6h

- 1.5 = 0;

and, applying the quadratic formula, we find
h

=

t,

and

h

=

for the two solutions; that is, the weight oscillates from a point 2 in. above the
undisplaced spring position to a point 6 in. below the undisplaced spring position,
or 4 in. above and below the equilibrium position of the hanging weight.
(c) When the weight is 1 in. above its equilibrium position, it is 1 in. below
the neutral position of the spring. To find the speed v with which the weight is
moving at this point, we again apply the condition for conservation of mechanical
energy, as given by Equation (a). The total energy e of the system is still 1.5
ft lb, but now some of the energy is kinetic; the value of h is now -l2 ft. The
equation now becomes
1.5 ft lb

=!

from which
yielding

X

6
32

slug X v 2

-

6lb X

ft)

(/2

+!

X

36~
ft

X (l2 ft)2,

ft 2
v 2 = 20 - -2,
sec
ft
v = ±4.47 - ;
sec

that is, the weight may be rising or falling with a speed of 4.47 ft/sec when the
weight is 1 in. above its equilibrium position.
7-11

Power

In many cases the time in which a given amount of work is done is of great
importance. The term average power is defined as the average rate of doing
work, or the work done divided by the time during which the work is done.
Jr
t? =-,

(7 -13)

t

in which (j5 represents the average power and t the time in which the work Jr
is done. We define the instantaneous power t? as
t:.Jr
t?= l i m t.t->o t:.t

dJr

=-.

dt

(7 -14)

The units of power are the units of work divided by the time. Thus, in the
British gravitational system, the unit of power is foot pounds per second;
in the cgs system power is expressed in ergs per second; and in the mks
system power is expressed in joules per second. Only in the mks system of
units is the unit of power given a special name, the watt. By definition
one watt equals one joule per second. Note that although watts and kilowatts
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(abbreviated kw; equalling 1,000 watts) are widely used in connection with
electrical apparatus, there is nothing particularly electrical about the
definition of the watt. The watt is a unit of power which has been adopted
by manufacturers of electrical equipment.
Another unit of power which is widely used in engineering but which is
not an appropriate unit in any of our systems of units is the horsepower (hp)
which owes its use to tradition rather than to any currently logical reason.
When steam engines were first introduced, they were used to replace horses.
Careful measurements of the rate at which a horse could do mechanical work
were made by James Watt (1736-1819) who concluded that an average draft
horse could exert a force of 150 lb while walking at a rate of 2.5 mi/hr.
Thus 550 ft lb/sec or 33,000 ft lb/min were defined as the horsepower.
These definitions are in current use today. The relationship between the
foot pound per second, the watt, and the horsepower are
ft lb
746 watts = 1 hp = 550-·
sec
Such units as horsepower hour and kilowatt hour, often found in technical
use, are units of power times units of time and therefore represent work.
We can derive an equation which is often quite useful, relating the
power expended, the applied force, and the velocity. If the applied force
and the displacement are in the same direction, we have seen that
dJr

=

F ds,

and, dividing by the time interval dt, we find
dJr

ds

(jJ=-=F-,
dt
dt

so that

(jJ

=

Fv.

(7-15)

The power delivered to a body is the product of the force acting on it and
the velocity of the body, when the force and the velocity are in the same
direction. If we wish to take into account the possibility of different directions for the force and velocity, we perform the same operation of division
by time on the vector form of the equation defining work. From Equations
(7-3)
dJr = F·ds = F ds cos 0,
and, dividing by dt,
(jJ = F·v = Fv cos O.
(7-16)
Illustrative Example. An engine is delivering 1,200 hp to an airplane in level
flight at a uniform speed of 300 mijhr. Determine the total of all the resistive
forces (drag) acting on the airplane.
An airplane flying with uniform velocity is in equilibrium. Hence the force
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supplied by the airplane engine and propeller must be equal and opposite to all
the resisting forces acting on the airplane. This force can be found by means of
Equation (7-15). The force supplied by the airplane is in the same direction as
the velocity. The units supplied in the problem must first be converted to the
system of units in which we will work, the British gravitational system.

t? = 1 200 hp = 1 200 hp X 550 ft lb/sec ,
,
,
1 hp
t? = 1,200 X 550 ft lb .
sec

v = 300 mi = 300 mi X
hr

hr

1 hr
X 5,280 ft ,
3,600 sec
1 mi

ft
v = 440-·
sec
From Equation (7-15)
F

=

rt...
v

7-12

=

1,200 X 550 ft lb/sec
440 ft/sec

=

1,500 lb.

Simple Machines

In common terminology the words "engine" and "machine" are often used
interchangeably. For present purposes we shall define an engine as a
device which converts other forms of energy into mechanical energy, and a
machine as a device which transmits mechanical energy. Neither an engine
nor a machine is capable of delivering more energy in an interval of time
than it consumes in that same interval of time, for this would be a violation
of the principle of conservation of energy. In general, any device always
delivers less energy than is supplied to it. We find it convenient to define
the mechanical efficiency of a device as

e=

work delivered by the device
.
work supplied to the device

(7 -17)

For an ideal frictionless machine the efficiency e = 1.
Most complicated machines can be considered to be made up of a combination of simple elements, called simple machines, such as the inclined
plane, the lever, the pulley system, and the screw and nut. There are
usually two reasons for using a simple machine: one is that the magnitude
of the force which can be applied without the aid of a machine is insufficient
to move the required load, and the other is that the direction of the applied
force is not appropriate to the desired result. Input quantities will be
distinguished by the subscript i, and output quantities by the subscript
o. If a force F i is applied to the machine through a distance Si, the input
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Input

Output

Fi

Fa

/'A-----...:l.-

---------~;.~-------

_

~Si

..
}K;
EftIClency = e = - -

~

Fig. 7-11

Simple machines.

work will be Wi; the machine will perform an amount of work W o by
applying a force Fo through a distance So, as indicated in Figure 7-11.
Illustrative Example. The pulley system of Figure 7-12
is used to hoist a safe weighing 400 lb by the application of
a 90-lb force to the free end of the rope. Determine the efficiency of the pulley system.
To determine the efficiency of the system, we note that
when the free end of the rope moves a distance 6h, the weight,
moves a distance h. The work done on the machine is

Jr i

=

90 lb X 6h

=

540h lb.

=

400h lb.

The work done by the machine is

F=

Jr o

90lb

=

400 lb X h

The efficiency of the machine is

e = Jr o = 400h = 0.74.
Jr;
540h

Problems

W=
400lb
Fig. 7-12

Pulley system.

7-1. A trunk weighing 150 lb is pulled across a floor for
a distance of 12 ft by a horizontal force of 50 lb. Ca) How
much work is done? Cb) If the trunk was pulled across the
floor at uniform speed, what is the coefficient of kinetic friction between the trunk and the floor?
7-2. A man pulls a sled by means of a cord attached to
it, exerting a force of 16 lb at an angle of 60 0 with the horizontal. How much work is done in pulling this sled for a
distance of 250 ft?
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7-3. (a) Calculate the work done in lifting a body whose weight is 140 lb
through a height of 8 ft. (b) How much is the increase in its potential energy?
7-4. Determine the kinetic energy of an airplane whose weight is 30 tons if it
is moving with a speed of 250 mi/hr.
7-5. A body weighing 100 lb is pushed up a rough inclined plane by a force
of 75 lb acting parallel to the plane. The plane is inclined at an angle of 30°
with the horizontal and is 24 ft long. (a) How much work is done in moving the
body to the top of the inclined plane? (b) What is its potential energy when at
the top of the plane? (c) How much work was done against friction?
7-6. A body weighing 75 lb slides down an inclined plane 16 ft high and
80 ft long. It reaches the bottom of the incline with a speed of 24 ft/sec.
(a) What is its potential energy at the top of the inclined plane? (b) How much
kinetic energy does it possess when it reaches the bottom of the plane? (c) Determine the force of friction between the body and the plane.
7-7. A box weighing 150 lb slides down an incline 20 ft long from the second
floor of a building to the first floor 12 ft below. The frictional force exerted on the
box by the incline is 48 lb. (a) How much potential energy does the box lose in
sliding down? (b) How much energy is used up in moving the box against the
frictional force? (c) How much kinetic energy does the box have when it gets to
the bottom? (d) What is the coefficient of kinetic friction between the box and
the plane?
7-8. A ball is thrown upward at an angle of 60° with the horizontal at a
speed of 50 ft/sec. (a) From energy considerations, find the speed of the ball
when it reaches the top of its path. (b) How high will the ball go?
7-9. A simple pendulum consists of a thin string of negligible mass with a
steel ball of 450 gm mass attached to one end. The distance from the point of
support to the center of the ball is 100 cm. The ball is pulled aside until the string
makes an angle of 37° with the vertical. (a) How much potential energy does the
pendulum have in this position? (b) With what velocity will the ball reach
the lowest position after it is released? (c) How fast will the ball be moving when
the string makes an angle of 10° with the vertical?
7-10. A helical spring hangs vertically with its lower end at y = O. When a
45-lb weight is attached to it and lowered gently, the spring is stretched 1.5 in.
The spring is pulled down an additional 4.0 in. and is released. (a) Determine the
constant of the spring in lb/ft. (b) Determine the total energy of the system,
taking the zero level of energy at y = O. (c) Determine the y coordinate of the
highest position the body will attain after being released. (d) Determine the
speed of the body when y = -2 in.
7-11. What power must be delivered to a car which is moving at a speed of
45 mi/hr if the sum of all the resisting forces acting on the car is 180 lb?
7-12. How much power must a man weighing 160 lb develop if he runs up a
flight of stairs 9 ft high in 5 sec?
7-13. The engines of a fighter plane deliver 2,000 hp to keep the plane in
level flight with a constant velocity of 400 mi/hr. The plane weighs 5 tons.
(a) Determine the sum of all the forces opposing the motion of the plane. (b) Assuming that these drag forces remain constant, what will be the speed of the plane
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when it climbs at an angle of 5° with the horizontal? (c) What will be the speed
of the plane when it descends at an angle of 5° with the horizontal?
7-14. A body weighing 96 lb drops from a height of 4 ft above the top of a
spring and compresses it. If the constant of the spring is 12 lbjin., determine
the decrease in length of the spring.
7-15. When a body is attached to a tension spring and gently lowered to its
equilibrium position, the spring is stretched by an amount 8. If the same body is
attached to the spring and permitted to drop, show that the maximum deflection
of the spring is 28.
7-16. The pulley system sketched in Figure 7-13 consists of an upper fixed
block containing two pulley wheels and a lower movable block also containing two
pulley wheels. (a) A body of weight W is attached to the movable block. How
big a force F would have to be applied to lift the weight uniformly it there were no
friction? (b) In one such pulley system a force of 80 lb was needed to lift a 240-lb
weight. What was the efficiency of this simple machine?

w
Fig. 7 -13

Pulley system.

Fig.7-14

Jack screw.

7-17. The screw thread of an automobile jack has a pitch of 0.25 in. (the
pitch is the distance the screw moves forward in one complete rotation) and is
operated by a lever 2 ft long, as shown in Figure 7-14. If the efficiency of the
jack is 0.30, determine the force that must be applied to the end of the lever to
lift a load of 1,200 lb.
7-18. The hammer of a pile driver weighs 1,200 lb and falls through a height
of 6 ft to drive a pile into the ground. (a) How much energy does the hammer
have when it strikes the pile? (b) If the pile is driven a distance of 6 in., determine the average resisting force acting on the pile.
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7-19. A chemical balance customarily weighs to a sensitivity of about 0.1 mg.
How much energy, in ergs, would be liberated in a chemical reaction if the change
in mass were just detectable?
7-20. Two vectors A and B are drawn in the xy plane radiating out from the
origin with the heads of the two vectors lying at the points whose coordinates
are (x, y) = (4,0) and (5, 12), respectively. Find (a) the scalar product A·B and
(b) the vector product A x B between the two vectors.
7-21. Two vectors are drawn in the x-y plane. The tail of vector A lies at
point (6,0) while its head lies at point (9,4). The head of vector B is at the
origin, while its tail is at point (0,6). Find (a) the dot product A·B, (b) the
cross product A xB, and (c) the cross product B xA between the two vectors.
7-22. The output of an electric motor is 5 hp. Determine the velocity with
which a load of 400 Ib can be lifted?
7-23. An automobile weighing 2,500 Ib is driven by an engine which develops
50 hp. On level ground the automobile has a maximum speed of 75 mi/hr.
What is the greatest speed with which the automobile can climb a 10 per cent
grade? (A 10 per cent grade is one which rises 1 ft in 10 ft along the incline.)
7-24. Starting with the definitions of the watt and the horsepower, show that
746 watts = 1 horsepower.
7-25. A ball weighing 4 ounces is at rest on the floor of a train which is moving
at 60 mi/hr. What is the kinetic energy of the ball (a) as determined by an observer
on the train? (b) By an observer on the ground? (c) Explain the discrepancy
between the two cases.
7-26. The altitude at which the potential energy is zero may be set arbitrarily
by choosing some level, such as sea level, as the level of zero altitude. In what
way may we establish an arbitrary zero of kinetic energy? (HINT: Are the laws
of mechanics equally valid in two coordinate frames moving at uniform speed with
respect to each other?)

8
Hydrostatics
(Fluids at Rest)

8-1

Three Phases of Matter

From our everyday experience, we have become familiar with the fact that
matter occurs in three different forms-solid, liquid, and gas. Under ordinary conditions stone, iron, copper, and chalk, for example, are solids;
water, oil, and mercury are liquids; air, hydrogen, and carbon dioxide are
gases. Each one of these forms is called a phase. At times it is difficult to
distinguish clearly between the solid and the liquid phases, as in a material
such as tar which flows under the action of a force at ordinary temperatures.
Metals at high temperatures flow or "creep" under the action of a force.
Even where the different phases are clearly recognizable, materials undergo
a phase change under different conditions of temperature and pressure.
For the present we shall confine our discussion to the application of the
principles of mechanics to bodies which remain in the same phase.
Liquids and gases are sometimes grouped together as fluids because
they flow very readily under the application of an external force, while
solids do not. A solid has a definite size and a definite shape, and these.
change only slightly under the application of external forces. For this
reason it is possible to study the statics of solids by characterizing them as
rigid bodies. Liquids, on the other hand, possess a definite size or volume
but change their shape very readily. Liquids at rest generally take the
shape of the containing vessel. If the containing vessel has a volume
greater than that of the liquid put into it, there will be a free surface at
the top of the liquid. A gas differs from a liquid in that a gas has neither
size nor shape. A quantity of gas placed in a container will completely
fill that container. There is no free surface. The volume of the gas is the
volume of the container.
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Pressure

There is a difference in the manner in which a force is applied to a fluid
and the way it is applied to a solid. A force can be supported by a single
point of a free solid, but it can only be supported by a surface of an enclosed
fluid. In a discussion of the results of the application of forces to fluids, it is
convenient to introduce a new term called pressure. If a force F is applied
to the surface of a fluid and acts over an area A perpendicular to it, then
the average pressure P is defined as

(8.1)

The pressure may be expressed in dynes per square centimeter, in pounds
per square foot, in newtons per square meter, or in any other appropriate
set of units. Pressure is a scalar quantity.
When a fluid is under pressure, it
exerts a force on any surface which contains the fluid. Equation (8-1), which
describes the average pressure, is not
quite complete, for, while relating the
magnitude of the force exerted to the
pressure and the area, it must be accompanied by a statement about the direction
Fig. 8-1 An area vector !!J.A is
of the force. We may make the equation directed along the outward normal
more complete by considering area as a to the surface.
vector quantity. An element of area t:!.A
may be described as a vector whose magnitude is the numerical value
of the area and whose direction is perpendicular to the surface of the area
element, as shown in Figure 8-1. If the element of area is part of a closed
surface, it is conventional to choose the outward normal to the surface as
the direction of the area vector. With this convention we may write

t:!.F

=

P t:!.A

(8-2)

for the force t:!.F exerted by a fluid of pressure P against any surface element
of area t:!.A.
The pressure may vary from point to point within a fluid. We speak
of the pressure at a point within a volume of fluid, meaning that we imagine
the point to be surrounded by a small container and divide the total force
exerted by the fluid against the walls of the container by the area of the
container. Following the usual limiting processes of the calculus, we exam-
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ine this quotient as the volume of the container gets smaller and smaller,
and we call its limiting value the pressure at the point.

8-3

Density

In discussing distributions of matter such as solids or fluids, it is convenient
to define a quantity called the density p (rho) as the mass per unit volume or,
m
V

p =-.

(8-3)

Thus the mass of a homogeneous body of material of volume V is given by
m = p V. The units in which density is expressed are the ones appropriate
to the system of units being used. In the cgs system of units the density
is expressed in grams per cubic centimeter; in the mks system of units the
density is expressed in kilograms per cubic meter; in the British gravitational system of units the density is expressed in slugs per cubic foot.
It is common engineering practice to use the word "density" to express
the weight per unit volume in pounds per cubic foot. We distinguish this
TABLE 8-1

Solids
Aluminum
Brass
Copper
Cork
Glass, common
Glass, flint
Gold
Ice
Iron
Lead
Osmium
Nickel
Platinum
Silver
Tungsten
Wood, cedar
Wood, ebony
Wood, elm
Wood, white pine
Zinc

DENSITIES OF SOME COMMON SUBSTANCES

Density
in gm/cm 3
2.70
8.44-8.70
8.93
0.22-0.26
2.4-2.8
2.9-5.9
19.3
0.917
7.03-7.9
11.34
22.5
8.9
21.50
10.5
18.6-19.1
0.49-0.57
1.11-1.33
0.54-0.60
0.35-0.50
7.1

Liquids
Alcohol
Ether
Glycerin
Mercury
Oil, olive
Oil, paraffin
Water

Density
in gm/cm 3
0.79
0.74
1.26
13.596
0.92
0.8
1.00

Gases

Density at O°C,
760 mm Hg
in gm/cm 3

Air
Ammonia
Carbon dioxide
Helium
Hydrogen
Oxygen

0.001293
0.000771
0.001977
0.000179
0.000090
0.001429
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quantity from the density defined above by referring to the weight per
unit volume as the weight density.
The density of solids varies only slightly with changes in temperature
and pressure and is customarily given in tables as the result of measurement
at a standard pressure and temperature. The density of metals ranges over
a factor of about 10 from the lightest, magnesium, which has a density of
1.80 gm/cm 3 to the most dense, osmium, which has a density of 22.5
gm/cm 3 . The density of commercial metals and alloys depends upon their
composition. Some values of the density of various substances are given
in Table 8-1.
8-4

Pressure Due to Weight of a Liquid

Let us consider the equilibrium conditions of a small element of liquid
volume submerged within the body of the liquid, as shown in Figure 8-2.
Since the volume element is at rest, the horizontal forces exerted upon this
volume element by the surrounding liquid must have a zero resultant. In
the vertical direction we note that there must be a difference in the forces
exerted on the top and bottom faces of the volume element sufficient to

Fig. 8-2

Fig. 8-3

support the weight of the liquid within that volume element. If the pressure at the level of the top face is P a and the pressure at the level of the
bottom face is P b , the downward force exerted on the top face of the volume
element by the surrounding liquid is PaA, while the upward force exerted
against the bottom face is PbA. The difference between these forces must
be equal to the weight of the liquid contained within the element of height h.
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Thus we have
PbA - PaA

and, dividing by A,

P b - Pa

= Ahpg,
= hpg.

(8-4)

Thus the pressure difference between two adjacent level surfaces in the
liquid is given by hpg, where h represents the vertical distance between the
two surfaces.
In the event that we wish to find the pressure within a liquid confined
in a tube of irregular shape, such as the S-shaped tube of Figure 8-3, we
may imagine the liquid to be subdivided into a succession of volume
elements, one atop the other, each of which contributes a small increment
of pressure, depending on its vertical height, to the pressure at the depth h.
Thus the pressure at all points at a given depth beneath the surface
of a liquid depends upon the depth but not upon the shape of the container;
all points at the same horizontal level surface within a body of liquid are at
the same pressure, as long as the liquid is at rest. In fact, this statement is
often taken as the definition of a level surface. If the pressure on the surface of a liquid is taken as zero, then the pressure P at any point a distance
h below this level is given by
(8-5)

Illustrative Example. Determine the pressure at the bottom of a column of
mercury 70 cm high.
From Equation (8-5) we have
P

=

hpg.

We substitute the value of h = 70 cm, the density p of mercury = 13.6 gm/cm 8,
and g = 980 cm/sec 2 , and obtain
gm
cm
P = 70 cm X 13.6-3 X 980-2 ,
cm
sec
P

=

9.33 X 105 dynes.

cm 2
8-5

Pressure in a Confined Liquid

In addition to the pressure due to its weight, a confined liquid may be
subjected to an additional pressure by the application of an external force.
Suppose the liquid is in a cylinder, as shown in Figure 8-4, and that a tightfitting piston is placed on the surface of the liquid. If a force F is applied
to the piston, it will remain in practically the same position, since the compressibility of liquids is very small. If A is the area of the piston, this

§8-5

PRESSURE IN A CONFINED LIQUID

153

external force produces a pressure P = F / A at the surface of the liquid.
As we have seen from the preceding discussion, as we examine the pressure
at increasing depth beneath the surface of the liquid, each element of
volume adds a contribution to the pressure which is due to its own weight

F

Fig. 8-4 A pressure P is produced
in a confined liquid by the application of a force F on a piston of area
A in contact with the liquid.

to the pressure at the top surface of that volume, so that the pressure P
due to the external force is transmitted throughout every part of the liquid
and acts on all surfaces in contact with the liquid. This is sometimes known
as Pascal's principle and may be stated as follows:

-

:-:..

Hydraulic press.
The
pressure P is the same everywhere
throughout the liquid, if the pressure
due to the weight of the liquid is
negligible.
Fig. 8-5

W

~
'-p.
'--

t=fl-A..=--

~

f--

P-

I--

I---

P=F/a= W/A
Whenever the pressure in a confined liquid is increased or diminished at
any point, this change in pressure is transmitted equally throughout the entire
liquid.
The operation of the hydraulic press, the hydraulic brakes of a car,
and the hydraulic lift is based upon Pascal's principle. The hydraulic
press, sketched in Figure 8-5, consists essentially of two connected cylinders,
one of small cross-sectional area a, the other of large cross-sectional area
A, each fitted with a piston. A liquid, usually oil or water, is supplied to it
from a reservoir. By exerting a force F on the small piston, an additional
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pressure P = F / a is produced. This pressure is transmitted throughout
the liquid and hence acts on the larger piston of area A. The force that
can be exerted by the larger piston is then P A. If the hydraulic press is
designed to lift a weight W, then

A
W=PA=F-·
a

The hydraulic press may be considered as a simple machine in which the
force exerted by the machine divided by the force exerted on the machine, is
equal to the ratio of the areas of its pistons; thus

W

A
a

-=-.

F

A force-distributing system such as that used to operate the brakes of a car
offers the very great advantage that the force applied on each of the brakes
is automatically equal. Furthermore, the force is transmitted with very
little mechanical movement of the hydraulic link.
8-6

Atmospheric Pressure

The atmosphere is a layer of air surrounding the earth; its thickness has
been estimated as about 500 to 600 mi. The density of the air decreases
with increasing altitude. Since air has weight,
this layer of air produces a pressure, called the
atmospheric pressure, at the surface of the
earth. The atmospheric pressure varies from
day to day by about 5 per cent, the variations
often accompanying changes in the weather.
The pressure of the air is measured by a barometer, which often consists of an evacuated
tube inverted in a dish of mercury, as shown
in Figure 8-6.
The atmosphere exerts a pressure P on the
open surface of the mercury in the dish, and
this is transmitted to the liquid in the tube.
Fig.8-6 Mercury barometer.
This pressure is balanced by the pressure due
to the mercury in the tube at a height h
above the open surface of the dish. To look at the barometer another way,
we recall that the pressure is always the same at any level surface in a liquid.
Consider the level surface defined by the surface of the mercury in the dish.
Outside the barometer tube the pressure at this surface is entirely due to
the atmosphere, so that the pressure of the mercury here is atmospheric
pressure. Hence the pressure of the mercury within the tube at the level
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of the surface of the mercury in the dish is also atmospheric pressure.
Knowing the density of mercury and the height to which the column of
mercury rises within the evacuated barometer tube, we can calculate the
atmospheric pressure.
Since the atmospheric pressure varies from day to day and from place
to place, scientific data are often corrected and reported for a standard
atmospheric pressure, the pressure of the atmosphere when the mercury
barometer stands 76.0 cm above the free surface of mercury in the dish.
The density of mercury at O°C is 13.60 gm/cm 3 , so that the pressure of a
standard atmosphere at O°C is
gm
cm
P = 76 cm X 13.60 - 3 X 980 - 2
cm
sec

'

dynes
cm

P = 1,013,000 - - 2 - '
This pressure can also be expressed as

P

=

lb
14.70:-z·
m.

A pressure of 1.013 X 106 dynes/cm 2 , or 14.70 lb/in. 2 , or the pressure
at the base of a column of mercury 76 cm high at O°C is called a pressure of
one atmosphere (abbreviated atm). In meteorology other units of pressure
are used; they are mentioned here only for the sake of completeness.
A pressure of one bar is defined as one million dynes per square centimeter.
A millibar is one thousandth of a bar. Standard atmospheric pressure can
thus be expressed as 1,013 millibars.
8-7

Pressure Gauges: Manometers

We have already encountered one type of pressure gauge, the mercury
barometer. A second type of pressure gauge is the aneroid barometer, which
consists of a partially evacuated cylindrical box made of corrugated metal,
as shown in Figure 8-7. The difference in pressure between the inside of
the chamber and the atmosphere causes the faces of the box to deflect, and
this is balanced by a steel spring. The motion of the upper surface of the
box is coupled to a pointer whose indication is read on a scale. Such a
gauge is often used as a pressure altimeter on board aircraft, for atmospheric
pressure varies with altitude, and so can be used as a measure of altitude.
Another type of gauge, a Bourdon gauge, consists essentially of a flattened
brass tube, closed at one end and bent into circular form. When a fluid
under pressure is admitted to the open end of the tube, the tube straightens
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slightly, and this motion is coupled to a pointer whose deflection is calibrated.
The simplest type of pressure gauge is the open-tube manometer,
illustrated in Figure 8-8, which consists essentially of a bent tube of transparent material with both arms vertical. One end A is open to the atmosphere, and the other end B is connected to the vessel in which the pressure

A

Fig. 8-7 Aneroid barometer. B is
a box containing air at reduced
pressure, S is a spring, L a lever,
C a chain, and A a pointer.

Fig. 8-8

B

p

Open-tube manometer.

is to be measured. The tube is partially filled with a liquid of density p.
Suppose that the pressure within the vessel is greater than the atmospheric
pressure, causing the liquid to rise in the column exposed to the atmosphere.
Again we note that the pressure within a body of liquid is the same everywhere along a level surface. Choosing as the level surface of reference that
of the lower liquid surface of the manometer, we observe that the pressure
within the vessel P must be equal to the pressure of the atmosphere plus
the pressure due to a column of liquid of height h, the difference in level
between the liquid surfaces in the two arms of the manometer tube. Thus
we have
P = P atm

+ hpg.

(8-6)

In many technical applications it is the difference in pressure between
the inside of a container and the atmosphere which is of importance,
rather than the pressure itself. This is the case in a steam boiler, or in a
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gas line, and in many other applications of the manometer. The difference
p - P atrn is called the gauge pressure. The pressure P is called the absolute pressure. A barometer thus reads the absolute pressure of the atmosphere, while the height h of an open-tube manometer is a measure of the
gauge pressure. The gauge pressure of the atmosphere itself is, of course,
zero.
8-8

Archimedes' Principle

The fact that some objects float in water while others sink to the bottom
has been known for centuries; Archimedes (287-212 B.C.) was the first to
discover the principle underlying these phenomena. To understand Archimedes' principle it is necessary to consider
the forces acting on a body totally immersed
in a liquid, as shown in Figure 8-9. There is a
downward force on the body equal to its own
weight W, and, in addition, there is a buoyant
force B on the body, which acts in the upward direction. This can be understood by imagining the volume now occupied by the body
to be occupied instead by an equal volume of
liquid. This volume of liquid would have been
in equilibrium, which means that its weight
would have been supported by the action of the
rest of the liquid. This support comes from the
difference in pressure between the top and
the bottom of this volume. Hence, no matter
what material occupies this volume, there will
be a force upward on it equal to the weight of Fig. 8-9 Buoyant force on a
block immersed in a liquid.
the liquid displaced.
Archimedes' principle is a generalization of
the result obtained above; it states that any object partly or completely
immersed in a fluid is buoyed up by a force equal to the weight of the fluid
displaced. The principle is applicable to both liquids and gases.
A body completely immersed in a fluid will sink if its weight is greater
than the buoyant force and will rise if the buoyant force is greater than its
weight. Equilibrium will be established when the weight of the liquid
displaced is equal to the weight of the body. Thus a solid body which is
less dense than water floats on the surface of the water, part below the water
and part above the water. A ship afloat, for example, displaces its own
weight of water. The weight of a ship is frequently expressed in terms of
the weight of the water it displaces, and one speaks of ships with 10,000
tons displacement, and so on. There is usually a definite water line painted
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on a ship, indicating the limit to which a ship may be submerged and still
be safe.
A submarine is so designed that it can take water into specially built
tanks so as to make its weight greater than the weight of the water it
displaces when fully submerged. Because the density of water is essentially
independent of pressure, water being an almost incompressible fluid, a
submarine which has no forward motion when submerged will sink to the
bottom of the sea. To enable the submarine to rise to the surface, water is
forced out of the tanks by pumps.
Illustrative Example. A cylinder of brass 6 cm high and 4 cm" m crOS8sectional area is suspended in water by means of a string so that its upper surface
is 7 cm below the surface of the water, as shown in Figure 8-10. Determine (a)

Fig. 8-10

the force acting on the top of the cylinder, (b) the force acting on the bottom of
the cylinder, and (c) the buoyant force acting on this cylinder.
(a) The force F 1 acting on the top of the cylinder is that due to the pressure
of the water above it and is
F 1 = PIA~ = h1pgA

F1

=

gm
cm
7 cm X 1 - -3 X 980 - -2 X 4 cm 2,
cm ~
sec

=

27,440 dynes.

This force pushes down on the cylinder.
(b) The force F 2 acting on the bottom of the cylinder is due to the pressure
of the water above it. Since the depth of the water at the bottom of the cylinder
is 13 cm, this force is
gm
cm
F 2 = 13cm X 1-'- X 980--2 X 4cm 2 ,
crn 3
sec
F2

=

50,960 dynes

acting upward on the cylinder.
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(c) The buoyant force B is the net force upward caused by the difference in
pressures in the liquid. The forces which act on the walls of the cylinder are all
directed horizontally, and their resultant is zero, as can be seen from the symmetry of the figure. Therefore, the buoyant force is simply the difference between
the two vertical forces F 1 and F 2, thus
B

so that

=

F2

=

50,960 dynes - 27,440 dynes,

-

F1

B = 23,520 dynes

and acts upward.
It is interesting to compare this buoyant force with the weight of water displaced. The volume of the cylinder is h X A = 24 cm 3 . This is also the volume
of water displaced. The weight of this displaced water is

W=mg=pVg

= 1 gm X 24 em 3 X 980 ~ ,
sec 2

em 3

W

=

23,520 dynes,

which is in agreement with the earlier calculation.

Illustrative Example. A block of aluminum is attached to a balance. When
suspended in air, the balance reads 250 gm. When the aluminum block is lowered
so that it is completely immersed in water, the balance reads 160 gm. When the
aluminum block is lowered so that it is completely immersed in alcohol, the balance reads 180 gm. The density of water is 1 gm/cm 3. Determine (a) the density
of aluminum, and (b) the density of alcohol.
(a) The buoyant force of the water is the difference between the weight of
the aluminum block in air and its weight when immersed in water; that is,
B = 250 X 980 dynes - 160 X 980 dynes = 90 X 980 dynes.
Thus the aluminum block displaces a mass of 90 gm of water.
water displaced is

v

= '!!!. =
p

The volume of

90 gm
1 gm/cm 3

= 90 cm 3 ,
and this is equal to the volume of aluminum. Thus the density of aluminum is
m
250 gm
p = - = - - -3'
V
90 cm
p

gm

= 2.78-·
3
cm

(b) The amount of alcohol displaced by the aluminum block may be found

160

§8-8

HYDROSTATICS

from the buoyant force exerted by the alcohol, which is given by
B = 250 X 980 dynes - 180 X 980 dynes = 70 X 980 dynes,

so that the mass of alcohol displaced by the aluminum block is 70 gm. The
volume of alcohol displaced is the volume of the aluminum block, which we have
found to be equal to 90 cm 3. Thus the density of alcohol is
70 gm
p = 90 cm 3

'

gm
cm 3

p = 0.78-·

For many technical purposes it is not necessary to make precise
measurements of density; it is only important to know whether the density
is greater than some minimum value or whether it lies between certain
limits. For example, in testing die castings for internal porosity, one technique for rapid inspection of large quantities of castings is a flotation test
where the die castings are immersed in a suitable liquid. If the castings
are sound, their average density is greater than the density of the liquid,
and the castings sink. If the castings contain excessive porosity, their
average density is too low, and the defective castings may be skimmed off
the surface of the flotation liquid.
8-9

Specific Gravity

It is sometimes convenient to refer the mass of a given object to the mass
of an equal volume of water. The term specific gravity is used to denote
the magnitude of this quotient, and since the specific gravity is a property
of the material of which the object is made rather than of the size or shape
of the object, we may conveniently define the specific gravity as the ratio
of the density of a body to the density of water. Thus water has a specific
gravity of 1. The specific gravity is a pure number and is independent of
the system of units used to measure the density. Since the density of water
in the cgs system of units is 1 gm/cm3 , the specific gravity of a substance
has the same numerical value as its density in the cgs system.
From the definition of specific gravity, we see that a body of specific
gravity less than 1 will float in water, while a body of specific gravity greater
than 1 will sink.
The specific gravity of liquids is commonly determined by use of an
instrument called the hydrometer, which is usually made in the form of a
cylinder with a weighted bulb at one end, as shown in Figure 8-11. The
depth to which the hydrometer will sink in a liquid depends on its specific
gravity, so the hydrometer may be provided with a calibrated scale to
read specific gravity directly, or to read some property associated with
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specific gravity which is of immediate interest. Since the freezing point of a
mixture of antifreeze and water is determined by the fraction of antifreeze
in the solution, the hydrometer may be directly calibrated to read the freezing temperature of the mixture. Similarly, the specific
gravity of a mixture of alcohol and water may be used
to determine the percentage of alcohol in the mixture.
A hydrometer is customarily used as a proof tester in
alcoholic beverages. On such a scale, "100 proof" means
50 per cent alcohol content.
8-10

The Centrifuge

In our discussion of rotational motion, we emphasize:!
that a particle could move in uniform circular motion
only if there was a centripetal force acting on the particle. Let us consider a particle of mass m placed on a
horizontal turntable which is rotating with uniform angular speed w about a vertical axis through its center.
If the particle is at a distance r from the axis, a centripetal force equal to mw 2 r must act on this particle to
keep it in place on the turntable. This force may be supplied by friction between the particle and the table or, if
there is no friction, by a string tied to a shaft at this axis
Fig. 8-11
and to the particle. If the motion of the particle is now
Hydrometer.
considered from the turntable as the reference system,
the particle seems to be experiencing a force mw 2 r away from the center
of the table, and it is kept in place by the opposing force produced by
the pull of the string on it. The particle appears to experience a new
kind of force field whose intensity is now given by w2r instead of g. We
may thus say that an observer located on a rotating coordinate system is
led to believe that he is located in a force field directed radially outward from
the center of the circle.
If a liquid contains particles of greater density than that of the liquid
itself, these particles will separate out at the bottom of the liquid in the
earth's gravitational field, given sufficient time. If the volume of the
particle is V and its density is P, its weight will be given by PV g. The
buoyant force on such a particle in a fluid of density Po is the weight of the
displaced fluid Po V g, and the resultant downward force on the particle is
(p - po) V g. The particles of sediment suspended in the fluid are acted
upon by a net force in the direction of the gravitational field and, in time,
will settle out on the bottom of the container. Because of internal friction
in the liquid, the settling-out process may be quite slow. The rate of
separation of the solid particles from the liquid might be greatly expedited
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by placing the suspension in an intense gravitational field, if such were
available. A centrifuge, which is a machine designed to rotate a liquid
at high speeds, simulates such a gravitational field, and the apparent force
on the particle becomes (p - po) V CJ)2 r. Thus if a liquid is placed in a tube,

Fig. 8-12 The centrifuge. Tubes A and
B are whirled around in a circular path
about an axis through O. Particles of

greatest density go to the ends of tubes
farthest removed from O.

such as that shown in Figure 8-12, and the tube is rotated at high speed,
the particles in the liquid will settle out very rapidly. Those particles which
are denser than the liquid will be found at the bottom, that is, farthest from
the axis of rotation, while those particles which are less dense than the
liquid will be found near the top.
Illustrative Example. A liquid containing some solid particles is poured
into the cup of a centrifuge which is then rotated at a speed of 6,000 rpm. Determine the apparent gravitational field intensity acting on a particle at a distance
of 12 cm from the axis of rotation. Express this in terms of the earth's gravitational field intensity g.
The apparent gravitational field intensity acting on the particle is given by
the formula CJ)2r. \Ve have
CJ)

Thus

CJ)2

=

6,000 X 211" radians
00
~c

20011" radians.

=

~c

cm
,
sec 2

r = (20011") 2 X 12 -

so that
Expressing this in terms of

g,

we have
CJ)2

or

CJ)2

r

=

4

474 X 10 g
980
'

r = 4,840g.

Thus the particle in the centrifuge experiences an apparent gravitational
field almost 5,000 times the magnitude of the earth's gravitational field.
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Problems

8-1. A block of metal weighs 120 lb in air, 105 lb when immersed in water,
and 108 lb when immersed in a certain liquid. Determine (a) the density of the
metal, (b) the density of the liquid, and (c) the specific gravity of the liquid.
8-2. A metal sphere whose mass is 36 gm is attached by means of a string to
one arm of an equal-arm balance. When the sphere is completely immersed in
water, a mass of 23 gm is sufficient to balance it. Determine (a) the volume of
the sphere and (b) the density of the metal.
8-3. A raft is made in the form of a rectangular box 8 ft by 10 ft by 4 ft deep.
The raft weighs 2,500 lb. (a) How deep will this raft go when placed in fresh
water which weighs 62.4 Ib/ft3? (b) What load can this raft carry without sinking? (c) .What is the total force exerted by the water on the bottom of the raft
when so loaded? (d) Assuming the load is uniformly distributed, will the bottom
of the raft tend to bulge in at the center, bulge out, or remain flat?
8-4. A beaker partially filled with water is placed on a scale pan and found
to have a mass of 500 gm. A string is attached to a stone and held so that the
stone is completely submerged in the water but does not touch the beaker at any
point. The scale now reads 550 gm. When the string is released and the stone
rests on the bottom of the beaker, the scale reads 620 gm. Determine (a) the
mass of the stone, (b) the density of the stone, and (c) the tension in the string.
8-5. A cube of iron 3 cm on an edge is placed in a dish of mercury. (a) How
much of the cube is immersed in the mercury? (b) If water is poured over the
mercury to a depth of 4 cm, what will be the depth of the iron in the mercury?
8-6. A piece of concrete whose mass is 150 kg has a density of 2,500 kg/m 3.
A block of wood of density 500 kg/m 3 is to be fastened to the concrete block
and placed in water so that they will both float almost completely submerged.
What is the minimum mass of wood which can be used?
8-7. A U tube contains mercury at the bottom. Glycerin is poured into one
arm so that the height of the glycerin column is 30 cm. How high a column of
water must be poured into the other arm to bring the mercury to the same level
in both arms?
8-8. What is the atmospheric pressure in dynes per square centimeter when
the reading of a mercury barometer is 77 cm?
8-9. Hoover Dam is 1,180 ft long and 726 ft high. (a) What is the pressure
at the bottom of the dam when the reservoir is full? (b) Assuming the face of
the dam to be a plane rectangle, determine the total force pushing against the
face of the dam.
8-10. From Problem 8-9, determine the torque exerted by the force of the
water on the face of the dam (a) about a horizontal axis through the bottom of
the dam and (b) through the top of the dam. [HINT: Use the methods of the
calculus.]
8-11. An open-tube manometer containing water has one end connected to a
city gas supply outlet. The difference in level between the two arms is 2.0 in.
(a) Determine the gauge pressure of the gas. (b) If the height of the barometer
is 76 cm of mercury, determine the absolute pressure of the gas.
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8-12. Express the density of lead in slugs per cubic foot and in kilogram~
per cubic meter.
8-13. If every gram of air in the atmosphere were replaced by mercury, how
deep would be the layer of mercury on the surface of the earth?
8-14. If it is desired to determine the mass of 1 cm 3 of aluminum to an
accuracy of 1 per cent using a beam balance and calibrated brass weights, should
the result of the measurement be corrected for the buoyant effect of the air? At
what accuracy does the measurement need to be corrected for buoyancy?
8-15. A submarine having a volume of 165,000 cubic feet and weighing 4830
tons is floating at the surface of sea water of weight density 64lb/ft 3 • (a) What
is the buoyant force on the submarine? (b) What volume of sea water must be
admitted into the submarine so that it will just submerge?
8-16. A uniform wooden rod which weighs 5 lbs has a length of 8 ft and a
volume of 0.1 ft3. The rod is pinned at one end and is submerged in water, and
is held in a horizontal position with the aid of a vertical force F at the opposite
end. Assume the pinned end to be fixed. (a) What is the magnitude and direction of the total force on the rod due to the water? (b) What is the magnitude
of the force F needed to keep the rod in equilibrium?
8-17. A 2.7 gm block of aluminum is suspended from a spring scale which
hangs from the ceiling of an elevator. The block is then immersed in water.
(a) What is the reading of the scale when the elevator is at rest? (b) The elevator
is accelerated upwards at 490 cm/sec 2 • What is the reading of the scale during
this time? (c) What is the reading of the scale when the elevator is moving
upward at a steady speed of 500 cm/sec? (d) Finally the elevator is brought to
rest with an acceleration of 245 cm/sec2 • What is the reading of the scale during
this time?

9
Hydrodynamics
(Fluids in Motion)

9-1

Steady Flow of a Liquid

When a liquid flows through a pipe in such a way that it completely fills
the pipe, and as much liquid enters one end of the pipe as leaves the other
end of the pipe in the same time, then the liquid is said to flow at a steady
rate. At any point of the pipe, the flow of the liquid does not change with
time. The path of any particle of liquid as it moves through the pipe is

Fig. 9-1 Streamlines of a
liquid flowing through a pipe
at a steady rate.

called a streamline. We can map the flow of liquid through the pipe by
drawing a series of streamlines following the paths of the particles of liquid,
as shown in Figure 9-1. The instantaneous velocity of a liquid particle is
always tangent to the streamline. The rate of flow may be represented by
the density of streamlines, or the number of streamlines passing through a
surface of unit area perpendicular to the direction of flow. Thus the streamlines will be close together where the liquid is moving rapidly and farther
apart in regions of the pipe where the liquid is moving slowly. Similar
conventions were used to represent the direction and magnitude of the
gravitational field intensity.
Since the liquid is incompressible and there are no places in the pipe
where the liquid can be stored, the volume of liquid which flows through
any plane perpendicular to the streamlines in any interval of time must be
the same everywhere in the pipe. Consider two typical planes whose intersections with the pipe have areas Al and A 2 perpendicular to the stream165
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lines. The volume of liquid Q passing through area Al in unit time is

Q=

AIvI,

(9-1)

where VI is the velocity of the liquid at this point. Similarly, the volume of
liquid passing through A 2 in unit time is

Q = A 2 V2.
Since these two quantities must be equal for steady flow, we have
AIvI = A 2U2,

,or

VI

A2

V2

Al

(9-2)

-= - .

Thus the velocity of the liquid at any point in the pipe is inversely proportional to the cross-sectional area of the pipe. The liquid will be moving
slowly where the area is large and will be moving rapidly where the area
is small.
Illustrative Example. Water flows out of a horizontal pipe at the steady
rate of 2 ft 3/min. Determine the velocity of the water at a point where the
diameter of the pipe is I in.
The area A of the I-in. portion of the pipe is

A

=

1r

X 1 ft2

=

0.0055 ft2.

4 X 144

When we substitute the values for Q and A in Equation (9-1),
we obtain
from which

2 ft 3
- 60 sec

=

0.0055 ftz X v,

v

=

ft
6.10-·
sec

Fig. 9-2 The number of streamlines entering a volume element is equal to the num- ,
bel' leaving; the volume element when
there is steady flow.

In the steady or streamline flow of a liquid, the total quantity of liquid
flowing into any imaginary volume element of the pipe must be equal to the
quantity of liquid leaving that volume element. If we represent the flow
by streamlines, this implies that the streamlines are continuous and do not
pile up anywhere within the liquid. The same number of streamlines enter

§9-2

BERNOULLI'S THEOREM

167

a volume element as the number which leave it, as shown in Figure 9-2.
Another characteristic of streamline flow is that it is layerlike, or lamellar.
There is no circulation of the liquid about any point in the pipe. We might
imagine a small paddle wheel, as shown in Figure 9-3, placed in the pipe.
When the flow is lamellar, no rotation of the paddle wheel is produced by
the flow of liquid.

Fig. 9-3 A small paddle wheel placed in
a flowing liquid will not rotate when the
liquid is in steady or lamellar flow.

9-2

.~

Bernoulli's Theorem

The fundamental theorem regarding the motion of fluids is due to Daniel
Bernoulli (1700-1782), a Swiss physicist and mathematician. Bernoulli's
theorem is essentially a formulation of the mechanical concept that the
work done on a body is equal to the change in its mechanical energy, in
the case that mechanical energy is conserved; that is, where there is no loss
of mechanical energy due to friction.
Let us consider the motion of an incompressible fluid of density p along
an imaginary tube bounded by streamlines, as shown in Figure 9-4. We
shall call such a tube a 8treamtube. Since each streamline represents the
direction of motion of a particle of liquid in steady flow, no particle of liquid
may cross a streamtube. At the left-hand end of the tube, the liquid has a
velocity VI, the tube has cross-sectional area AI, the pressure is PI, and the
tube is at a height hI above some reference level. At the right-hand end of
the tube, the velocity is V2, the cross-sectional area is A 2 , the pressure is P 2 ,
and the height is h2 . When a small quantity of fluid of volume V is moved
into the tube through the action of the external fluid, an equal volume of
fluid must emerge from the streamtube against the force exerted by the
pressure P 2 of the fluid outside the tube at the right-hand end of the streamtube. Let us imagine that the flow of fluid in the streamtube takes place
as the result of the displacement 81 of a piston of area Al which just fits the
streamtube at its left-hand end such that the volume swept out by the
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motion of the piston is A1s 1 V, and of a corresponding displacement S2
of a piston of area A 2 which just fits the streamtube at its right-hand end
such that the volume swept out by the second piston is A 2 s2 = V; that is, a
quantity of fluid of volume V has just passed through the streamtube.
The piston at position 1 has done work on the fluid equal to the product of
the force exerted by the displacement of that force, hence the work done on

Fig. 9-4

the fluid is P1A1sl, while the fluid has pushed back the piston at position 2
so that the fluid has done work on the second piston of amount P 2 A 2 s2 •
The net work done on the fluid is therefore equal to
P1A1s 1 - P 2 A 2 s2 .

Since we have assumed the fluid to be incompressible,
we have

A1s 1

= A 2 s2 = V.

From the above equations, we find that the net work done on the fluid
within the streamtube is
P1V - P 2 V.
If there was no loss of energy of the fluid due to frictional forces, this work
done on the fluid in the streamtube must have resulted in a change of
mechanical energy of the liquid which flowed into the tube at position 1
and out of the tube at position 2. The sum of the potential and kinetic
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energies of the liquid flowing into the tube at position 1 is pV gh l + ! pV vi,
while the sum of these energies of the liquid flowing out of the tube at
positio~ 2 is pVgh2 + !pVv~. Equating the work done on the fluid to the
difference in its energy, we find
PIV - P 2 V = pVgh2

+ !pVv~

- (pVgh l

+ !pVvi).

(9-3a)

Dividing the equation through by V and transposing all quantities with
subscript 1 to the left-hand side and all quantities with subscript 2 to the
right-hand side of the equation, we find
PI

+ pgh l + !pvi

=

P2

+ pgh2 + !pv~.

(9-3b)

This equation expresses Bernoulli's theorem, which states that at any two
points along a streamline the sum of the pressure, the potential energy of a
unit volume of fluid, and the kinetic energy of a unit volume of fluid has the
same value. As indicated in the derivation, Bernoulli's theorem holds
rigorously only for frictionless, incompressible, streamline flow. Bernoulli's
theorem is a statement of the principle of conservation of energy expressed
in a form suited to the description of fluids in steady frictionless flow.
Although Bernoulli's theorem holds rigorously only for an incompressible fluid, experience indicates that it is valid for air in streamline flow at
speeds up to about half the speed of sound. (The speed of sound is about
740 mijhr.) Actual fluids such as water and air have internal fluid friction,
or viscosity, so that, to be strictly true, the equal sign of Equation (9-3a)
should be replaced by a greater than or equal sign (~), meaning that the
work done on the fluid in the streamtube is greater than, or at least equal
to, the increase in mechanical energy. Some of the work done will be converted to heat energy through the action of internal friction. In examples
and problems in the application of Bernoulli's theorem, we shall neglect the
effects of viscosity.

9-3

Torricelli's Theorem

Let us apply Bernoulli's theorem to the flow of a liquid out of an orifice
C at the base of a tank, as shown in Figure 9-5. We shall choose as the
reference level for the measurement of potential energy the altitude of the
emergent stream at D, where the cross-sectional area of the stream is A, and
the velocity of the stream is v. At both positions B at the top of the tank
and D at the emergent stream, the liquid is in free contact with the air and
is therefore at atmospheric pressure P atm. If the tank is sufficiently large
so that the flow does not appreciably change the level of liquid in the tank,
we may assume that the liquid at B is very nearly at rest; that is, the velocity of the liquid at B is zero. Applying Bernoulli's theorem in the form of
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Equatiem (9-3b) to the flow of the fluid,
P atm

from which

+ pgh + 0

=

P atm

v2

=

2gh,

v=

or

+ 0 + ~pV2,

V2gh.

(9-4)

If the orifice at the base of the tank has sharp edges, it may be observed
that the stream narrows as it emerges from the tank at C. The portion of
the stream with parallel sides is called the vena contracta. The narrowing of

Fig. 9-5

the stream is due to the fact that the liquid is being accelerated and has
not yet reached its final velocity. In accordance with Equation (9-2), the
cross-sectional area of the stream must be larger where the velocity of flow
is smaller.
If we wish to calculate the quantity of liquid flowing out of the tank
per second, we may apply Equation (9-1) to the result obtained in Equation
(9-4), obtaining

Q = Av,
so that

Q = AV2gh.

The speed with which a liquid emerges from a tank is the same as
it would have had if it had been dropped over the top of the tank, for, in
dropping through a height h, a unit volume of liquid would have lost potential energy pgh and gained kinetic energy in equal amount. Thus
pgh

so that
9-4

v

=

~pV2,

=

V2gh~

Venturi Tube

Let us consider a horizontal tube containing a constriction in which a fluid
is flowing, as shown in Figure 9-6. We will refer to the wide section of the
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tube by the subscript 1 and the narrow portion of the tube by the subscript
2. Applying Equation (9-3b) to the fluid flow, we find
PI

+ pgh l + ~pvi

Since the tube is horizontal, hI
PI

=

= h2 ,

+ ~pvi =

P2

+ pgh2 + ~pv~.

so that
P2

+ ~pv~.

(9-5)

From Equation (9-1) the velocity of the liquid must be greater in the constricted portion of the tube, so that the pressure in the constriction must
be lower than the pressure in the wider portion of the tube.

Fig. 9-6

The Venturi tube.

A Venturi tube finds application as a flowmeter.
tions (9-5) and (9-1), we have
PI

+ ~pvi =

P2

Referring to Equa-

+ ~pv~,

and
AIvI

=

A 2 V2.

If the quantity PI - P 2 is measured by a manometer or other pressure
gauge, the two equations may be solved for VI and V2, and this knowledge
of the speed of flow determined by a pressure measurement, together with
the known areas of the tube and the constriction, suffices to determine the
rate of flow of fluid through the tube.
Although we have derived the relationship between pressure and
velocity for a Venturi tube, the same relationship is true for any case of
streamline flow. Thus, as air is entrained by a passing railroad train, the
air close to the train is moving at considerably higher speed than the air
some distance away. The pressure in the immediate vicinity of the train
is low, and passengers on the station platform are cautioned to stand back
from the edge of the platform when a rapidly moving train passes, lest the
pressure differential created by the motion of the train force the passenger
into the side of the train. Two passing ships or stunting airplanes which
get too close together may be forced to collide through the low-pressure
area between them which is created by their own motion.
There are many applications of the Bernoulli theorem utilizing variations of the Venturi tube. For example, the aspirator, sketched in Figure
9-7, is used as a vacuum pump. 'Vater from a faucet flows through the
horizontal tube and comes out of the constriction with a high velocity, thus
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reducing the pressure P in this region below atmospheric pressure. The
tube T may be connected to a chamber to be evacuated, and the pressure
in it may be reduced to about the vapor pressure of water, usually about
2 or 3 cm of mercury. The same type of design is used for a chemical filter
pump. A jet pump used in raising water from a well drives water through a

Fig. 9-7

An aspirator.

restricted orifice similar to that in Figure 9-7, and the pressure of the
outside air forces the well water into the tube T and into the moving water
stream. A similar design of tube, except that air is blown through the
horizontal tube and constriction of Figure 9-7, is used in pneumatic conveyers of sand, grain, and other granular materials.
Illustrative Example. Water is flowing through a horizontal Venturi tube
at the rate of 100 ft 3/min. The pressure in the wide portion of the tube is 15
lb/in. 2, and its diameter is 6 in. Determine the pressure in the narrow portion
of the tube, called the throat, whose diameter is 3 in.
The area of the tube A 1 is
Ai =

.!!..- ft 2,
16

while the area of the throat A 2 is

From Equation (9-2), we have
Q =

AiVi = A 2v2.

Substituting numerical values, we get

100 U3

-

-

60 sec

from which

r

= - ft 2 X

Vi =

16

ft
8.5-,
sec

Vi

r

= -- ft 2 X
64

V2,
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and

V2
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ft
34-·
sec

In applying Equation (9-5), as in every other equation, it is essential that a
consistent set of units be used. Now
Ib
Ib
Ib
PI = 15 - 2 = 15 X 144 ~2 = 2,160 ~,
in.
ft
ft 2
and water, which weighs 62.4 Ibjft3, has a density of
62.4 slugs

P=32W'

Since the tube is horizontal, hI

= h 2 , and we may write Equation (9-5) as
PI + !pvi = P 2 + !pv~,
and, substituting numerical values, we get

P

or
9-5

P2

+~

=

2 160 ~
,
ft2

=

1 100 B?,
,
ft 2

=

1,100 ~ = 7.64 ~ .
144 in. 2
in. 2

2

62.4 X (8.5)2 ft Ib _ ~ 62.4 X (34)2 ft Ib
2 32
ft3
2 32
ft 3

Lift of an Airfoil

The lift of an airplane wing or the action of a propeller of an airplane or a
ship may be analyzed in terms of Bernoulli's theorem. The cross section
of such an airfoil generally has a rather blunt nose and thin trailing edge
to permit the fluid medium to flow around it in streamline flow. Ideally,
an element of fluid volume parted by the airfoil will be reconstructed when
the fluid passes the trailing edge of the airfoil, as shown in Figure 9-8. This

Fig. 9-8
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implies that the fluid on top of the airfoil is moving more rapidly than the
fluid at the bottom of the airfoil, so that the pressure at the top surface is
lower than the pressure at the bottom surface, creating an upward force on
the airfoil. It is for this reason that the greatest lift is often associated
with an airfoil of rather marked asymmetry. A perfectly symmetrical
wing had no lift unless it is turned at an angle ""ith respect to the flow of
fluid, termed the angle of attack, so that the fluid moving over the top
surface travels a greater distance than the fluid moving over the bottom
surface of the airfoil. The motion of air past a symmetrical airfoil for
several angles of attack is shown in Figure 9-9.
Surfaces not normally considered to be airfoils may also experience
lift. For example, the lift on a bridge in a high wind may be several times
the drag force tending to blow the bridge off its piers.

Fig.9-9 Smoke is used in the NACA smoke tunnel at Langley Field, Virginia, to make
the flow of air visible, as illustrated in these photographs. l\ ote the smoothness of the
air flow in the lowest picture. When the angle of attack has been increased to 100, the
air flow begins to separate from the upper surface of the airfoil (center view); and when
the angle is increased to 300 , the flow separates completely from the upper surface.
Turbulence behind the trailing edge of the airfoil may be observed in this picture.
(Reproduced from the Journal of Applied Physics, August, 1943, with permission of the
•at-ional Advisory Committee for Aeronautics.)
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The Siphon

A siphon is a bent tube used for transferring a liquid from one vessel to
another one at a lower level. If the bent tube shown in Figure 9-10 is filled
with liquid so that streamline flow can take place, liquid will emerge from
the orifice with a speed given by Torricelli's theorem. By applying Bernoulli's theorem, we can determine the maximum height h of the bend

h

L

P,t

}I~lfl

H

----------

H-h

Operation of a siphon.

Fig.9-10

in the tube above the level of the free liquid in the higher vessel, for a liquid
cannot support a negative pressure, that is, a state of internal tension,
except for extremely short time intervals. If the pressure of the liquid at
its highest point is zero (or more accurately, if it is below the vapor pressure
of the liquid), the liquid will pull apart, and bubbles will form, destroying
the continuity of the liquid flow, and thus interrupting the siphon. The
limiting height of the siphon may be found by setting P 2 equal to zero in
Bernoulli's equation. Thus

from which

+ pgh + !pv 2 ,

P atm

=

0

h

=

P atm

1

-

'iPV

2

g

Thus the faster the fluid flows in the siphon, the lower the bend in the tube
must be to maintain siphon flow.

176

9-7

§9-7

HYDRODYNAMICS

Fluid Friction; Viscosity

When a fluid, either a liquid or a gas, is set in motion, different parts of
the fluid move with different velocities. For example, if a jar of water is
tilted so that the water starts flowing out, the top layer of the water moves
over the lower part of the water. Just as there is friction when one surface
of a solid slides over another, so there is friction when one layer of a fluid
slides over another. This friction in fluids is called viscosity. When a fluid
flows through a cylindrical pipe, the part of the fluid in contact with the
pipe adheres to it and remains at rest. We may think of the rest of the fluid
as divided into concentric cylindrical layers, the velocity of each succeeding
inner layer increasing as we go to the center. A difference in pressure
between the two ends of the pipe is needed to maintain a steady flow
through it and oppose the force due to the viscosity of the fluid.

A

5

/'

/

, F
~

>

Fig. 9-11

The resistance experienced by a solid moving through a fluid is due
essentially to the viscosity of the fluid. A certain amount of fluid adheres
to the surface of the solid and moves with it, and this layer drags along an
adjacent layer and so on, until, at sufficiently large distance from the solid,
the fluid is at rest. Some of the momentum of the solid has been given up
to setting the fluid in motion, and if no external force is applied, the solid
will come to rest. An additional cause of the resistance experienced by
objects moving through fluids is the turbulence set up in the fluid. When
turbulence occurs, the fluid flow is no longer streamline and cannot be
considered as taking place in layers, for the layers are sometimes broken
up into eddies in which rotational motion takes place, and sometimes into
waves. Such eddies are seen in the wake of the oars of a rowboat and occur
in the air about the wingtips or the propeller tips of an airplane. If the
paddle wheel of Figure 9-3 is placed at the center of an eddy, the paddle
wheel will turn.
To formalize the concept of viscosity, we imagine a layer of fluid
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between two flat plates, one of which is at rest and the other moving at
velocity v, as shown in Figure 9-11. The fluid in contact with the stationary
plate is at rest, while the fluid in contact with the moving plate is moving
with velocity v, and the fluid in the space between the two plates is moving
with intermediate velocities. To maintain the moving plate at a constant
speed, it is found experimentally that a force F is required which is directly
proportional to the velocity, inversely proportional to the separation of the
two plates s, and directly proportional to the area of the moving plate A.
Calling the constant of proportionality 7J (eta), the coefficient of viscosity, we
find
Av
F=7J-'
(9-6)
s
From Equation (9-6) the unit of coefficient of viscosity is force times
distance divided by area times velocity. By replacing the unit of force by
its equivalent from Newton's second law, we see that the unit of viscosity
is that of mass divided by the product of the unit of length by the unit of
time. Thus in mks units, the coefficient of viscosity is expressed in kilograms per meter seconds, while in British gravitational units it is expressed
in slugs per foot seconds. In the cgs system of units a coefficient of viscosity
of 1 gm/cm-sec is called a poise.
The coefficient of viscosity varies considerably with temperature. For
liquids the viscosity generally decreases with increasing temperature, while
the viscosity of gases increases with increasing temperature. The viscosity
of gases does not depend upon the pressure.
To achieve an experimental condition in which the coefficient of viscosity can be measured, the relative motion of two plane surfaces is approximated by two concentric cylinders, one of which is held fixed and the other
is caused to rotate by the application of a constant torque. From a measurement of the angular speed, the dimensions of the apparatus, and the
applied torque, the viscosity of the liquid between the two cylinders can be
determined.
9-8

Reynolds' Number

To discuss problems in fluid flow, it is convenient to group the variables
determining the motion into dimensionless parameters. One such parameter, called Reynolds' number, is especially useful in distinguishing between
streamline or lamellar flow and turbulent flow. Reynolds' number R is
given by the formula
pvd

R=-,
7J
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where p is the density of the fluid, v is its speed relative to a pipe or to some
obstacle to the flow, d is some dimension characteristic of the flow, and
7] is the coefficient of viscosity.
In the flow of a fluid through a pipe, d

(a)

(b)

(e)

(d)

(e)
Fig. 9-12 Transition from lamellar to turbulent flow for water in a glass tube, with
increasing value of Reynolds' number. Velocity lowest for (a), which shows lamellar
flow, and highest for (e), which shows turbulent flow. (Reproduced by permission
from Fluid Mechanics, 3rd ed., by R. C. Binder, p. 108. Copyright, 1943, 1949, 1955,
by Prentice-Hall, Inc., Englewood Cliffs, N.J.)

represents the diameter of the pipe, while in the flow of a fluid past a cylinder, d is the diameter of the cylinder.
Experiments have shown that the stable flow of a fluid through a pipe
is normally streamline or lamellar for values of R less than 2,000, whatever
the density or viscosity of the fluid. The flow is generally turbulent if R
is greater than 3,000, and the type of flow obtained in the transition region
between these two values of R depends on such factors as surface roughness,
the way the flow was started, and so on. The flow of water through a glass
tube at increasing speeds, that is, at increasing values of R, is shown in
Figure 9-12. The flow has been made visible by immersing a source of
dye in the water stream.
The resisting force opposing the motion of an immersed body, such as
an airfoil, a sphere, a cylinder, or a bridge, is also related to Reynolds'
number. For example, eddies break off alternately on either side of a
cylinder in a periodic manner, as shown in Figure 9-13, when R is greater
than 20. Below this value of R, the flow is lamellar. The release of eddies
from alternate sides of a cylinder exerts a periodic force on the cylinder.
This is responsible for the generation of the vibrations of chimneys in a
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high wind, the vibrations of the periscopes of submarines, the vibrations
of towlines, the singing of telephone wires, and so on. Similar phenomena
are responsible for the flutter of the wings and propellers of an airplane, and

Fig. 9-13

for the failure of the Tacoma Narrows bridge in November, 1940. When
the frequency of eddy formation approaches the natural frequency of vibration of the structure, excessively large vibrations may be excited, with
resulting destructive failure.
Problems
9-1. Water flows through a horizontal pipe of varying cross section at the
rate of 4 ft3/ min. Determine the velocity of the water at a point where the
diameter of the pipe is (a) 1.5 in. and (b) 2 in.
9-2. Oil flows through a 12-in.-diameter pipeline with a speed of 3 mi/hr.
How many gallons of oil are delivered each day by this pipeline? (One gallon
= 231 in. 3.)
9-3. At a place in a pipeline where the diameter is 6 in., the speed of a steady
stream of water is 12 ft/sec. (a) What will be the speed of the water in that portion of the pipeline where the diameter is 4 in.? (b) At what rate, in cubic feet per
minute, is water being delivered by this pipeline?
9-4. A water storage tank is filled to a height of 16 ft. (a) With what speed
will water come out of a valve at the bottom of the tank if friction is negligible?
(b) To what height will this water rise if the opening is directed upward?
(c) What quantity of water will emerge from the tank in each second? The area
of the valve is tin. 2.
9-5. A cylindrical water storage tank of diameter 10 ft is filled to a height
of 16 ft. At the bottom of the tank, there is an opening 1 in. in diameter. How
long will it take for the tank to drain itself empty? [HINT: Use the methods of
the calculus].
9-6. Water flows steadily through a Venturi tube at the rate of 40 fV/min.
At a place where the diameter of the tube is 4 in., the gauge pressure is 15lb/in. 2.
Determine the gauge pressure in the throat of the tube where the diameter is 2 in.
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9-7. Gauges attached to a vertical tube in which water is flowing steadily
show an absolute pressure of 25 Ib/in. 2 where the diameter of the tube is 4 in.
and a pressure of 15 Ib/in. 2 where the diameter of the tube is 3 in., at a point 1 ft
below the first gauge. Determine (a) the velocity of the liquid in the wider portion of the tube and (b) the quantity of water per second flowing through the tube.
9-8. Oil of density 0.9 gm/cm 3 flows through a horizontal tube 3 cm in
diameter at a pressure of 1.5 X 10 6 dynes/cm 2 • At one portion the tube narrows
down to 2 cm in diameter, and the pressure drops to 10 6 dynes/cm 2 • (a) Determine the velocity of the oil in the wider portion of the tube. (b) Determine the
rate at which oil flows through this tube.
9-9. In a wind-tunnel experiment the pressure on the upper surface of a
wing was 13.05 Ib/in. 2, while the pressure on the lower surface was 13.15 Ib/in. 2•
Determine the lifting force of a wing of this design if it has a spread of 40 ft
and a width of 9 fL
9-10. A monoplane weighing 14,000 Ib has a wing area of 600 ft 2 • (a) What
difference in pressure on the two sides of the wing surface is required to maintain
this plane in level flight? (b) If the plane is flying at a level of 13,000 ft and the
pressure on the lower wing surface is 9.0 Ib/in. 2, determine the pressure on the
upper wing surface.
9-11. The lower end of a siphon is 8 ft below the level of the water surface
in the tank. (a) Determine the speed with which the water flows out of the open
end of the siphon. (b) If the cross-sectional area of the siphon tube is 3.0 in. 2,
determine the rate at which water is siphoned out. (c) If the bend in the siphon
is 3 ft above the surface of the water in the tank, determine the pressure of the
water in the bend of the siphon.
9-12. The pressure in the cylinder of a water pump is 45 Ib/in. 2 • Determine
the height to which water may be lifted by this pump.
9-13. The level of water in a tank is 15 m above the ground. Water flows out
of this tank in a horizontal direction through a valve located 5 m below the surface. Determine (a) the velocity with which the water escapes, neglecting friction,
(b) the distance from the valve where the water strikes the ground, and (c) the
velocity of the water when it reaches the ground.
9-14. Water falls from a height of 60 ft and drives a water turbine. If the
rate of flow of water is 480 ft 3/min, determine the maximum power that can be
developed by this turbine.
9-15. In a viscosimeter constructed of two concentric cylinders with an annular space between them, the outer cylinder is fixed, and the inner cylinder is made
to rotate by the application of a torque. The length of the cylinders is 5 in., their
mean radius is 3 in., and the space between them is 0.05 in. It is found that the
inner cylinder will rotate with an angular speed of 50 rpm when a torque of 0.10
ft Ib is applied. Using British gravitational units, determine the viscosity of the
oil in the annular space between the two cylinders.
9-16. Find the conversion factor by which the poise may be converted from
cgs to British gravitational units of viscosity.
9-17. Sea water, which weighs 641b/ft 3, is stored in an open tank. The water
is piped to ground level by a vertical pipe of diameter 1 in., and emerges through
a bend in the pipe in a stream of 1 in. diameter. The surface of the water in the
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tank is 100 ft above the opening in the pipe. (a) Find the quantity of water
which flows from the tank per second. (b) Find the pressure of the water in the
pipe 10 ft above the ground.
9-18. An open tank is filled with sea water, which weighs 64 Ib/ft 3 • The
water flows through a siphon tube of cross-sectional area 0.02 ft 2 which has a
nozzle of area 0.01 ft2 at its end. The open end of the nozzle is 5 ft below the
free surface of the water in the tank. (a) What is the speed with which water
flows from the nozzle? (b) What is the volume of flow from the nozzle, in
ft 3/sec? (c) What is the speed of flow in the siphon tube at a point 3 ft above
the nozzle? (d) What is the gauge pressure in the siphon tube at a point 3 ft
above the nozzle?

10
Momentum and Impulse

10-1

Momentum

An extremely important concept in the development of mechanics is that
of momentum. The momentum of a body is defined as the product of its mass
by its velocity. We shall use the symbol p to denote the momentum of a
body. The momentum of a body is a vector quantity, for it is the product
of mass, a scalar, by velocity, a vector. While momentum and kinetic
energy are compounded of the same two ingredients, mass and velocity,
they are quite different concepts, and one aspect of their difference may be
seen in the fact that momentum is a vector while energy is a scalar quantity.
Newton himself recognized the importance of momentum as a mechanical concept, for a free translation of his second law of motion expressed in
modern terms would read: the rate of change of momentum is proportional to
the net force and is in the direction of that force. Expressed in the form of an
equation, Newton's second law would read

F = d(mv) = dp .
dt
dt

(10-1)

In our discussion of Newton's second law in Chapter 5, we treated mass as a
constant and obtained the result
dv
F = m dt = mao
This form of Newton's second law is true for most problems in mechanics,
when the speed of the body is small in comparison with the speed of light.
Newton's original formulation, as represented in Equation (10-1), remains
correct even for bodies which travel at speeds approaching the speed of
light, when, according to Einstein's special theory of relativity, the mass
of a body may be expressed as
(10-2)
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where mo is the mass of the body at rest, v is its speed, c is the speed of light
(3 X 1010 em/sec), and m is the mass of the moving body. For our present
purposes we shall not digress further into the relativistic aspects of mechanics, but shall focus our attention upon Equation (10-1).
From Equation (10-1) we see that if an unbalanced force is applied to
a body, its momentum will change at a rate determined by the force. If
the unbalanced force acting on a body is zero, the change of momentum is
zero; that is, the momentum of the body remains constant. Thus, in the
design of space ships for interplanetary flight, consideration must be given
to the provision of fuel to accelerate the ship and to decelerate it for landing
at the destination, but no fuel need be provided for propelling the ship
over the major portion of its path, for, acted on by no appreciable external
forces, the momentum of the ship will remain substantially constant.
Our study of mechanics has thus far concentrated its attention on the
motion of a particle when acted upon by a force. Suppose we consider a
stream of particles of mass m, each moving with velocity v, that strike a
target and come to rest in it, and inquire about the average force exerted
on the target to hold it in place. From another point of view we may ask
what force the particles exert on the target. Each time a particle is stopped
by the target, the momentum of the particle is changed from mv to zero.
The change in momentum of the particle is mv. If n particles strike the
target in each second, the average rate of change of momentum, that is,
the change in momentum per second, is
!1p

-

!1t

= nmv.

Rewriting Equation (10-1) in incremental form, we see that the average
rate of change of momentum is the average force. Thus we have
_

!1p

F=-,

(10-3)

F = nmv.

(10-4)

!1t

so that

Illustrative Example. A pitcher throws baseballs at a target mounted on a
helical spring at the rate of one ball every 2 sec. The baseballs strike the target
at a speed of 80 ft/sec and come to rest in it. What is the average force exerted
by the baseballs against the target? A baseball weighs 5 oz.
When the baseball collides with the target, all of the momentum of the ball
is absorbed by the target. Each ball has a momentum of
p

51ft
X - slug X 80 16
32
sec

=

mv

=

0.78 slug ft .
sec

= --
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Since one ball strikes the target every 2 sec, the number of balls striking the target
per second is n =~. Substituting in Equation (10-4), we have

F

=

nmv

=

~ X 0.78 slug ft ,
sec 2

F

or

=

0.39 lb.

Illustrative Example. A stream of water 10 cm 2 in area, moving horizontally
with a speed of 25 m/sec, strikes the wall of a house and splatters to the ground,
losing all of its forward motion. What is the force exerted on the wall of the house
by the stream of water?
If Q is the volume of water that strikes the wall of the house per second, then

Q

=

Av,

where A is the cross-sectional area of the stream, and v is its velocity. If the water
is of density p, the mass of water striking the house in each second is
m = Qp.

The water has momentum mv = Qpv in the horizontal direction before striking
the wall, and zero momentum in this direction afterward, so that the change of
momentum in each second is
!::..p
= Qpv = Av 2p.
!::..t
From Equation (10-3) we have, for the force in the horizontal direction,
-

!::..p

F =-

!::..t

= Av 2p.

(10-5)

Substituting numbers into Equation (10-5), we find
F

10-2

=

cm 2
gm
10 cm 2 X (2,500)2 - 2 X 1 - 3
scc
cm

=

625 X 105 gm cm
sec 2

=

6.25 X 107 dyne.

Impulse

In many mechanical problems the applied force is not steady, nor can the
force be described in terms of simple mathematical functions. When a
baseball bat strikes a ball, the force the bat exerts against the ball is zero at
the initial instant of collision, then rises to some maximum value when the
ball is violently deformed, and finally returns to zero when the ball leaves
the bat. The behavior of materials and structures under such impulsive
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forces is quite different from their behavior when subjected to steady forces,
and we speak of materials as being brittle when they are not capable of
withstanding impulsive loading. An impulsive force, such as that exerted
by a baseball against a bat, might be described by the graph in Figure
1O-1(a).

F

F

F

t

t

(b)

(a)
Impulsive force.

Fig. 10-1

In our earlier discussion of work and energy, we have seen the usefulness of considering the effect of a force acting through a distance. From
such an analysis we derived our understanding of the concept of work,
and we saw that the result of doing work on a particle was to change its
energy. Another way to consider the effect of a force on a body is to study
the effects produced when a force acts for a time interval. The product of a
force by the time interval during which the force acts is called the impulse.
When a force F acts for a time interval /:;.t, the impulse /:;.J is given by the
formula
(10-6)
/:;.J = F /:;'t.
We see that impulse is a vector quantity, for it is given by the product of
force, a vector, by time, a scalar. We shall show that the effect of an impulse acting upon a particle is to produce a change in its momentum.
Let us consider the incremental form of Newton's second law, as given
by Equation (10-3). We have
-

/:;.p

F=-·
/:;'t

If we multiply both sides of this equation by the time interval /:;'t and call
the force acting in this time interval F, we find
F

/:;.t = /:;.p,
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and, substituting from Equation (10-6), we have
t:.J = t:.p,

(lO-7a)

which relates the magnitude of the impulse to the magnitude of the change
in momentum. In vector form this equation becomes
(lO-7b)

Illustrative Example. A body of mass 10 gm moves along the x axis with a
speed of 3 cm/sec. A force of 400 dynes is applied in the positive y direction for a
time interval of 0.1 sec. Find the velocity of the particle produced by the impulse.
Since the impulse is applied in the y direction, there is no change in the x
momentum of the particle. The impulse in the y direction is
t:.Jy = 400 dynes X 0.1 sec
= 40 dyne sec.

From Equation (10-7) we have
t:.py

=

40 dyne sec.

Since the momentum in the y direction was initially zero, the final momentl'ffi
in the y direction is equal to 40 dyne sec, and we have
t:.py

=

=

Vy

mvy

40 dyne sec,

=

40 dyne sec

lOgm

= 4 cm.
sec
Thus the body has a velocity of 4 cm/sec in the y direction and a velocity of
3 cm/sec in the x direction. Its resultant velocity is therefore 5 cm/sec, directed
at an angle of 53° with the x axis into the first quadrant.
When the impulsive force is given by a simple rectangular pulse, as
in Figure 10-1 (b) , the evaluation of the impulse is simple and straightforward. When the impulsive force is given as an arbitrary function of
time, as in Figure 10-1 (a) , we may follow the procedures of the integral
calculus and imagine the graph of F(t) to be divided into a number of rectangular pulses of different heights, in which each impulse serves to change
the momentum by a small amount. The total impulse is the area under
the curve. To find the over-all effect we add the changes in momentum
due to each impulse and write

=l =I

t

J

J

o

dJ

J = PI - Pi·

0

F dt = (PI dp,

JPi

(lO-Sa)
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Thus, when an arbitrary impulsive force strikes a body, the impulse is equal to
the difference between the final momentum Pf and the initial momentum Pi.
Although Equation (1O-8a) was derived in scalar form, it is clear that we
may consider Equation (lO-8a) as an equation in one unspecified component
of the more general vector equation

J

=

PI - Pi.

(10.Sb)

In general, it is quite difficult to measure an impulse, but it is easy to
observe a change in momentum. Thus the difference in momentum between a pitched baseball and a batted ball may be used to measure the
impulse of the bat against the ball.

Fig.10-2

10-3

System of particles.

Systems of Particles

Let us consider a system of particles such as the particles ml, m2, ... m n of
Figure 10-2, and let us suppose that the forces the particles of the system
exert on one another are always directed along the line joining them, in
the manner of gravitational forces, or of the forces which might be exerted
by strings. "Ve call the fOf(~es which one particle of the system exerts on
another partiele of the system internal forces. The forces exerted on the
partieles of the system from outside the collection of particles are called
e.x:ternal forces.
The division of the forces on the particles of a collection into internal
forces and external forces is due to the French physicist Jean Ie Rond
d'Alembert (1717-1783). Let us call Fab the force exerted by particle a
on particle b. By Newton's third law the force exerted by a on b must be
equal in magnitude and opposite in direction to the force exerted by b on
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a. Forces with double subscripts will always denote internal forces, exerted
by one member of the system on another member of the system, while
forces with single subscripts will always denote the external force on the
particle indicated by the subscript.
Applying Newton's second law to each of the particles of the collection
in turn, we find

dPI
=-,
dt

F 2 +F12 + ... +Fn2

dp2
=-,
dt

Fn +FIn +F2n + ... + FCn-l)n =

dpn
a;:'

Adding these equations, and remembering that F I2 = -F21 , and so on,
we find that

FI

+ F2 +

...

+ Fn = ;Itd (PI + P2 +

... + Pn)'

Thus the vector sum of all the external forces acting on the system of particles
is equal to the rate of change of the total momentum of the system of particles.
If P is the sum of the momenta PI + P2
P3 + ... + Pn, and F is the
sum of the external forces acting on each of these particles F I + F 2 + F 3
... + F n , we may write

+

+

(10-9)

In the special case in which F = 0, Equation (10-9) shows that P is
constant.
Thus if a system of particles is acted on by no external force, the total
momentum of the system of particles is constant. This statement is known as
the principle of conservation of momentum; it is of very great importance in
the analysis of mechanical systems. The principle of conservation of
momentum, like the principle of conservation of energy, is valid in all
realms of physics, from subatomic to astronomical.
A theorem which is extremely useful in understanding the behavior of
many mechanical systems, and one which is very easily proved, states that
the momentum of a system of particles is equal to the product of the mass of
the entire system by the velocity of its center of mass. To prove the theorem
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we recall that the coordinates of the center of gravity of a system of particles are given by Equations (4-4) as
(4-4a)

and similarly for the y coordinate of the center of gravity Yo and the z
coordinate zoo If we substitute w = mg into the above equation and clear
it of fractions, we find
(mi

+ m2 + ... + mn)xo

= mlXI

+ m2X2 + ... + mnx n·

Thus Xo is the center of mass of the system of particles; it coincides with the
center of gravity in any region where g is constant. Let us differentiate
both sides of the equation with respect to time to obtain
dxo

(mi

+ m2 + ... + m n) &

dXI
=

mi

dX2

dX

& + m2 & + ... + m n din '

which proves the theorem. The left-hand side of the equation is the mass
of the system of particles times the x component of the velocity of the center
of mass, while the right-hand side of the equation is the sum of the x components of the momenta of the particles of the system. Since analogous
equations may be obtained immediately for the other two components of
the momentum, we may combine these results into a single vector equation:
Mvo

=

PI

+ P2 + ... + Pn,

(10-10)

where M is the total mass of the system of particles and Vo is the velocity
of its center of mass.
Let us examine the implications of Equation (10-10). If the sum of the
external forces acting on a system of particles is zero, we see from Equation
(10-9) that the momentum of the system must remain constant. From
Equation (10-10), therefore, the velocity of the center of mass of the system
must remain constant. If a shrapnel shell explodes in mid-air, the trajectory followed by the center of mass will be the same as it would have been
if the shell had not burst, and the total momentum which the shrapnel
fragments acquire in a direction normal to the path of the unexploded shell
must be zero, as it was before the explosion, for the forces involved in the
explosion are all internal forces. When a gun fires a shell, we observe that
the center of mass of the system consisting of gun, shell, and explosive
gases was at rest before the firing; hence the center of mass of this system
must be at rest after the firing. If the projectile has acquired forward
momentum, the gun must acquire an equal backward momentum; it must
recoil.
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Conservation of Momentum

The impact between two isolated bodies in space may be most easily understood in terms of the principle of conservation of momentum. In addition,
many problems of propulsion may be most easily understood in terms of
momentum conservation.
Consider the problem of an airplane moving through the air. We may
think of the system consisting of the airplane and a volume of air around it
as constituting a region isolated in space and acted on by no external forces.
If the airplane's velocity in the forward direction is to be changed, its
momentum in the forward direction must be changed. But the system,
having no external forces acting on it, is not permitted to change its total
momentum. If the momentum of the airplane is increased in the forward
direction, the air must acquire an equal and opposite momentum in the
backward direction. The function of the propellers is not to "screw the
airplane through the air" but rather to deliver this backward component
of momentum to the air. The jet engine of an airplane takes in a quantity
of air, and, as a result of combustion processes, that air is expelled to the
rear with greater velocity, in the form of exhaust gases. In this sense there
is only a superficial mechanical difference between a propeller-driven airplane and a jet airplane, for both the propeller and the jet serve the same
function-to give the air a backward component of momentum.
In exactly the same way the oars of a rowboat or the propellers of an
ocean-going vessel propel the craft by delivering a backward momentum
component to the water. The propellers of a ship are considerably smaller,
in comparison to its mass, than the propellers of an airplane, because a
smaller volume of water can carry off the required momentum, the water
having far greater mass per unit of volume.
The problem of propelling a rocket is similar to that of propelling a
jet airplane, but there is the additional complication that the rocket must
carry along all the mass which mllst he eiected as momentum, while the
airplane has a readily available supply of mass, in the form of the surrounding air, which it acquires at one speed and expels with greater speed
as needed.
10-5

Elastic and Inelastic Impact

While in every collision between bodies the total momentum remains the
same before and after the impact when the system ·is acted upon by no
external forces, the mechanical energy of the system does not necessarily
remain constant. Collisions in which the total kinetic energy remains
constant are called elastic, while collisions in which the total kinetic energy
is less after the collision than it was before the collision are called inelastic.
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In an inelastic collision the kinetic energy lost in the impact is transformed
to sound energy, to heat energy, and to the energy required to deform or
fracture a body.
Consider the central collision between two spheres of masses M and m,
moving with velocity U and u before collision and with velocity V and v

u

f:). u ~

~
m

Central collision of two
spheres: (a) velocities before collision; (b) forces acting during collision, F = -F'; (c) velocities after
collision.
Fig. 10-3

(b)

(;),--_V---;,~
m

after collision, respectively, as illustrated in Figure 10-3. Since the system,
composed of the two spheres, is acted upon by no external forces, the total
momentum of the system before collision will be equal to the total momentum of the system after collision. If, in addition, the collision is elastic,
the total kinetic energy before collision will be equal to the total kinetic
energy after collision. Writing the energy equation first, we have

!11fU 2

+ !mu2 =

!MV 2

+ !mv 2 •

The equation representing conservation of momentum is

MU

+ mu =

MV

+ mv.

Transposing quantities for the sphere M to the left-hand side and quantities
for the sphere m to the right-hand side of both equations, and simplifying,
we get
and,
M( U - V) =m(v - u);

and, dividing the first equation by the second, we have
U

or

+V

U -

=

Ii =

v

+

V -

11,

V;

(10-11)

that is, the velocity with which the two spheres approach each other is
numerically equal to the velocity with which they leave each other.
In general, one cannot say much about an arbitrary inelastic collision.
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If the collision is completely inelastic, a solution may be obtained by noting
that the two bodies stick together after the collision; that is, they have a
common final velocity.
In some cases it is possible to characterize inelastic collisions by making
use of a quantity called the coefficient of restitution e, defined by the equation

e

v- V

= --- .

(10-12)

U-u

The coefficient of restitution is a positive number whose value is given by
the ratio of the velocity at which the two particles leave each other in a
central collision to the velocity with which the two particles approach each
other before the collision. From Equation (10-11) we see that e = 1 for
an elastic collision. In a perfectly inelastic collision the particles stick
together after the impact, so that their separation velocity is zero. Thus
e = 0 in a perfectly inelastic collision.

Fig_ 10-4 (a) Initial momentum of
system as bullet approaches target
is mv; (b) final momentum of system
just after bullet has penetrated target is (M + m)V.

v

Illustrative Example. A block of balsa wood whose mass is 600 gm is hung
from a cord of negligible weight. A bullet whose mass is 2 gm and which has a
muzzle velocity of 16,000 em/sec is fired into this block at close range and becomes embedded in it. Determine the velocity with which the balsa wood is
set in motion. What is the energy of the bullet before the collision? What is
the energy of the system after the collision?
'
If we consider the bullet and the balsa-wood block as a single system, there
is no external force acting on it, hence the momentum of the system is conserved
in the collision process and is the same before the collision as after. The collision
is a completely inelastic one, for, after the impact the bullet and the block of
wood move as one, with common velocity V, and the final momentum of the system is (M + m) V, where M is the mass of the block and m is the mass of the
bullet. The total momentum of the system before collision is mv, where v is the
velocity of the bullet before the collision, as shown in Figure 10-4. From the
principle of conservation of momentum, we write
mv

=

(M

+ m)V,
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from which

v=

_1~n~V
m) ,

(M

+

and, substituting numerical values, we get

V = 2 gm X 16,000 cm ,
602 gm

sec

V = 52.2 cm.

or

sec

The kinetic energy of the system before collision is

ei
so that

ei

!mv
= ! X
=

=

ei,

where

2

cm 2
2 gm X 256 X 10 6 - 2 ,
sec
256 X 10 6 ergs,

and this is the total kinetic energy of the system before the collision, for the balsa
block is at rest. The final kinetic energy of the system is ej, where
=

ef

X 602 gm X (52.2 cm)2 ,
sec
= 0.84 X 10 6 ergs.
=

so that

+ m)V2

ef

!(M

!

Note that mechanical energy has been lost in the collision process, a sign of an
inelastic collision. From the principle of conservation of energy, we know that
the energy has not vanished but has been transformed into heat, sound, deformation, and chemical chllinge of the bullet and the balsa block.

Collision problems are of great importance in all of physics, from the
realm of everyday experience to microscopic or atomic phenomena and to
astronomical phenomena. Let us consider the collision of two perfectly
elastic objects of the same mass, such as between two billiard balls, or
between two nuclear particles such as two protons or two neutrons, or
between a proton and a neutron (although the proton and neutron have
slightly different masses). Let us suppose that before the collision one of
these objects is at rest, and that the direction of the initial velocity U is
along the line joining the centers of the two bodies. This will be called a
central collision. Following the notation of the preceding discussion, we
will suppose that M = m, and that u, the initial velocity of m, is equal to
zero; that is, the sphere of mass m is at rest. From the momentum conservation equation, we find
MU

=

MV

but since
l1f =

111,

+mv,

194

§10-5

MOMENTUM AND IMPULSE

we may write

u=

V

+v.

But from Equation (10-11), remembering that u = 0, we have

U = v-V.
Adding these two equations, we find that

U = v,
and that

V =

o.

Thus when two objects of equal mass collide in a central collision, all of the
velocity of the moving object is transferred to the object which was formerly at rest. A similar analysis shows that a very light object bounces off
a very heavy one with little transfer of energy, while, for objects of equal
mass, all of the energy is transferred to the second object.
In ordinary experience these considerations help to determine the
weight of a hammer used to drive a spike. If the hammer is too heavy,
very little of the momentum and energy of the hammer will be transferred
to the spike; the energy expended in driving the hammer will be inefficiently
used, and, in addition, the work will be badly damaged by penetration of
the hammer head itself. If the hammer is too light, it will bounce off the
spike. In the ideal situation all of the energy and momentum of the hammer will be absorbed by the work, and the hammer will stop dead after the
impact. Precisely the same considerations apply to the matching of the
mass of the head of a croquet mallet to the mass of the ball and to countless
other situations.
In one form of nuclear reactor, it is desired to use slow neutrons, although fast neutrons are emitted from uranium atoms which have undergone fission (see Chapter 46). If these neutrons are to be utilized efficiently
in the reactor, they must be slowed down as rapidly as possible to very low
speeds. This is accomplished by incorporating a moderator into the construction of the reactor. The moderator must contain nuclei whose mass is
close to the mass of the neutron. Protons, having almost the same mass as
neutrons, may be used to slow down the neutrons by elastic collision processes. Ordinary water is a convenient source of protons and can be used
as a moderator; the kinetic energy and momentum of the neutrons are
transferred to the protons in water in collision processes.
In atomic processes as well as in macroscopic processes, we may speak
of inelastic collisions. In a collision between a rapidly moving proton and
a molecule, the kinetic energy of the proton may dissociate the molecule,
thus doing work against the forces which hold the molecule together. In
the collision between an electron and an atom, the kinetic energy of the
electron may be absorbed by the atom and converted into internal energy;
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some of the internal energy may subsequently be emitted as light, as in
the neon tube. In atomic and nuclear physics the principles of the conservation of energy and momentum and the concepts of elastic and inelastic
collisions are extremely important in interpreting the data gathered from
high-energy accelerators, from gaseous discharge tubes, from nuclear fission,
and from many other atomic processes.
Problems

10-1. The hammer of a pile driver weighs 500 lb. The hammer is dropped
from a height of 10 ft onto a pile, and drives the pile 3 in. (a) What is the momentum of the hammer before the impact? (b) What is the impulse delivered
by the hammer to the pile? (c) Assuming that the pile exerts a steady force
against the hammer, what is the magnitude of that force? (d) For how long a
time interval does the hammer exert a force on the pile?
10-2. A 5-gm bullet is fired from a gun whose barrel is 60 cm long. The bullet
leaves the gun with a muzzle velocity of 25,000 cm/sec. (a) What was the average
force acting on the bullet? (b) What is the momentum of the bullet when it
leaves the gun? (c) What impulse was delivered to the bullet? (d) How long
was the bullet in the gun barrel?
10-3. A man driving a golf ball gives it a speed of 3,000 cm/sec. (a) If the
mass of the golf ball is 50 gm, what impulse was imparted to it by the driver?
(b) If the head of the driver has a mass of 75 gm, what fraction of the energy of
the driver was delivered to the ball? Assume an elastic collision.
10-4. An ivory ball of mass 100 gm, moving with a velocity of 80 cm/sec,
strikes a stationary ivory ball of equal mass. The velocity is parallel to the line
joining the centers of the two balls. Assume a perfectly elastic collision. Determine the velocity of the two balls after collision.
10-5. An ivory ball of mass 400 gm, moving with a velocity of 90 cm/sec,
strikes a stationary ivory ball having a mass of 100 gm. (a) Assuming perfect
elasticity and a central collision, determine the velocity of each ball after collision.
(b) What fraction of the energy of the first ball was transferred to the second ball?
10-6. An ivory ball of mass 200 gm, moving with a velocity of 100 cm/sec
in the positive x direction, strikes a second ivory ball of mass 300 gm a glancing
blow, so that the first ball is deflected by an angle of 30° from its initial direction
and has a speed of 75 em/sec after the collision. Find the speed and direction of
motion of the second ball after the collision.
10-7. A man fires an automatic rifle, shooting a clip of 16 shells in 4 sec.
Each bullet weig;hs 2 oz and has a muzzle velocity of 2,500 ft/sec. The man
stands on a perfectly smooth floor. If the man and rifle weigh 160 lb, find the
velocity with which the man is sliding backward after the 4-sec period.
10-8. A bullet whose mass is 2 gm is fired from a rifle with a muzzle velocity
of 30,000 em/sec into a piece of balsa wood mounted on a car with frictionless
wheels. The total mass of the balsa wood and car is 1,500 gm. Determine (a)
the initial momentum of the system, (b) the velocity of the balsa wood and car
after the bullet was embedded in the wood, and (c) the mechanical energy lost
in the impart.
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10-9. An automobile weighing 2,400 lb, driving east at a speed of 50 mi/hr,
collides with a heavily loaded truck driving west at a speed of 60 mi/hr. The
loaded truck weighs 10,000 lb. If the collision is inelastic, find (a) the impulse
received by the truck and (b) the impulse received by the car.
10-10. Four croquet balls are lined up in a frictionless trough. A fifth
croquet ball, moving with speed v, strikes the end ball. Prove that only one ball
will leave the other end with speed v in the same direction and of the same magnitude as the incident ball. Assume elastic collisions.
10-11. Show that a ball striking a wall in a perfectly elastic collision will
bounce off the wall, making an equal angle with the wall. Is momentum conserved in this collision?
10-12. A fireman holds a fire hose which expels a stream of water from a 2in.-diameter nozzle at a speed of 40 ft/sec. Find the force the fireman must exert
to keep the nozzle stationary.
10-13. A ball is dropped onto an anvil from a height of 10 ft. If the coefficient of restitution is 0.1, to what height will the ball rise (a) after the first impact?
(b) After the second impact?
10-14. If a ball of mass m is dropped from height h onto an anvil, and if the
collision is perfectly elastic, find the time between successive impacts.
10-15. Repeat Problem 10-13 if the coefficient of restitution is e. Is the time
between the first and second impact the same as the time between the second and
third impact?
10-16. A ball A whose mass is 50 gm is moving to the right with a velocity
of 80 em/sec, and another ball B with a mass of 75 gm is moving to the left with a
velocity of 120 em/sec along the x axis. Determine (a) the initial momentum of
the system, (b) the velocity of the center of mass of the system, and (c) the velocity of each ball after collision, assuming the collision to be elastic.

v 30ft/sec

>-

__A=4in.2

v=30ft/sec
Fig. 10-5

10-17. A stream of water is moving through a horizontal pipe of uniform
cross section of 4 in. 2 with a speed of 30 it/sec. The pipe has a right-angle bend
in it, as shown in Figure 10-5. Determine the force that has to be exerted at the
bend to hold the pipe in equilibrium.
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10-11( A steel ball weighing lIb drops from a height of 16 ft, strikes a steel
anvil, and rebounds to the same height. (a) Calculate ·the impulse on the ball.
(b) If the time of contact between the ball and anvil is 0.002 sec, determine the
impulsive force on the anvil.
10-19. The truck and cal' of Problem 10-9 are driven by men who weigh
160 lb. The drivers are fastened to their respective vehicles by seat belts. Find
the impulse experienced by (a) the driver of the car, and (b) the driver of the
truck in the collision.
10-20. A baseball of mass 250 gm leaves the bat at an angle of 30° above the
horizontal with a velocity of 150 m/sec. Assume that the pitch was traveling
horizontally with a velocity of kO m/sec. If the bat was in contact with the ball
for 0.05 sec, what was (a) the average horizontal component and (b) the average
vertical component of the force exerted by the bat on the ball?
10-21. A ball of putty with mass 2 kg and velocity 25 m/sec strikes a wall
and sticks. The collision lasts for 0.10 sec. (a) What is the magnitude of the
average force exerted on the wall during the collision? (b) How much mechanical energy is lost during the collision? (c) What is the magnitude of the impulse
transmitted to the wall?

11
Rotational Motion
(The Dynamics of a Rigid Body)

11-1

Motion about a Fixed Axis

The motion of the flywheel of an engine and of a pulley on its axle are
examples of an important type of motion of a rigid body, that of the motion
of rotation about a fixed axis. Consider the motion of a uniform disk rotating about a fixed axis passing through its center of gravity C perpendicular
to the face of the disk, as shown in Figure
11-1. The motion of this disk may be described in terms of the motions of each of its
individual particles, but a better way to
describe the motion is in terms of the angle
through which the disk rotates. Calling
two successive positions of a point in the
plane of the disk PI and P 2 , we find the
angle of rotation by drawing radial lines
from C to PI and to P 2 . The angle 8 between these two lines is the angle through
which the disk has rotated; every point in
Fig. 11 -1 Angle of rotation of
a disk.
the plane of the disk has rotated through the
same angle 8 in the same interval of time.
The angle 8 is called the angular displacement of the body. Both the
angle 8 and the direction of the axis of rotation must be given in order to
specify properly a rotational disptacement.
In spite of the apparent similarity between the specification of a rotational displacement and a linear displacement, an arbitrary rotational
displacement is not a vector quantity, for one cannot add rotational displacements in the same way that linear displacements are added. Let us
imagine that a blackboard eraser has its length initially directed along the
x axis, and that the top face of the eraser is initially perpendicular to the
198
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yaxis. If we rotate the eraser first about the y axis by 90 0 , then about the
z axis by 90 0 , the eraser lies on its side. If the rotation is first performed
about the z axis, then about the y axis, the eraser will stand on end. The
resultant of these two operations depends on the order in which they are

x

z
Original position

y

x

x

z

z

First rotated 90° about y

Then rotated 90° about z
y

x

x

z

z

First rotated 90° about z

Then rotated 90° about y

Fig. 11-2 The result of two finite rotations depends upon the order in which they
are performed.

performed, as shown in Figure 11-2. As we have already seen, the resultant
of two vectors, or of two linear displacements, does not depend on the order
in which the sum is taken. Thus, although angular displacements involve
both direction and magnitude, angular displacements of arbitrary magnitude cannot be true vectors.
If the rotational motion is restricted to rotation about a single fixed
axis, it is possible to represent angular displacement as a vector quantity
whose direction is parallel to that axis, in accordance with the right-hand
rule previously given in the discussion of circular motion, for then the
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resultant of two angular displacements does not depend on the order of
rotations.
When the angular displacement of a body is restricted to infinitesimal
rotations, these infinitesimal rotations may be thought of as vector angular
displacements, for it may be shown that the sum of two infinitesimal rotations does not depend upon the order in which these rotations are performed.
For this reason angular velocity is a vector quantity, for it is the result of
dividing an infinitesimal angular displacement, a vector, by time, a scalar.
11-2

Kinetic Energy of Rotation

A rigid body rotating with uniform angular speed w about a fixed axis
possesses kinetic energy of rotation. Its value may be calculated by summing up the individual kinetic energies of all the particles of which the
body is composed. A particle of mass mi located at distance rl from the
axis of rotation has kinetic energy given by !mIvi, where VI is the speed of
the particle. There will be a similar term for each particle making up the
body, so that we may write, for the total kinetic energy Ck,
Ck =

so that

Ck

!ml vi + !m2v~ + ... + !mnv~,

= :L!miv7.

Each particle of a rigid body rotates with uniform angular speed w. Let us
express the instantaneous linear speed of each particle in terms of the
common angular speed. Remembering that v = wr, we substitute for v in
the above equation to find
Ck = !mIriw 2 !m2r~w2
!mnr~w2,

+

+ ... +

or
Let us denote the factor in parentheses by the letter I; that is,
I = miri

+ m2r~ + ... + mnr~,

or

(11-1)

so that the kinetic energy of the rotating body may be written as
(11-2)

The factor I is called the moment of inertia of the rotating body with
respect to the particular axis of rotation. The moment of inertia depends
upon the manner in which the mass is distributed with respect to the axis.
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Clearly, the moment of inertia will be greatest when the mass is farthe;;t.
from the axis of rotation. In the motion of rotating systems, the moment
of inertia plays a role analogous to that of the mass in translational systems
or in linear motion. Unlike the mass, which is a constant for a particular
body, the moment of inertia depends upon the location and direction of the
axis of rotation as well as upon the way the mass is distributed.
11-3

Moments of Inertia of Simple Bodies

The moment of inertia of a system of particles is given by Equation (11-1) as
I = 'Lmir; = mlri

+ m2r~ + ... + mnr~.

Let us calculate the moment of inertia of several simple distributions
of particles.

1<

m

Qj
1= m5 z

m

5

>[

•

~

p

m

52

I=my

(a)

(b)

(e)

m1+m2+m3···· .. mn = M
1= MR 2

I=MR 2

(d)

Fig. 11 -3 Moments of inertia of some bodies of simple geometrical shapes. The axis
is perpendicular to the paper and passes through P in (a), (b), and (c). In (d) the
axis is the geometrical axis of the cylinder.

Consider a small stone of mass m attached to a long weightless string
of length s, whose other end is fixed to a pivot P, as in Figure 11-3(a). Since
there is only one mass to consider, the summation reduces to a single term,
and the moment of inertia is given by I = ms 2 •
A dumbbell, consisting of two equal masses m separated by a long
weightless bar of length s free to rotate about its center of gravity at the
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point P midway between the two masses, as shown in Figure 11-3(b), has
a moment of inertia given by

A thin ring of mass M and mean radius R which is free to rotate about
its center may be thought of as a collection of segments of mass mI, m2, ma,
and so on, as shown in Figure 11-3(c), each of which is located at a distance
R from the axis of rotation. Applying Equation (11-1) to the ring, considered as a collection of particles, we find
1= m R 2 m2R2
maR2
m R2

+
+
+ ... +
(ml + m2 + ma + ... + m n )R 2,
l

=

n

and since the summed mass of the segments is equal to the mass M of the
ring, we find, for the moment of inertia of a hollow ring,

1= MR 2 •
A hollow cylinder of mass M which is free to rotate about an axis
through its center may be thought of as a stack of rings, as shown in Figure
11-3(d). From Equation (11-1) we see that the moment of inertia of a
collection of matter about a given axis is simply the sum of the moments of
inertia of each of the separate parts about the same axis. Thus the moment
of inertia of a hollow cylinder of radius R about its axis is given by the same
formula as the moment of inertia of a hollow ring, I = MR 2 , where M
now represents the mass of the cylinder.
A body which is composed of a distribution of matter rather than a
collection of mass points must be imagined as segmented into small pieces
approximating point masses. The moment of inertia is calculated by
summing the quantity mr 2 over each of the imagined segments. Better
approximations to the true moment of inertia of the body may be made by
imagining the body to be broken up into finer and finer subdivisions. In
the limit of an infinitesimally fine subdivision, the sum is replaced by an
integral, and in the language of the calculus, if dm represents the mass of
one element of the body of volume dv, located at a distance r from the axis
of rotation, the moment of inertia of the body is given by

1= Jr 2 dm.

(11-30)

If the body is a homogeneous one of density p, the mass of a small element
of volume dv is given by
dnl = p dv,
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and the moment of inertia may be written as
1=

J

pr 2 du.

(1l-3b)

For bodies of complicated shape, the evaluation of the integral may be quite
difficult, but for bodies of simple geometric shape, the evaluation of the
integral is well within the reach of an introductory course in the calculus.
Illustrative Example. Calculate the moment of inertia of a rod of length L
and cross-sectional area A about an axis perpendicular to the rod through one end,
as shown in Figure 11-4. Suppose the density of the rod is p; the volume of an

Axis of
rotation
~----L----~

a

~---x -----"~

Fig. 11-4 Determining the moment of
inertia of a rod.

Fig. 11-5 Determining the moment
of inertia of a solid disk.

element of length dx is given by A dx, and the mass dm of the element is pA dx.
The moment of inertia of this element, located at a distance x from the axis of
rotation, is dI = pAx 2 dx, and the moment of inertia of the entire rod is obtained
by summing, or integrating, the contributions to the moment of inertia of each
element of the rod. Thus

I =

L 1L
1
0

dI =

0

[x
pA:3 JL
3

2

pAx dx =

0

L3

= pA-·
3

Remembering that AL is the volume of the rod, the mass of the rod M is given
by pAL. We write for the moment of inertia of the rod about a perpendicular
axis through one end,
ML2
1=-·
3

Illustrative Example. Calculate the moment of inertia of a flat solid disk
of radius R and mass M about an axis through its center of mass and perpendicular
to the plane of the disk. Let us suppose the disk to be of thickness a, and made
of a homogeneous material of density p. To calculate the moment of inertia of
the disk, we imagine the disk to be made up of a set of nested rings, as shown in
Figure 11-5. The surface area of a ring of mean radius r and width dr is given by
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21l"r dr, and the mass dm of such a ring is the product of its volume by its density;
that is, dm = 21l"rap dr. The moment of inertia of a ring is its mass times the

square of its radius, and the contribution of the moment of inertia of anyone
such ring to the moment of inertia of the disk is
dI

= (21l"r dr ap)r 2 = 21l"ar 3p dr.

The moment of inertia of the entire disk is found by adding the moments of

Thin hollow sphere

Solid sphere

Rod pivoted at one end

Rod pivoted at its center

Hollow ring or cylinder

Solid disk or cylinder

1= rM(Rt+Rl)

1= +MR

_rt::,' .. ~''':~~'
ll,':':, :,:.·.:• . L
,-Thin rectangular sheet

1= _1_
Ma 2
12
Fig. 11-6

2

\;XiBW;;';n
I(

b
>1
Thin rectangular sheet
( Axis through p)

1= 1~ M(a +b
2

2
)

Moments of inertia of several bodies of simple geometrical shapes.
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inertia of all the rings which are imagined to constitute the disk. Thus

1 1
R

I

=

R

dI

=

3

27rapr dr

= [27ra p ~J:

R2

= 7rR2 ap - .
2

The factor 7r R2 ap may be recognized as the volume of the disk times density, or
the mass M of the disk, and we have

MR2

1=--·
2

The moment of inertia of a solid disk about a central axis perpendicular to its
face is half that of a hollow ring having the same mass and the same radius.

The moments of inertia of several bodies of simple geometric shapes
are given in Figure 11-6. The moment of inertia is a useful and important
concept in the study of the strength of materials, for it figures prominently
in formulas for the strength of such members as angles and I beams.
The units for moment of inertia are those of mass multiplied by the
square of a distance, for example, gm cm 2 , or kgm m 2 , or slugs ft 2 .
11-4

The Parallel Axis Theorem

A theorem in mechanics which is very useful in the study of rotational motion is called the parallel axis theorem which states that if the moment of
inertia of a body about an axis through its center of mass is known, the moment
of inertia of the body about any axis parallel to the first is given by the moment
of inertia about the axis through the center of mass plus the product of the mass
of the body by the square of the perpendicular distance between the two axes.
In the form of an equation we write
I

=

Ie

+ MR 2,

(11-4)

where Ie is the moment of inertia of the body about an axis through its
center of mass, M is the mass of the body, and R is the perpendicular distance from the center of mass to the axis of rotation.
Illustrative Example. Find the moment of inertia of a hollow ring about an
axis perpendicular to the plane of the ring which passes through a point on the
circumference.
The moment of inertia of a hollow ring of mass M and radius R about an
axis through its center of mass Ie perpendicular to the face of the ring has been
shown to be equal to M R 2 • The moment of inertia I of the ring about a parallel
axis through its circumference is equal to

I = Ie + MR2
= MR2 + MR2
= 2MR2.
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11-5 Torque and Angular Acceleration

In our discussion of the equilibrium of a rigid body, we found that, when
the vector sum of all the torques acting on a body is zero, the body is in
equilibrium as far as rotational motion is concerned. If an external torque
acts on the body, it will acquire an angular acceleration a. given by
(11-5)

where G is the sum of all the external torques acting on the body about
a fixed axis, and I is the moment of inertia of the body about the same axis.
Equation (11-5) may be derived from
Newton's laws of motion and represents a special form of Newton's
equation applied to rotational motion.
Suppose that a particle of mass
Fr
m is constrained to move in a circular
path by a rigid weightless rod of
length r about a point P, as shown
in Figure 11-7. An arbitrary force F
can only cause it to move in a tangential direction, for motion in the radial direction is not permitted by
the rod. If the angle between the
force F and the rod is given by (), we
Fig. 11-7
can resolve the force into a radial
component F r and a tangential component Ft. The radial component produces no torque about the axis through P, hence we need consider only
the effect of the tangential component.
From Newton's second law we may write, for the tangential component,

where at is the tangential component of the acceleration of the particle.
We have already seen that the tangential acceleration of a particle moving
in circular motion may be related to its angular acceleration a through
the equation

at = ar,
and, substituting into the equation above, we find

F t = mar.
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From Figure 11-7, the value of the tangential component of F is given by
F t = F sin 8.

Thus
F sin 8 = mar,

and, multiplying both sides of the equation by r, we find
Fr sin 8

=

mr 2 a.

The quantity Fr sin 8 on the left-hand side of the equation is exactly the
torque G exerted by the force F about the axis through P, while the quantity
mr 2 is the moment of inertia I of the particle about the same axis. Thus

G

=

la,

and we have verified Equation (11-5) for the simple case of a mass particle
constrained to rotate about a fixed axis. Note that the directions of the
vector G and of the vector a. are both perpendicular to the plane of the
paper, pointing outward, in accordance with the right-hand rule.

Fig. 11-8

Suppose we had a system of two particles ml and m2 rigidly connected
to each other and to the axis of rotation by a framework of weightless rods,
as shown in Figure 11-8. The two particles and their framework are constrained to move in circular motion with a common angular velocity and
common angular acceleration. Let the external force exerted on the
particle of mass ml be F l , the external force exerted on the second particle
of mass m2 be F2, while the forces exerted by the second particle on the first
is F 2 1, and by the first particle on the second is F l2 . From Newton's third
law these two forces must be equal and opposite to each other. Remembering that neither ml nor m2 is free to move in the radial direction, we
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apply Newton's second law to the tan/o!;ential motion of eadl

+ (F21 )t
(F2)t + (Fdt

Wl)t

pal'ti(~Je:

= ml(al)t,
=

m2(a2)t.

Let us multiply the first of these equations by rl and the second by r2.
The product (F1)trl is the torque 0 1 of the force F 1 about the axis of rotation. Similarly, the product (F21)trl is the torque 0 21 of the internal force
F21 about the axis of rotation, and we may write

0 1 + 0 21
O2

+ 0 12

=

ml(al)trl = ml r ia,

= m2(a2)tr2 = m2r~a.

Since F 21 and F 12 are directed along the same straight line in opposite
directions, and since they have equal magnitudes, the torques G21 and 0 12
are equal and opposite:
0 12 = -021 ,
Adding the two equations, we find
01

or

+ O2 =

(mlri

+ m2r~)a,

0= Ia.

Once again we have verified Equation (11-5), that the sum of the external
torques acting on a rigid body is equal to the product of the moment of
inertia by the angular acceleration. Following the same procedure, the
equation may be shown to be true for an arbitrary number of mass particles
connected by a rigid framework and hence for a continuous rigid body.
The equation G = I a., is the rotational counterpart of the equation
F = M a. The only assumption which has been introduced in the study of
rotational motion is that the rotating body is a rigid one in which the force
exerted by one part of the body on another lies along the line joining the
two parts. We see also that the rotational equilibrium of a rigid body is a
special case of Equation (11-5). A rigid body is in rotational equilibrium
when its angular acceleration is zero, and hence when the sum of the external torques acting upon it is zero. This is exactly analogous to the translational equilibrium of a rigid body, which may be considered as a special
case of the equation F = Ma, for a body is in translational equilibrium when
its acceleration is zero, and hence when the sum of the external forces is
zero.
Illustrative Example. A disk 30 em in diameter and having a mass of 900 gm
is mounted so that it can rotate about a fixed axis passing through its center, as
in Figure 11-9. A mass of 200 gm hangs from a string which is wound around
the disk. Determine (a) the acceleration of the 200-gm mass, (b) the angular
acceleration of the disk, and (c) the tension in the string.
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To solve the problem we first examine the figure to establish a simple sign
convention. The weight will be accelerated in the downward direction by the
force of gravity, and at the same time the
disk will be caused to rotate in a clockwise 22;%~~~~222:~r4~222:~
direction. Let us call the clockwise direction
the positive direction of rotation, and the downward direction the positive direction of translation. From the nature of the force which can be
exerted by a string, the upward force exerted by
the string on the falling mass must be equal in
magnitude to the downward force exerted on
the disk by the string. We shall call the magnitude of this force S and indicate the directions
on the diagram. From the nature of the constraints, we note that the only way the mass
can receive a given downward displacement
is for a length of string to unroll from the disk.
If the radius of the disk is R, the disk must
receive an angular displacement () when the
mass is displaced by a distance s such that
s = () R. Note that the directions of the angular and linear displacements as well as their
magnitudes are related by this equation, for a
positive value of s implies a positive value of
Fig. 11-9
(). Thus we have v = wR and a = OIR, where
v and a are the velocity and acceleration of
the mass, positive downward, and wand 01 are the angular velocity and angular
acceleration of the disk, positive clockwise. With the relationships of constraint and the sign conventions established, we proceed to a formal solution of
the problem.
Let us first consider the forces acting on the 200-gm mass. From Newton's
second law we can write
mg - S = ma.

s

s

N ow let us consider the rotation of the disk. The only force acting on the
disk that exerts a torque about the axis of rotation through C is the pull of the
cord S. If R is the radius of the disk and I is its moment of inertia, we find, on
substituting in Equation (11-5),
G = SR = lOI,
and, since
we have

a

=

OIR,

SR

=

la.

R

Substituting the value of S into the first equation, we find

la

mg-~=ma

R2

'
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and, solving for a, we find
mg

a

= ----"-

I
m+R2

The moment of inertia of a uniform disk about an axis through C is I = M R2 ,
2
so that

mg

a

= ----

m+

M/2

The numerical values are m = 200 gm, M = 900 gm, R = 15 em, and g = 980
cm/sec 2, and we find
(a)

a = 309 em .
sec 2 '

(b)

a = -

(c)

S

a

R

=

=

so that

S

=

2

=

m(g -

radians
0.5 - - - ;
sec 2
a)

em
200 gm X (980 - 309) - 2 ,
sec
134,800 dynes.

The tension in the cord is less than the weight of the 200-gm mass hanging from
its end.

11-6

Rotational Energy, Work, and Power

Whenever a rigid body is set into rotation about an axis, work is done by
the torques acting on it to increase its kinetic energy of rotation. Suppose

Fig. 11-10 The work done by a constant
torque G when it acts through an angle
do is G do.

that a force F acts on the rim of a wheel of radius r and rotates the body
through an angle dO, as shown in Figure 11-10. The displacement of the
wheel is r dO, and the work done by this force is
dJr = Fr dO;
but
therefore

Fr = G;
dJr = G dO,

(11-6a)
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or the work dJr done by a torque G is equal to the product of the torque
and the angle dO through which it acts.
Just as in the case of the work done by a force, the work of an applied
torque is done by the component of the torque parallel to the axis of rotation. In vector notation, if a torque G produces a rotation d6, the work
done is

[0r

= G

.d6·1

(11-6b)

If a constant torque acts on a rigid body which is rotating about a fixed
axis, then, from the principle of conservation of mechanical energy, assumingno loss due to friction, the work done by the torque will produce a
change in the kinetic energy of the body given by

Jr

GO

=

!Iw; - !Iw7,

=

(11-7)

in which WI is the final angular speed of the body, Wi is the initial angular
speed of the body, and 0 is angular displacement through which the torque
has acted.
Illustrative Example. The flywheel of a steam engine whose moment of
inertia is 72 kg m 2 is given an angular speed of 150 rpm in 90 rev, starting from
rest. Determine the torque, assuming it to be constant, which acted on the flywheel.
The angle 0 through which the torque acted is

o=

90 X 211" = 1R01l" radians.

The final speed of the flywheel is
WI

rev
min

1 min
60 sec

211" radians
1 rev

= 150- X - - X - - - radians
sec

= 511"---'
Applying Equation (11-7) to the solution of the problem,

G X 18011"

=

!

X 72 kg m 2 X 2.511"2

~,
sec

G = 15.7 nt m.

If the constant torque G is applied for a time dt to the rotation about a
fixed axis, then we may find the power r? by dividing both sides of Equation
(1l-6b) by the time dt,
dJr
d6
r?=-=G·dt
dt

r?

=

G

·00.

(II-Sa)
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When the torque is parallel to the axis of rotation,
{?

= Gw,

(11-8b)

for, by definition, the angular velocity is equal to the angular displacement
divided by the time. Thus the power {? expended by a constant torque G
applied for a time t is equal to the product of the torque by the angular
velocity. Equation (11-8b) is the rotational analogue of the equation
(? = Fv.
Illustrative Example. A i-hp motor is designed to operate at a speed of
What is the torque which the shaft of the motor can exert when
operating at the rated speed?
1,750 rpm.

.
IS

The power delivered by the motor is i X 550 ft lb , while its angular speed
271" radians
...
.
sec
1,750 X - - - - . Substltutmg m EquatIOn (1l-8b), we find
60 sec

11-7

550 ft lb
2 sec

=

G X 1,750 X 271" radians,
60 sec

G

=

1.50 Ib ft.

Angular Momentum and Angular Impulse

A rigid body rotating with angular velocity (I) about a fixed axis has an
angular momentum Po about this axis given by
Po = 1(1),

(11-9)

where I is the moment of inertia of the body about this axis. Note that
since the angular velocity about a given axis is a vector quantity which lies
parallel to the axis of rotation, in a direction given by the right-hand rule,
and the moment of inertia about this axis is a scalar quantity, the angular
momentum is a vector quantity. To change the angular momentum of a
body, an external torque must be applied to it. Remembering that the
instantaneous angular acceleration is given by the derivative of the angular
velocity with respect to the time, we may write Equation (11-5) as

G = I d(l) = dU (I))
dt
dt

•

Substituting Po for 1(1) from Equation (11-9), we have
G

=

d

dt (Po),

(11-10)

or the torque acting on a rigid body is equal to the rate of change of the
angular momentum. Although Equation (11-10) was here derived for a
rigid body, it may be shown that a system of particles obeys the same rule;
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that the rate of change of the total angular momentum of the system of
particles is equal to the sum of the external torques acting on the system
of particles. In the absence of external torques, the angular momentum of a
rigid body must be constant; that is, there is no change in the angular momentum of a rigid body when the sum of the external torques is zero.
This is known as the principle of conservation of angular momentum, and,
like the principle of conservation of energy and the conservation of linear
momentum, is one of the most important general principles of mechanics.
Just as in the case of linear motion, we may treat impulsive motion in
the case of rotation by examining the incremental form of the equation
relating the torque to the rate of change of angular motion. We may write
G

=

~po,
~t

and, multiplying through the equation by the time interval ~t during which
the torque G is applied, we find the angular impulse ~Jo to be
~Jo

= G ~t =

~po.

(11-11)

Thus the change in angular momentum is equal to the angular impulse.
An example of angular-momentum changes due to an angular impulse
is the operation of the clutch in an automobile where a rotating disk connected to the engine engages a second disk connected to the rear wheels.
Since the angular momentum is a vector quantity, a rigid body set
spinning on its axis will maintain its direction of rotation as well as its
angular speed, providing no external torque acts on it.
Examples of the operation of the principle of conservation of angular
momentum are numerous, in everyday life as well as in astronomy and in
atomic and nuclear physics. The force exerted by the sun and by other
celestial bodies on the earth is directed through the center of the earth
(to a good approximation) in accordance with Newton's law of universal
gravitation. Since the axis of rotation of the earth passes through its center,
these forces exert no torque on the earth about its axis of spin. Consequently, the angular momentum of the earth and the length of the day are
constant.
Consider a stone attached to the end of a string being whirled in a
horizontal circle. If the string is made to wind itself around a vertical stick,
becoming shorter with each revolution, the stone is observed to whirl with
increasing angular speed as the string winds itself up. As the string becomes
shorter, the moment of inertia of the stone about its axis of rotation is
decreased. Since the force exerted on the stone by the string is in the radial
direction, there is no external torque exerted by the string on the stone.
Its angular momentum remains constant, but the decrease in moment of
inertia must be accompanied by an increase in its angular speed.
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A cat manages to fall on its feet, a diver can land in the water headfirst,
an ice skater can execute a pirouette on the toe of one skate, all through the
action of the principle of conservation of angular momentum. The principle of conservation of angular momentum explains why the changing
mass distribution of the earth, as the result of volcanoes, tides, and winds,
affects the instantaneous speed of rotation of the earth on its axis. In
atomic and nuclear physics the atom or nucleus is acted upon by external
forces which act through the center of mass of the system. The angular
momentum of an atom or nucleus about its center of mass is constant, and,
in fact, the value of the angular momentum of an atom or a nucleus is one
of the more important pieces of information which can be used to describe
atomic or nuclear systems.
11-8

Rolling Motion

The motion of a wheel which is rolling along the ground, without slipping,
can be considered in one of two ways: either as a rotation of the wheel about
an axis through its center of gravity C and an additional translational
motion of the entire wheel with the same velocity as the center of gravity,

v

Fig. 11-11

Wheel rolling on the ground.

w is the angular velocity and v is the linear

velocity of the center of gravity.

as shown in Figure 11-11, or as a rotation of the wheel about an instantaneous axis through the point of contact 0 between the wheel and the
ground. A point in the body which is on the instantaneous axis is mo:"
mentarily at rest. The instantaneous axis itself moves forward as the
wheel moves forward, but it always remains parallel to itself and to the
axis through the center of gravity. The angular velocity of the wheel
about the instantaneous axis is the same as that about the axis through the
center of gravity.
The general motion of a rigid body may be thought of as made up of
two parts: one a motion of translation of the center of gravity, with the
entire mass of the body acting as though it were concentrated there, and
the other a motion of rotation of the body about an axis through the center
of gravity. The angular velocity and angular acceleration are calculated
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by taking the torques and the moment of inertia about an axis through
the center of gravity. The linear velocity and the linear acceleration of
the center of gravity are then calculated by considering all the forces as
though they acted through the center of gravity, and by applying Newton's
second law of motion to this case.
Illustrative Example. A disk of radius R and mass M rolls without slipping
down an inclined plane of height h. Discuss the motion of the disk.
There are three forces acting on the disk, its weight M g, the normal force N
perpendicular to the plane and passing through the center of the disk, and the

Fig. 11 -12

Disk rolling down an inclined plane.

frictional force F acting parallel to the plane at the point of contact 0, as illustrated in Figure 11-12. The instantaneous axis of rotation passes through point
and is perpendicular to the plane of the disk.
Let us determine the torques about the instantaneous axis through 0. Since
both F and N pass through 0, they contribute nothing to the torque about the
axis through 0. The moment arm of the force M g with respect to the axis through
is R sin e/>, where e/> is the angle of the inclined plane. Hence the torque equation
becomes
MgR sin e/> = Ia.

°

°

From the parallel axis theorem, the moment of inertia of the disk about an axis
through is
I = Ie + MR2,

°

where leis the moment of inertia about the center of gravity.
torque equation for a, we find
a=

MgR sine/>
I

and the acceleration of the center of gravity a is given by
a =

aR

=

MgR2sine/>.
I

Solving the
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HiI' interel'ting to eoltlpare the linear aeee!eration of the center of gravity of a
,;oJid dil'k of mm;,; M with a hollow ring of the ,;ame mal'R. Note that the analYRis
thus far does not specify whether the disk iR solid 01' hollow. For a solid disk we
have seen that Ie = ~MR2, while for a hollow ring of the same mass and radius,
Ie = MR2, so that for a solid disk I = !MR2, while for a hollow ring I = 2MR2.
Thus for a solid disk
a = jg sin ¢,
while for a hollow ring
a

~g

=

sin ¢,

so that a solid disk will roll down an incline with greater acceleration than a
hollow disk of the same radius. Nate that neither the mass of the disk nor its
radius appears in the expression for the acceleration. Thus all solid disks will
roll down an inclined plane faster than all hollow rings. A Rimilar relationship
may be found for spheres.
It may be observed that the linear acceleration a of the center of gravity is
less than the acceleration of a body which slides down a similar but frictionless
inclined plane.
It is instructive to consider this problem from the energy point of view.
If the disk rolls down the incline without slipping, there is no energy lost in doing
work against the frictional force. If the disk starts at the top of the incline with
zero kinetic energy, its total energy is its potential energy Mgh. At the bottom of
the incline its energy is all kinetic. We may calculate the kinetic energy in two
ways. First, let us consider that the motion of the disk at the bottom of the
incline consistR of rotation about the instantaneous point of contact. . Let us
consider the motion of a solid disk, whose moment of inertia about a point on its
rim is I = !M R2. The kinetic energy is all rotational about the point of contact,
and we have
Mgh =

Hw

Mgh

tMR2w 2,

=

2

,

2
4gh
w = --,

3R2

W =

~34~~,

where w is the angular speed of the disk at the bottom of the incline.
Now let us consider the rolling disk, alternatively, as having its energy made
up of two parts. The motion may be thought of as a translational motion of the
center of gravity with kinetic energy ~MV2, and a rotational motion about the
center of gravity with kinetic energy Hw 2 • The moment of inertia of a solid disk
about its center of gravity is I = ~ M R2. The total kinetic energy of the disk at
the bottom of the incline is therefore given by

Ck

=

~MV2

+ Hw 2,

and, remembering that the linear velocity of the center of gravity is related to the
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angular velocity of the disk by

v = wR,
the kinetic energy becomes

Ck

=

tMw 2R2

+t

X tMR2 X w2,

Ck = !MR 2w 2,
exactly as before.
11-9

Rotational Motion and Linear Motion

In Section 6-6 we have already seen that many of the equations developed
for linear motion could be transcribed to the problem of angular motion
simply by replacing the symbols used to describe linear motion by a set of
symbols appropriate to angular motion. From the present chapter it is
possible to display some additional analogues. Thus in rotational motion
the moment of inertia I plays a role analogous to that of the mass M in
linear motion. The angular momentum I co plays a role analogous to that
of the linear momentum A1v. The torque G and the force F play analogous
roles. It is instructive to transcribe a number of the equations which have
been thus far developed to display the similarity of the equations frequently
used in mechanics for both linear and angular motions, as in Table 11-1.
The formulas in the table have been somewhat simplified over the formulas
developed in the text. In particular, the formulas are all indicated as
relating scalar quantities, and the displacement and velocity are assumed
parallel to the force in the equations for work and power.
Although there are analogous quantities used to describe linear motion
and rotational motion, it must be recognized that these quantities represent
quite different things. The mass is a constant quantity and is independent
of the position of any coordinate frame, but this is distinctly not true of the
moment of inertia. The moment of inertia is a different number for every
different axis of rotation, whether the difference is due to position or to
orientation. Similarly, it is difficult to conceive just how one might transport mechanical energy in the form of linear kinetic energy in a package,
yet every engine has a flywheel which carries rotational kinetic energy.
The behavior of a system having linear momentum in response to an
applied force is very similar to the behavior of the system at rest to the same
applied force. We shall see in the next section that the way a system having
angular momentum responds to an applied torque is far more complex and
more interesting.
11-10

The Gyroscope

We have stressed the fact that the angular momentum of a rigid body about
an axis remains constant unless acted on by an external torque. In the
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TABLE 11-1

Linear Motion
x

=

Angular .Motion
8 = wt
W = Wi + at
8 = wit + tat 2

ilt

v=u+at
x = ut + tat 2
2

V

=

U

w = w7 + 2018

+ 2ax

2

2

_ u+v
v=--

_ Wi +W
W=---

2

F

=

2

0= Ja

ma

Fs
t? = Fv
Ck = tMv 2
P = mv

)f/=(J8

)f/ =

t?

=

Gw

Ck

=

Hw 2

pe = Jw

F

=

dp
dt

0= dpe
dt

J

=

t::..p

Je = t::..pe

x.

corresponds to

.8

v.

.w

a.

.01
.0

F.
M.
p.

.J
.pe

J.

.Je

previous sections we considered the change in angular momentum about
the same axis as the original direction of the angular momentum. The
direction of the torque vector was parallel to the direction of the angular
momentum vector, and the change in the angular momentum vector was
always an increase or a decrease in its length. Let us consider now the
implications of a change in the direction of the angular-momentum vector.
Suppose that a bicycle wheel is mounted on an axle which protrudes
beyond the end of the wheel, as shown in Figure 11-13 and that it is
spinning in such a direction that its angular-momentum vector is nearly
in the direction of the positive x axis. Let us rotate the axle through a
positive angle t::..8 in the x-y plane, as shown in Figure 11-14. Since the rotation is in a direction perpendicular to the direction of spin, the angular
speed w with which the wheel is spinning on its axle will not be altered, and
the angular-momentum vector after the wheel has been rotated will be of
the same length as before but will now point in a different direction. The
change in the angular momentum t::..po will be a vector directed from the
head of the initial angular-momentum vector to the head of the final angu-
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lar-momentum vector. Remembering that the torque is equal to the rate
of change of the angular momentum,
G

=

dpo,
dt

z

s

y

>---x

Axis
B w

Fig.ll-13

Iw=Pe

>-

Gyroscope.

which, for small increments in time /::,.t, may be written as
G = /::"Po.
/::"t

We see that the torque required to produce the rotation /::,.(J must be parallel
to the change in the angular momentum and must be in the y direction.

y

z

Fig. 11-14

x

(Pe)initial
In other words, to produce a rotation of the bicycle wheel about the z axis
requires that a torque be applied about the y axis. Such a torque would
produce a rotation about the y axis if the body were not spinning. If the
rotation /::,.0 is produced in a small time interval /::"t, at a uniform rate n
(capital omega), then
/::,.0

=

Sl (/::"t).

220

§11-10

ROTATIONAL MOTION

Referring again to Figure ll-Ue, for small angular displacement,
APe

A()=-,

Pe

and, substituting from the above equation for M, we have
pen (At) = APe,
APe
pen = = G,
At
fwn = G.

(l1-12a)

Thus the applied torque G is equal in magnitude to the product of the spin
angular momentum by the angular speed with which the axis of rotation is
itself rotated. A rotation of the spin axis is called precession. In this
example the direction of spin is parallel to the x axis, the direction of the
rotation of the axis is in the z direction, while the direction of the torque
which must be applied to produce the rotation is in the y direction. We
might write this in terms of the vector produet
as

G = !1xPe,

or

G

=

f!1xCl>,

(11-12b)

showing that the torque vector is perpendicular to both the spin vector Cl)
and the precession vector !1.
Let us re-examine the problem by considering the effect of a torque on
the bicycle wheel. Suppose that the left end of the axle of the bicycle wheel
is supported by a string which is hung from the ceiling, as shown in Figure
11-13. Once the wheel has been set in motion, spinning about its axle,
the forces acting on it are its weight W, acting through the center of gravity,
and the tension in the string S. The torque produced by these forces about
a horizontal axis through A perpendicular to the plane of the figure (in
the positive y direction) is of magnitude W s, where s is the distance from
the center of gravity to A. This torque will produce a change of angular
momentum per unit time in accordance with Equation (11-10). The vector
representing the change of angular momentum per unit time will be parallel
to the torque vector and hence in the positive y direction, directed into the
plane of the paper.
Suppose we consider a very small time interval At during which this
torque acts. The wheel must receive an increment of angular momentum
APe = G(At), and in Figure 11-14 we add this increment of angular momentum to the initial angular momentum to find the final angular momentum of the wheel. We see that in the time At the final angular-momentum
vector has been rotated by an angle A() about the vertical or z axis. The
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average angular speed with which the axis has been rotated ~2 = D.()/ D.t is
the speed of precession. The forces Sand W continue to act, and the
rotational motion of the axle of the bicycle wheel will continue in a horizontal plane. Note that our first impression would be to assert that the
wheel would tend to be twisted by the forces Wand S so that the axle
should tend to hang vertically. The rotating wheel is sometimes called a
gyroscope, and the motion analyzed above is called gyroscopic motion.
Any rotating body can be considered as a gyroscope. When a torque
acts to change the direction of spin, precessional motion will occur. The
earth's axis of rotation precesses in the heavens in a circle of 23.5° radius
with a period of 26,000 years. The torques which cause the axis of rotation
to precess are due primarily to the gravitational attraction of the sun and
moon on the earth's equatorial bulge. The motion of a top whose axis of
spin is inclined to the vertical is a common example of precessional motion.
When the top is not spinning, it is in unstable equilibrium when resting
on its point. When the top is spinning, its most stable position is one in
which its center of gravity is directly above the point of support, and when
a spinning top is thrown, it climbs to this position in apparent disregard for
equilibrium conditions; this is owing to the friction between the peg of the
top and the surface. The propeller of an airplane acts like a gyroscope, and
when the airplane turns the gyroscope will precess, unless the airplane has
its propellers in pairs which rotate in opposite directions, so that the total
angular momentum due to spin is zero.
Whenever any piece of rotating machinery is mounted on a moving
platform, such as a ship or an airplane, the bearings of that machine must
exert a torque on the shaft of the machine so that it will precess in the
direction in which the platform is turning. The greater the rotational
speed and the spin angular momentum, the greater is the torque required,
according to Equations (11-12). For this reason, motors mounted on board
ships or aircraft must have specially designed bearings, capable of withstanding far greater loads than would be required of the same appliance if
the machine were used on a stationary platform.
If a gyroscope is mounted on earth so that its axis is parallel to the
axis of rotation of the earth, that is, in a north-south direction, the rotating
earth does not change the direction of the axis of rotation of the gyroscope
in space, and there is no tendency for the gyroscope to precess. If the
gyroscope is mounted with its axis in some other direction, the rotation of
the earth will cause the gyroscope to precess, so that the direction of the
true north can be recognized from the behavior of a rotating gyroscope.
This is the basis of the gyrocompass.
Gyroscopic motion is the basis of the behavior of the bicycle. If a
rider leans to the left, the front wheel of a bicycle will turn to the left as
though to catch the rider in his fall. The discussion based on Figure 11-13
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is suitable to a discussion of the behavior of a bicycle advancing in the -y
direction in which the rider leans to his left. From Figure 11-14 we see
that the front wheel will turn into the rider's fall. A novice learning to ride
must learn to let the bicycle do his thinking for him, while the skilled cyclist
can ride without touching the handle bars by shifting his weight from side
to side.
Problems

11-1. The flywheel of a gasoline engine is built in the form of a uniform disk
of radius 1 ft and weighs 75 lb. The flywheel is rotating with an angular speed
of 3,300 rpm. Determine the kinetic energy of the flywheel.
11-2. A small copper disk of 15 cm radius and 350 gm mass is rotating with
an angular speed of 12 radians/sec about an axis through its center. Determine
(a) the kinetic energy of the disk and (b) its angular momentum.
11-3. A pulley 6 in. in diameter is mounted so that it can rotate about a
fixed axis through its center. The pulley weighs 12lb and has a moment of inertia
of 0.02 slug ft 2 • A constant force of 3 lb is applied to the rim of the pulley by
means of a cord wrapped around it. Determine (a) the angular acceleration of
the pulley and (b) the angular speed it has at the end of 10 sec, assuming that the
pulley was initially at rest.
11-4. Find the moment of inertia of a dumbbell consisting of two spheres of
radius 10 cm connected by a cylindrical rod 1 cm in radius and 50 cm long about
an axis through the center of gravity perpendicular to the rod. The dumbbell
is made of iron of density 7.8 gm/cm 3 •
11-5. Prove the parallel axis theorem for the case of two equal point masses.
11-6. A wheel in the form of a uniform disk of mass 900 gm and radius 8 cm is
mounted so that it can rotate about a fixed horizontal axis passing through its
center. A cord is wrapped around the circumference of the wheel, and a mass of
50 gm is attached to its free end. (a) Determine the angular acceleration of the
wheel when it is released. (b) Determine the linear acceleration of the 50-gm
mass. (c) Determine the tension in the cord. (d) Determine the angular velocity
of the wheel at the end of 5 sec. (e) Determine the kinetic energy of the entire
system when the mass has fallen through a distance of 10 cm.
11-7. A wheel having a radius of 6 cm is mounted so that it can rotate about.
a fixed horizontal axis passing through its center. A cord wrapped around the
circumference of the wheel has a mass of 250 gm attached to its free end. When
allowed to fall, the mass takes 5 sec to fall a distance of 100 cm. Determine (a)
the angular acceleration of the wheel and (b) its moment of inertia.
11-8. A rod 50 cm long and weighing 5 lb is pivoted at one end. The rod is
raised to a horizontal position and released. (a) What is the angular velocity
of the rod when it is at an angle of 45° with the horizontal. (b) What is the
angular acceleration of the rod at the same deflection?
11-9. A solid cylinder 2 ft in diameter and weighing 64 lb starts at the top of
a rough plane 24 ft long and inclined at an angle of 30° with the horizontal and
rolls down without slipping. (a) How much energy did the cylinder have at the
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top of the hill? (b) How much energy will it have at the bottom of the hill? (c)
Determine its angular velocity at the bottom of the hill.
11-10. Show that Kepler's law of areas (Section 6-14) is consistent with the
law of conservation of angular momentum, for circular orbits.
11-11. A steel hoop rolls without sliding down a plane inclined at an angle
of 30° with the horizontal. The mass of the hoop is 600 gm, and its radius is
8 em. Determine (a) its moment of inertia about its instantaneous axis of
rotation, (b) its angular acceleration, (c) the force of friction between the hoop
and the plane, and (d) the linear velocity of the center of the hoop when the hoop
has rolled 1 m down the incline.
11-12. A gasoline engine develops 75 hp when turning at 3,300 rpm. Determine the torque delivered by this engine to the drive shaft.
11-13. A solid spherical ball of radius 1 ft is rolled toward a curb of height
4 in. What must be the speed of the center of gravity of the ball if the ball is to
jump the curb?
11-14. A boy weighing 100 lb stands at the center of a brass turntable 6 in.
thick and 10 ft in diameter. The turntable is rotated with an angular speed of
1 radian/sec. The boy walks out along a radius to a point 5 ft from the center of
the turntable. What is the angular speed with which the disk is now rotating?
The density of brass is 8.6 gm/cm 3 •
11-15. A solid disk having a mass of 1 kg and a radius of 2 em is wrapped with
string. The free end of the string is supported from a point in the ceiling, and the
disk is released. Determine the angular speed of the disk when the center of
gravity of the disk has fallen 1 m.
11-16. A top having a moment of inertia of 5,000 gm cm 2 is spinning at a
speed of 25 rev/sec at an angle of 30° with the vertical. The top has a mass
of 500 gm, and its center of gravity is 4 em from its point. The spin is counterclockwise, as seen from above. (a) What is the angular velocity of precession of
the top axis? (b) As seen from above, is it clockwise or counterclockwise?
11-17. A unicycle has a wheel 36 in. in diameter and a mass of 1 slug. N eglect the weight of the seat and frame. A man weighing 150 lb sits on the unicycle,
so that his center of gravity is 4 ft from the bottom of the wheel, and pedals the
unicycle until it is moving with a speed of 20 ft/sec. The man leans to his right
so that man and cycle make an angle of 1° with the vertical. What is now the
direction and angular speed of precession of the axle of the unicycle?
11-18. A satellite of mass 10 kg is launched at the equator due north with a
velocity of 10 6 m/hr. The satellite is to fly along the surface of a sphere of radius
6.5 X 10 6 m concentric with the earth. (The earth's radius is approximately
6.4 X 10 6 m.) When the satellite reaches 37° north latitude, what are the
components of its velocity with respect to the earth (a) in the north-south direction, and (b) in the east-west direction? Assume that the satellite experiences
no drag. Take into account the necessity to conserve angular momentum.
11-19. When a car is going forward, the engine and flywheel are rotating
counterclockwise as viewed by the driver. In which direction will the car tend
to go if the front wheels are suddenly lifted by a bump in the road?
11-20. Discuss the motion of an airplane whose propellers suddenly stop
rotating from the point of view of the conservation of angular momentum.
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11-21. A man sits on a piano stool holding a spinning bicycle wheel in his
hands. The axis of the bicycle wheel is directed vertically. He turns the wheel
end for end while remaining seated, and finds that he begins to rotate in the same
direction that the wheel was spinning originally. Why? What happens if he
once again reverses the wheel?
11-22. A man sits on a piano stool which is at rest. The man and stool have
a weight of 200 Ib, and may be approximated by a vertical cylinder of radius 1 ft.
The man catches a 5-oz baseball moving horizontally with a speed of 80 ft/sec
at a distance of 1 ft from the axis of rotation of the stool. (a) What is the angular momentum of the baseball with respect to the axis of the stool at the instant
it is caught? (b) What is the angular velocity of the system consisting of the
man, stool, and ball after the ball is caught?
11-23. Show that the moment of inertia of a thin rectangular sheet of sides
a and b is I = l2 M a 2 , when the axis of rotation lies in the plane of the sheet,
through the center of mass, and is parallel to the side b, as in Figure 11-6. [HINT:
Start with the expression for the moment of inertia of a rod and integrate.]
11-24. Find the moment of inertia of a thin flat sheet cut in the form of the
quadrant of a circle of radius R with respect to an axis normal to the plane of the
quadrant and passing through the center of the circle.
11-25. A 2-kg mass is suspended from a string which is wound over the axle
of a wheel. It is observed that the mass has a downward acceleration of 2 m/sec 2•
The radius of the axle is 0.05 m and the radius of the wheel is 1.5 m. At t = 0
the system is at rest. (a) What is the angular acceleration of the wheel? (b)
What is the angular velocity of the wheel at t = 5 sec? (c) What is the radial
acceleration of a point on the rim of the wheel at t = 5 sec? (d) What is the
moment of inertia of the wheel and axle?
11-26. A solid sphere of radius 10 cm and mass 250 gms rolls without slipping
down an inclined plane which makes an angle of 37° with the horizontal. (a)
What is the lineal' acceleration of the center of mass of the sphere parallel to the
plane? (b) What is the angular acceleration of the sphere about an axis through
its center of mass? (c) What is the angular velocity of the sphere about an axis
through its center of mass when the sphere has rolled a distance of 5 m down the
incline (measured along the incline)?
11-27. An electric motor which turns at a speed of 3600 rpm has an armature
of mass 10 kg. The armature may be approximated by a solid cylinder of radius
5 cm. The motor is mounted on an airplane which turns to the right through a
90° arc in 15 sec. Assume that the airplane turns without banking. What is
the magnitude and direction of the torque exerted on the spinning armature by
the bearings if (a) the axis of the motor is mounted vertically? (b) the motor
is mounted horizontally with its axis parallel to the wings? (c) the motor is
horizontal with its axis perpendicular to the wings?

12
Periodic Motion

12-1

Introduction

One of the more important problems in mechanics is the study of periodic
motions, that is, motions which repeat themselves in regular intervals of time,
called the period. An example of periodic motion which we hrNe already
encountered is uniform circular motion, in which the velocity and acceleration of the body at a given angular position were always the same. If a
particle was found at a given position at a time t, we could be sure that it
would return to that position at time t
T later, where T was the period
of the rotational motion. A body in uniform circular motion moves under
the influence of a varying force, the centripetal force, which, though constant in magnitude, varies in direction. In general, an object moving in
periodic motion must move under the influence of a varying force which is
directed to some equilibrium position or to some neutral position. In
uniform circular motion this position is the center of the circle.
There are many other types of periodic motion. Among these are the
oscillations of a weight attached to a vertical spring, the motion of a simple
pendulum, and the oscillations of the balance wheel of a watch. A glass
marble bouncing up and down on a hard steel anvil represents such a
motion; see Figure 12-1(a). If the collision between the marble and the
anvil is perfectly elastic, the marble rises after each collision to the height
ho from which it was dropped. The motion is perfectly repetitive, as shown
in Figure 12-1(b), where the height h of the marble has been ploUed as a
function of time. We see that the graph is really a succession of parabolas
displaced along the time axis by the period T. In actual practice it is not
possible to achieve a perfectly elastic collision between the marble and the
anvil. The marble loses a fraction of its energy on each collision, and
the motion is not perfectly periodic, as shown by the dotted lines in Figure 12-1(b). The interval between successive impacts becomes shorter and
shorter, and the motion is known as an aperiodic motion, that is, nearly
but not quite periodic.
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Other examples of oseillating motion inelude the movement of a piston
in a gasoline engine, the vibrations of a string of a musical instrument, of
the wingtips of an airplane in flight, and of a building or a suspension bridge
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Fig. 12-1 (a) Ball bouncing off an anvil. (b) Periodic motion (solid line) of a perfectly elastic marble bouncing on a rigid anvil, and the aperiodic motion (dotted line)
of a glass marble on a steel anvil.
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Fig. 12-2 Harmonic motion. (a) Graph of a series of damped oscillations.
(b) Graph of simple harmonic motion.

in a high wind, and the bobbing of a ship or of a bell buoy. Many of these
motions can be described by the use of a combination of sine or cosine
functions of time and are consequently called harmonic motions. The simplest of these motions follows a single sine or cosine curve and is called
simple harmonic motion. Examples of harmonic motion and simple harmonic motion are shown in Figure 12-2.
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Elasticity

In an earlier discussion of collision problems, we used the word elastic to
describe a process in which mechanical energy was conserved. In the present section the word "elastic" will be used to describe a different but
related property of matter. When a force is applied to a solid body made
of anyone of a great variety of materials, the shape of the body is altered
in a nonpermanent way. When the force is removed, the body returns to
its original shape, as in the example of a coil spring. In general, the body
deforms until the restoring force exerted by the body is equal and opposite
to the applied force. Experiments conducted by Robert Hooke (1635-1703)
showed that the nonpermanent deformation of many bodies was directly
proportional to the force which created the deformation. The name
Hooke's law is applied to all cases where the restoring force exerted by a deformed object is proportional to the deformation. Many materials follow
Hooke's law over a limited range of deformation, and one finds that, over
this range of applicability of Hooke's law, an object returns to its initial
configuration without permanent deformation when the applied force is
released. Such materials are called elastic. In neither sense of the uses
to which we have put the word "elastic" is rubber a perfectly elastic material, for the deformation of a rubber band is not proportional to the
applied force, nor is the impact between a rubber ball and an anvil a collision in which mechanical energy is conserved.
We have already seen that a helical spring stretches in proportion to
the applied force, but we need not restrict ourselves to linear motion. In a
clock spring, or a rod clamped at one end, the angular displacement is
proportional to the applied torque tending to twist the rod or the spring.
To describe the elastic restoring force exerted by a stretched spring
or by a beam which is deflected from its equilibrium position, we may write

IF

=

-lex,

I

( 12-1)

which states that the force F exerted by the spring or the beam is proportional to the displacement x and is in a direction opposite to that displacement, hence the minus sign. The spring constant k is a constant of proportionality which has the dimensions of force per unit length.
To describe the elastic restoring torque of a clock spring or a twisted
shaft, we may write
(12-2)
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where G is the restoring torque exerted by the spring or shaft when it has
been twisted from its equilibrium position through an angle 9. We represent 9 as a vector quantity in this case, for the axis of rotation is fixed in
space. The torque exerted by the spring is opposite in direction to the
displacement. The constant K (kappa) is a constant of proportionality
which has the dimensions of torque per unit angular displacement.
When an object obeying Hooke's law, as represented in Equations (12-1)
and (12-2), is displaced from its equilibrium position and released, the subsequent motion is simple harmonic. An elastic system in which the restoring
force is directly proportional to the displacement is said to obey Hooke's
law. The forces exerted by the materials from which engineering structures
are constructed are elastic in character. The forces exerted by adjacent
atoms in a molecule may be approximated by Hooke's law. The study of
simple harmonic motion is thus of considerable importance in engineering
as well as in the physics of atoms and molecules.
12-3

Equations of Simple Harmonic Motion

Let us consider simple harmonic motion along the x axis. In the previous
paragraph we have indicated that motion in which the restoring force was
proportional to the displacement was simple harmonic; that is, the motion
could be described in terms of sine or cosine functions. If a particle of
mass m is subject to an elastic restoring force, we may write, from Newton's
second law and from Equation (12-1),
ma

=

-kx,

". f" or a Its
" vaIue usmg
"h
"f
an d ,wntmg
t e notatIOn
0 t h e caIcuIus, a

2

=

d- 2x
dt

'

we have
Transposing, we find
({2x
'in

dt 2

+ /;;:c

=

O.

Let us divide the equation by m and set
(12.3)

so that the equation becomes
(12-4)
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Equation (12-4) is a second-order differential equation, for it involves
not only the variable x but also its second derivative with respect to the
d2 x
time, - 2 ' Such equations are commonly encountered in physics and
dt

engineering, and their solutions are often quite complex. For Equation
(12-4) the solution is straightforward. First we observe that the equation
contains a second derivative and will have to be integrated twice to find a
solution for x as a function of time. The solution will therefore contain
two constants of integration which will have to be evaluated in terms of the
initial conditions of the problem. Knowing these facts in advance, we
propose as a trial solution
x

= A cos(wt + ¢).

(12-5)

Remembering that d (cos x) = - sin x dx, and that d (sin x) = cos x dx,
we find that

and,

dx

+ ¢)

v

= - = -A w sin (wt

a

= - = -" = -Aw 2 cos (wt

dt

dv
dt

d 2x

dt~

(12-6)

+ ¢),

(12-7)

from which

(12-8)

The constants A and ¢ are the two constants of integration. The constant
A is the amplitude of the simple harmonic motion; that is, it represents the
largest value the displacement x can attain. The constant ¢ is called the
phase angle; that is, the value of x when t is zero is given by A cos ¢.
d2 x

On substituting the values of x and - 2 from Equations (12-5) and
(12-7) into the Equation (12-4), we find dt
-Aw 2 cos (wt

+ ¢) + w2 A

cos (wt

+ ¢)

= 0,

0=0,
so that Equation (12-5) is a correct solution to the differential Equation
(12-4) .
The period T for one complete oscillation is given by
271"
T=-,

(12-9)

w

for if the time is increased by T, the angle at which the cosine is to be
evaluated is increased from [wt

+ ¢] to [w (t +

2:) +

¢ ] ' an increase of

271", which is the angular interval in which the sine or cosine repeats itself.
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The number of oscillations per second is called the frequency f, which is
given by
1

T'

.f =

(12.10)

and, substituting from Equation (12-9), we find
w

=

27rj,

(12-11)

which is exactly the same as the relationship between angular velocity and
the frequency for uniform circular motion.
From Equation (12-8) we note that the acceleration of a particle in
simple harmonic motion is proportional to the displacement but is always
in the opposite direction.
Illustrative Example. A particle attached to a spring has a frequency of 4
vibrations per second (abbreviated vib/sec) and an amplitude of 6 cm. Determine (a) the period of the vibration, (b) the maximum velocity of the particle,
and (c) the maximum acceleration of the particle.
(a) From Equation (12-10) we have

T=!= __I_ _

f

4 vib/sec

1 sec

=--,
4 vib

and since vibration is a dimensionless quantity, a pure number,

T

=

t sec.

(b) The maximum velocity may be obtained from Equation (12-6) by observing that the largest numerical value of v occurs when cos (wt
cjJ) = 1. Thus
we have
vrnax = Aw.
From Equation (12-11)

+

w

=

27rf

= 87r

radia:ns .
sec

Thus, substituting for A its value of 6 cm, we find
V rnax

= 6

cm X 87r sec- 1

= 487r

cm.
sec

(c) The greatest numerical value of the acceleration is
= 6

cm X 647r 2 sec- 2

= 3847r 2

cm .
sec 2
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If, instead of the cosine function a sine function had been used as a
trial solution, we would have found that the sine function would have
proved equally satisfactory. Formally there is no essential difference
between a sine-function solution and a cosine-function solution; one can
be changed into the other by simply adding +90 0 or -90 0 to the angle, for
sin (0
and

+ 90

cos (0 - 90

0

0

)

=

cos 0,

)

=

sin O.

While a description of simple harmonic motion has been achieved in
the present section through the use of the calculus, another way to gain
insight into simple harmonic motion is to compare it to uniform motion
in a circle, called the reference circle.
12-4

y

The Reference Circle

When an object moves in uniform
circular motion, its projection onto
the x or y axis moves in simple
harmonic motion. The projected
position corresponds to the position
of a particle moving in simple harx
monic motion; the projected acceleration vector corresponds to the
acceleration of a particle moving
in simple harmonic motion.
Referring to Figure 12-3, let us
suppose that at time t = 0, an
object in uniform circular motion Fig. 12-3 The reference circle. A is the
(solid circle) is located at a posi- radius of the circle.
tion on the circle of radius A given
by the angle c/>, and that it rotates in the counterclockwise direction with
uniform angular speed w. The angular position of the object at a subsequent time t is given by the angle 0 such that 0 = wt + c/>. The
x coordinate of the object is
x

=

A cos (wt

+ c/»,

(12-12)

+ c/»,

(12-13)

while the y coordinate is given by
y

=

A sin (wt

but these are also the coordinates of the projection of the circular motion
onto the x and y axes, respectively.
Comparing Equations (12-12) and (12-5), we see that the projection of
the motion in the reference circle onto the x axis is precisely the same a,s the

232

§12-4

PERIODIC MOTION

simple harmonic motion, provided that the radius of the reference circle
is made equal to the amplitude of the simple harmonic motion, and the
rotational speed of the object in the reference circle is made equal to the
angular frequency w of the simple harmonic motion. The reference-circle
analogue clarifies the meaning of the phase angle 4> in the simple harmonic
motion.
We see also that either a sine function or a cosine function is suitable
for the description of simple harmonic motion. The projected motion along
the y axis is of the same frequency and amplitude as that along the x axis,

y

y

(a)

(b)

Fig. 12-4 Use of the reference circle to determine (a) the velocity of the particle (white)
in simple harmonic motion, and (b) the acceleration of this particle.

but the two motions are 90° out of phase with each other. When the x
projection is at the origin, the y projection has its maximum value A.
To make the case for the reference circle complete, let us find the
velocity and acceleration of the projected particle, shown as a white circle
in Figure 12-4. The black particle moving in uniform circular motion with
angular speed w has a linear speed v = wA directed tangentially. The
projection of this vector onto the x axis is the velocity of the white projected particle moving in simple harmonic motion in the x direction. From
the figure
Vx

= -wA sin e = -Aw sin (wt

+ 4»,

which is identical with Equation (12-6). An object moving in uniform
circular motion must experience a centripetal acceleration a = w 2 A. From
Figure 12-4(b) the acceleration of the projected (white) particle is the
projection of the acceleration of the real (black) particle onto the x axis.
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Thus we have
ax

=

-w 2 A cos () = -Aw 2 cos (wt

+ </»,

which is identical with Equation (12-7).
Remembering that A cos () = A cos (wt + </» = x, and substituting in
the above equation, we find that the acceleration of the white particle on
the x axis is
a = -w 2x,
(12-14)
which is identical with Equation (12-8).
The basic condition for simple harmonic motion was that the restoring
force was proportional to the displacement, or that F = - kx. Substituting
for F from Newton's second law, we found that for a particle of mass m
subject to an elastic restoring force,

ma = -kx,
k

or

a= - :;;;,x,

(12-15)

and again we see that the acceleration of the projected particle on the x
axis, given by Equation (12-14), is identical with that experienced by a
real particle which is subject to an elastic restoring force as given in Equation (12-15), provided that,
k
w2 = - ,
m
which is identical with Equation (12-3). The device of the reference circle
is a very useful method for solving problems in simple harmonic motion at
the level of this text. In using the reference circle, it must be remembered
that the radius of the reference circle is equal to the amplitude of the simple
harmonic motion it is chosen to represent; the frequency of the rotational
motion in the reference circle must be equal to the frequency of the simple
harmonic motion; and the phase angle </> must be chosen so that the projected particle is at the proper location at time t = O.
Illustrative Example.

A particle attached to a spring has a frequency of
Determine (a) the period of the vibration,
(b) the maximum velocity of the particle, (c) the velocity of the particle when its
displacement is 2 em, (d) the acceleration of the particle when its displacement
is 2 em, (e) the maximum acceleration of the particle, and (f) the time required
by the particle to move from a displacement of +2 em to a displacempnt of
+4 em.
(a) The period of the vibration is the reciprocal of the frequency of vibration. Hence
1
1
T = - = - sec.
4 vib/sec and an amplitude of 6 em.

f

4
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To solve the remainder of the problem, we make use of the reference circle.
Let us suppose that the simple harmonic motion takes place along the x axis,
and let us construct a reference circle of radius equal to the amplitude of the
simple harmonic motion; thus the radius of the reference circle is 6 cm. The real
particle in simple harmonic motion will be referred to as the white particle, while

y

Fig. 12·5

x

the imagined particle moving in the reference circle will be referred to as the
black particle, corresponding to the manner in which they have been drawn in
Figure 12-5. The frequency with which both particles move is given by the
frequency of the simple harmonic motion which is 4 vib/sec. This implies that
the angular speed of the black particle is w = 27rf = 87r radians/sec, which, for
convenience, we imagine to be in the counterclockwise direction,
(b) The black particle moves with constant angular speed and therefore with
constant linear speed, but its velocity vector is constantly changing in direction.
Since the speed of the white particle is the projection onto the x axis of the
velocity vector of the black particle, the white particle will move with greatest
speed when the black particle is moving parallel to the x axis. This occurs at the
two positions where the circle intersects the y axis, that is, when the white particle
passes through its equilibrium position. At this position the speeds of the two
particles are identical, so that the maximum speed of the white particle is equal
to the constant linear speed of the black particle. Thus

v = wA = 87r X 6 cm = 487r cm ,
sec
sec
v = 151 cm.
sec
(c) When the white particle is displaced 2 cm from the equilibrium position,

§12-4

'l'HE Rl<lFERl<lNCl<l CIRCLE

235

the position angle of the blaek partiele is 01 sueh that
0 1 = arc cos (i) = 1.23 radians.

To find the velocity of the white particle, we must find the x component of the
velocity of the black particle, which is given by

v = v sin 01
cm
sec

= 1.51 X 0.942 -

= 142 cm.
sec
(d) The acceleration of the white partiele is the x component of the acceleration of the black particle and is therefore given by

ax = - a cos 0 1,
where the minus sign indicates the direction of the acceleration vector. For the
black particle in circular motion,
a

=

2
w A

.

enl

= (8'11-)2 X 6 -2
sec

cm

= 3,789--,
2
see

2 cm
-3789 X - - -2
,
6 sec

so that

-1263 cm .
,
sec 2
(e) The maximum acceleration of the white particle will occur when the
centripetal acceleration of the blaek particle is in the direction of the x axis;
that is, where the cirele intersects the x axis. At these points the acceleration of
the two particles is identical. Thus the maximum acceleration of the white
partiele in simple harmonic motion is
cm
a = 3,789--,
sec 2
occurring at the position of maximum displacement.
(f) When the white particle is at a displacement of 2 cm, we have already
seen that the black particle is located at angle 0 1 • When the displacement of'
the white particle is 4 cm, the black partiele is located at angle O2 • The angular
displacement of the blaek partiele in rotating from O2 to 01 is e (capital theta).

e

= 01

-

O2 •

We have already seen that 01 = 1.23 radians, while
O2 = arc cos (!) = 0.84 radian.

Thus

e

= 1.23 radians - 0.84 radian
= 0.39 radian.
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Knowing that w, the angular speed of the black particle, is 811" radians/sec, we
find the time for the black particle to travel from the first to the second position as
t

=

8

~

w

0.39 radian ,
811" radians/sec
so that

t

=

0.016 sec.

This problem may also be solved by the substitution of appropriate numbers for
A, w, and ¢ in Equations (12-5), (12-6), and (12-7), as in a previous example.
From the statement of the problem, A = 6 em, w = 211"f = 811" sec-I, and if we
wish to have the initial position of the particle at the undisplaced or equilibrium
position when t = 0, we would set ¢ = 11"/2 radians. The maximum values of the
velocity and acceleration are given by v = Aw and a = Aw 2 . The value of the
velocity and acceleration when the displacement was 2 cm could be found by
substituting x = 2 cm in Equation (12-5), solving for t, and substituting that
value of the t in Equations (12-6) and (12-7). To find the time at which the displacement is 4 cm, we set x = 4 cm in Equation (12-5), and to find the elapsed
time in traveling between a displacement of 2 cm and a displacement of 4 cm,
we would subtract the two times. The geometric procedure using the reference
circle and the procedure involving the use of the formulas derived by mathematical analysis yield equivalent results. Note that in the analytic treatment and
in the reference circle the particle in simple harmonic motion could be thought
to move along either the x or the y axis, at our convenience.

12-5

Angular Harmonic Motion

A system capable of rotating about a fixed axis will move with angular
harmonic motion when the torque G which acts on it is proportional to its
angular displacement 8 and opposite in direction to it, as given by
(12-2)

If I is its moment of inertia about this axis, we can write

G = la,

where a is its angular acceleration.
we get

Solving the above equations for a,
K

a= - -8

I '

(12-16)

which shows that the angular acceleration a is proportional to the angular
displacement and opposite in direction to it. Equation (12-16) can be compared with Equation (12-8) for linear simple harmonic motion; Equation
(12-16) is its analogue and is the equation for angular harmonic motion.
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The period for angular harmonic motion is then given by

T =

2~~~

(12-17)

for the period of a system of moment of inertia I and restoring constant K
moving with angular harmonic motion about a fixed axis.
The equations for the angular displacement and the angular velocity
as functions of the time can be obtained in exactly the same manner as
those for the linear displacement and the linear velocity, and will be their
respective analogues.
12-6

The Pendulum

The motion of a pendulum is another example of periodic motion. When
the amplitude of oscillation of a pendulum is small, the pendulum motion
may be approximated as simple harmonic. This property was discovered
by Galileo, and was first applied to the construction of a clock by the
Dutch physicist Christian Huygens (1629-1695) in 1657.
The pendulum appears in two forms-the simple pendulum consisting
of a string of negligible weight, one end of which is attached to some fixed
support while the other end is attached to a small ball called a pendulum
bob, and the physical pendulum, a rigid body which is supported at some
point above its center of gravity. When at rest, the bob is vertically beneath the point of support, as shown in Figure 12-6, and is in equilibrium
under the action of two forces, its weight mg and the tension S in the string.
When pulled aside to some position A and released, it travels in a circular
arc through its equilibrium position C to a point B on the other side. When
the pendulum was moved to A, it was actually lifted through a height h.
From the principle of conservation of energy, the points A and B must be at
equal heights h above the point C. In the absence of frictional forces, the
motion would continue indefinitely, but of course, no device can be built
which completely eliminates frictional forces, hence the amplitude gradually diminishes as mechanical energy is converted to other forms of energy.
To derive an expression for the period of the simple pendulum, we
observe that the torque on the simple pendulum which tends to rotate it
about the point of support is due to the weight of the pendulum bob and is
given by
(12-18)
G = -mgL sin O.
Comparing the torque on a simple pendulum with the condition for an
elastic restoring torque in Equation (12-2), we see that the torque acting
on a simple pendulum is proportional not to the angular displacement but
to the sine of the angular displacement, so that the motion is not simple
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harmonic. But if the displacement is restricted to small angles, the sine
of 0 is practically equal to 0, and we may write
G = -mgLO.

(12-19)

For small displacements from the equilibrium position, the pendulum moves
under the influence of restoring torque proportional to the angular dis-
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Fig. 12-6

The simple pendulum.

placement, and its motion is simple harmonic. Considering the pendulum
as a rigid body, of moment of inertia I = mL 2 , we may write
G = la,

and, eliminating G from the above equations, we find
mgL

-10.

a=

(12-20)

By combining Equation (12-20) with Equation (12-16), we can see that
the period is
T =

27r~mgL
I ,

(12-21)

and, substituting for I its value mL 2 , we find that

T =

27r~~'

(12-22)
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Thus the period of a simple pendulum does not depend upon the mass of
the pendulum bob but only upon its length and the value of g. The simple
pendulum therefore provides one method of determining the value of g.
In Figure 12-7 a physical pendulum has been drawn in which the point
o is the point of support and the point C is the position of the center of
gravity. The distance between C and 0 is represented by h. If the mass
of the physical pendulum is m and
its moment of inertia about an axis
through 0 is I, the equations for the
torque and the angular acceleration
are identical with those for the simple
pendulum except that h replaces L.
The period of a physical pendulum is
then given by
T

=

211"

I

I .
"'Vmgh

(12-23)

Comparing Equations (12-22)
and (12-23), we find that a physical
pendulum will have the same period
asa simple pendulum of length L when
I
L=-·
mh

(12-24)

Fig. 12-7 The physical pendulum. The distances hand h'
are measured from eta 0 and
0' respectively. L = h + h'
is the equivalent simple pendulum length.

L is called the equivalent simple pendulum length of the physical pendulum
and is shown in Figure 12-7 as the distance between 0 and a point 0' below
the center of gravity. The point 0' is called the center of oscillation and
has the interesting property that, if the pendulum is suspended about 0'
as an axis, its period will be exactly the same as it is when suspended about 0
as an axis. An accurate determination of the locations of the two points
o and 0' makes possible an accurate determination of the equivalent simple
pendulum length L and is one of the best methods for determining g.
The physical pendulum is often used for pendulum clocks. In order
for such a pendulum clock to keep accurate time, it is necessary that the
pendulum be so constructed that the moment of inertia and the length L
are constant and remain the same in spite of temperature variations. Such
pendulums are said to be compensated.
It is appropriate to note here that a clock or watch consists of two
separate mechanisms. One of these beats off equal time intervals, and the
other counts them and moves the hands. In a pendulum clock a physical
pendulum is the means of measuring equal time intervals, while in a watch
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or chronometer the torsional vibrations of the balance wheel perform this
necessary function. The pendulum clock is adjusted to keep correct time by
altering both h and I, while in the watch the coarse adjustment is made by
varying the moment of inertia of the balance wheel, and the fine adjustment
is made by altering the torsion constant K of the watch spring. In both
cases the primary characteristic of simple harmonic motion that is essential
to the measurement of time is the fact that the period does not depend on
the amplitude of vibration. Such motion is called isochronous, meaning that
the oscillation requires the same time for all possible amplitudes.
12-7

Resonance

The frequency with which a pendulum or an elastic object vibrates when
it is displaced from its equilibrium position and released is called the
natural frequency of the system. Thus a piano string or a diving board
will vibrate with its natural frequency after being displaced from an

Fig. 12-8 The amplitude of vibration of an oscillator of natural frequency f 0 depends upon the frequency f with which it is driven.
At resonance, f = fo, and the oscillator vibrates with maximum amplitude.

Frequency
equilibrium position. If such a mechanical oscillator is not simply struck a
blow, or displaced from an equilibrium position and then released, but is
driven by a force which varies periodically, it is required to move with the
frequency of the driving force. The amplitude with which the oscillator
will vibrate under the influence of such a force will depend markedly upon
the driving frequency. When the frequency with which the oscillator is
driven is far from its natural frequency, the amplitude of vibration will be
quite small, but when the driving frequency is the same as the natural
frequency of the oscillator, it will be excited to large amplitudes, as shown
in Figure 12-8. This condition is known as resonance. At resonance the
amplitude of the oscillations will depend upon the degree of damping in the
oscillator itself, that is, on the amount of internal friction in the oscillator.
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Although we shall not undertake the analysis of resonant motion, we shall
mention some examples of resonance of importance in engineering. Any
elastic structure which is deflected to large amplitudes by a periodic driving
force is thereby exposed to large alternating stresses and is likely to fail at
far smaller loads than the same structure could safely withstand under
static loading, through a process called fatigue failure.
As an illustration, consider an airplane engine that is designed to
operate at N rev/sec. Because it is impossible to build a perfectly balanced
engine, the rotation of the engine acts as a driving force which drives the

Fig. 12-9 Reed comb of a Frahm tachometer. The reeds are tuned in intervals of
50 vib/min from 3,000 at the left to 4,000 at the right. The assemblage was in contact
with the case of a motor rotating at 3,600 rpm. (Courtesy of James G. Biddle Co.)

entire airplane at a frequency of N vib/sec. Any part of the airplane
whose natural frequency is close to N will be excited to large amplitudes.
If, by inadvertence, the natural frequency of the wing, or the propeller,
were the same as that of the engine, failure of these parts would occur in a
much shorter time than might otherwise be the case. In such circumstances
a part can often be made stronger, that is, can be made to last longer, by
removing material from it in such a way as to alter its natural frequency.
The phenomenon of resonance can be used in the measurement of the
rotational frequency of a motor. Figure 12-9 shows a reed tachometer
consisting of a comb of "harmonica" reeds which have been adjusted so
that their natural frequencies are close to each other. If this tachometer is
placed on the floor or table adjacent to a motor, some reeds will be driven
by the vibration of the motor; the natural frequency of the reed driven to
largest amplit.ude will measure the frequency of rotation of the motor.
Such a tachometer may be mounted almost anywhere on board a singleengine airplane to indicate the engine speed in revolutions per minute.
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Problems

12-1. A body whose mass is 500 gm hangs from a vertical spring whose constant is 200,000 dynes/cm. The body is pulled down a distance of 6 cm and
released. Determine (a) the period of the motion, (b) the resultant force on the
body when at the 6-cm point, and (c) the acceleration at this position.
12-2. In Problem 12-1 determine (a) the velocity of the body, when its displacement is 3 cm, and (b) its maximum velocity. Obtain your answers by considerations of simple harmonic motion and also by applying the principle of
conservation of energy.
12-3. A body which has a mass of 60 gm is attached to a helical spring 25 cm
long and, when lowered gently, stretches the spring 5 cm. The body is then
pulled down an additional 8 cm and released, thus setting the spring in vibration.
(a) What is the constant of the spring? (b) What is the period of oscillation?
12-4. A body which. has a mass of 40 gm is attached to a spring, and the
system is then set into vibration. The measured value of the period of vibration
is 0.50 sec. (a) Determine the constant of the spring. (b) Determine the velocity
of the body at the equilibrium position if the amplitude is 6 cm. (c) Determine its
maximum acceleration.
12-5. When a cylinder whose mass is 4.0 kg is hung from a spring and set
into motion, the frequency is 2.4 vib/sec. When another cylinder is substituted
for the first one, the frequency of vibration is 3.2 vib/sec. Determine the mass
of the second cylinder.
12-6. Determine the period of a simple pendulum, oscillating with small
amplitude, when the length of the pendulum is 75 cm.
12-7. A simple pendulum 1.0 m long, having a mass of 250 gm, is displaced
through an angle of 10° and released. Determine (a) the resultant force acting
on the pendulum bob at this position of maximum displacement, (b) its maximum
angular acceleration, (c) its maximum angular velocity, (d) the tension in the
pendulum string when the displacement is 5°, and (e) the velocity and acceleration of the pendulum bob when the displacement is 5°.
12-8. (a) Determine the period of vibration of a pendulum 80 cm long at a
place where g = 980 cm/sec 2 • (b) What length of pendulum at the same place
will have half this period?
12-9. A "seconds" pendulum has a period of 2 sec. A seconds pendulum
which kept accurate time at a place where g was 980 cm/sec 2 is found to lose 2
min/day at a new location. Find g at this new location.
12-10. An object moves in simple harmonic motion with period of 4 sec and
amplitude 1 m. (a) What is the frequency of the motion? (b) What is the
velocity when the displacement is 30 cm? (c) What is the acceleration when the
displacement is -60 cm? (d) How long a time is required for the object to move
from the point where the displacement is 30 cm to the point where the displacement is -60 cm?
12-11. An object moves in rotational simple harmonic motion with period
4 sec and amplitude 1 radian. (a) What is the frequency of the motion? (b)
What is the angular velocity when the angular displacement is 0.30 radian?
(c) What is the angular acceleration when the angular displacement is -0.60
radian? (d) How long a time is required for the object to move from an angular
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displacement of 0.30 radian to a point where the angular displacement is -0.60
radian?
12-12. Two simple harmonic oscillators have the same frequency of 4
cycles/sec and the same amplitude of 10 em. At a particular time it is observed
that the first oscillator is moving to the right and the second oscillator is moving
to the left along the same line when both oscillators have the same displacement
of 6 em. (a) How far were they apart 0.25 sec later? (b) How far were they apart
0.10 sec after the initial observation?
12-13. Two simple harmonic oscillators, having the same amplitude of 10 em
in the y direction, are displaced so the first has a positive initial displacement
of 10 em, while the second has a negative initial displacement of 10 em. The
first oscillator has a frequency of 8 cycles/sec, while the second has a frequency of
4 cycles/sec. The oscillators are released at the same instant. Find the time at
which both oscillators are at the same position.
12-14. A spring of spring constant 50 Ib/ft has one end fastened to the wall
and the other end fastened to a rectangular block of wood weighing 32 lb. The
spring is horizontal, and the block rests on a horizontal table. The coefficient
of friction between the block and the table is 0.1. The block is initially displaced
so that the spring is stretched 1 ft from its equilibrium position and is released.
What will be the speed of the block when it passes through the equilibrium position? [NOTE: The motion is not simple harmonic, for there is loss of mechanical
energy through friction. Solve from energy considerations.]
12-15. A meter stick of mass 400 gm is pivoted 30 em from one end and is
allowed to oscillate as a physical pendulum. The width of the meter stick is 2 em,
and its thickness is t em. Find the period of the oscillation.
12-16. A circular disk 1 em thick and of radius 20 em, having a mass of 4 kg,
is suspended from a pivot 2 em from the edge of the disk and is allowed to
oscillate while it hangs downward. Find the period of the disk for small oscillations.
12-17. A particle moves in simple harmonic motion in the x direction with
amplitude 10 em and frequency 5 cycles/sec. The particle is moving in the
positive x direction at a displacement of x = +5 em when t = O. Find the
position of the particle when t = 0.02 sec.
12-18. Two identical springs are laid side by side on a horizontal frictionless
table, each having a spring constant of lIb/in. A sphere of mass 0.1 slug is
connected to the free end of one spring, while a second sphere of mass 0.2 slug is
connected to the free end of the second spring. Both masses are drawn aside a
distance of 6 in. and released. What is the displacement of the sphere of mass
0.2 slug when the displacement of the other sphere is - 3 in.?
12-19. Find the period of vibration of a cylinder of radius T, height h, and
density p which is floating upright, partially immersed in a fluid of density po.
12-20. A wire is bent in the form of the arc of a circle of radius R, and is
mounted so that it is in the vertical plane. A bead is placed upon the wire and
released. In the absence of friction between the bead and the wire, show that the
bead will oscillate with period
T

= 27r(R/g)72

provided that its initial displacement is sufficiently small.

13
Properties of Matter

13-1

Internal Forces

When a system is subjected to external forces, it generally undergoes a
change in size or shape or both. We have thus far touched very lightly on
such changes; for example, we have considered the change in length of an
elastic spring and the change in volume of a gas when such systems were
subjected to varying pressures. The changes produced in a system by the
action of external forces depend upon the physical properties of the material
of which the system is composed. A study of the properties of matter leads
to information which is of practical value to both the physicist and the
engineer, and also gives us some information about the internal forces
which act between the constituent parts of the substance. In the final
analysis these physical properties must be explicable in terms of the forces
between the molecules of the substance and, in some cases, between the
atoms of the substance.
We have so far discussed only one type of force which exists between
particles-the gravitational attraction of two particles because of their
masses. However, gravitational forces are much too small to account for
the observed properties of substances. Furthermore we frequently encounter cases in which a force of repulsion is needed to explain the phenomena, whereas gravitational forces are always forces of attraction. One other
fact worth noting here is that the forces which act between molecules produce their effect only over very short distances, that is, distances of the
order of molecular diameters. These are called short-range forces. These
short-range forces are undoubtedly of electrical origin. As we proceed
with our study of physics, we shall study the forces between electrically
charged particles and show how these are thought to be related to the
structure of matter.
At present, there are 102 different elements known. A chemical
analysis of any substance will show that it is composed of one or more of
these elements. If the substance is a chemical compound, the elements
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composing it always occur in a definite ratio of their weights. More complex substances consist of several or many compounds. The smallest
constituent of a chemical compound is the molecule; it is the fundamental
structural unit of the compound. A molecule is composed of one or more
atoms held together by the short-range forces due to their electrical charges.
As we shall show, an atom of an element consists of a very small but massive nucleus surrounded by a suitable number of electrons. The nucleus
consists of two kinds of particles: neutrons, which are neutral particles,
and protons, which are positively charged electrically. Every atom of any
one element has exactly the same number of protons in its nucleus. This
number is the atomic number of the element and can have one of the values
from 1 to 102, inclusive. In the normal state of the atom, the atomic
number also represents the number of electrons
outside the nucleus. Most of the chemical
properties of an element can be explained in
terms of the arrangement and behavior of the
electrons in the atoms. The electrons exert
forces of repulsion on each other and forces of
attraction on positively charged nuclei. When
a molecule is formed with two or more atoms,
there is a change in the electronic arrangement,
and a new arrangement of charges is produced.
This rearrangement is brought about by the
short-range forces which act between the atoms.
When the substance is in the solid phase,
the forces which exist between atoms and
molecules cause them to form definite geometrical patterns; these show up as the crystalline Fig. 13-1 Photograph of a
structure. Sometimes these crystals grow to large quartz crystal grown at
the Bell Telephone Laboraa fairly large size, as in the case of rock salt or
tories.
(Courtesy of Bell
quartz (see Figure 13-1). Sometimes the crys- Telephone Laboratories.)
tals are very small and can be seen only with the
aid of a microscope. Most metals consist of such microcrystals. Even in
the liquid phase, there is a definite grouping of the atoms and molecules,
although individual atoms and molecules often change places. The arrangement of the atoms and molecules of a substance can be determined by
means of x-ray analysis (see Chapter 44).
In the gaseous phase, the molecules are comparatively far apart, so
that the forces they exert on each other are extremely small. It is this
aspect of the structure of gases which makes it possible to analyze the
behavior of gases almost without regard to their chemical nature, although
it is not possible to neglect the chemical differences in either the liquid or the
solid phase.

246
13-2

§13-2

1'1Wl'J<;H'l'Il<lS OF MATTEH

Elasticity

The subject of elasticity has already been introduced in connection with
our discussion of periodic motion. In order to treat the elastic properties
of matter more quantitatively, and in a manner which is not dependent on
the configuration or shape of the body being studied, we find it convenient
to introduce two new terms: these are (a) stress and (b) strain.
Stress is defined as the internal force F, brought into play whcn the substance is distorted in any way, divided by the area A over which it acts.
Stress

Thus

=

F
A

-

.

(13-1)

The stress is therefore the force per unit area. Clearly, the stress
indicated in Equation (13-1) is an average stress, for the stress in a member may vary from point to point within that member, as in the case of a
bent beam, where one surface of the beam is in tension, while the other
surface of the beam is in compression. We shall restrict this discussion to
the simplest case, where the stress is uniform, and shall not attempt to treat
cases of variable stress for which the stress at a point would be defined
through a limiting process.
In the cgs system the stress is expressed in dynes per square centimeter; in the British gravitational system, in pounds per square foot; in the
mks system, in newtons per square meter.. In most engineering practice
the stress is expressed in pounds per square inch.
Strain is defined as the ratio of the change in size or shape to the original
size or shape. As a ratio, strain has no physical dimensions; that is, it has
numerical value only. Methods of expressing the strain will be given in the
discussion of the various cases.
The relationship between stress and strain was first given by Robert
Hooke (1635-1703) and is known as Hooke's law. This states that for an
elastic body the stress divided by the strain is a constant, or,
Stress = K
Strain
'

(13-2)

where K is called the modulus of elasticity. The units for K are the same
as those for stress, since strain is expressed as a pure number.
13-3

Tensile Stress and Strain

As an example of the stress set up inside a substance, let us consider the
increase in the length of a rod produced by the action of two forces, each
equal to F, applied at the ends of the rod, as shown in Figure 13-2(a).
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These forces are applied by means of clamps C 1 and C 2 attached to the ends
of the rod.
If L is the original length of the rod, and if I:1l is the increase in length
produced by the application of the forces F, then the strain produced is
.
increase in length
I:1l
Stram =
=- .
original length
L

(13-3)

To determine the stress in the rod,
let us take any cross-sectional area A
through the rod and consider the forces
which act on it, as in Figure 13-2(b).
The entire rod is in equilibrium under
the action of the two external forces,
each of magnitude F but acting in opposite directions, so as to extend the rod.
These forces produce a tension in the
rod. Let us consider an area A near the
L
clamp C2 ; it is acted on by the external
force F downward, and, since it is in equilibrium, it must also be acted upon by a
force F upward exerted by that part of
the rod which is immediately above this
area. If we take any other parallel
cross-sectional area A, it will be acted
upon by a force downward equal to F exerted by that part of the rod below it, and
another force equal to F exerted by that
(a)
(b)
part of the rod above it. The effect of
Fig. 13-2 Tensile stress in a rod.
these two forces is to tend to separate the
rod across this section; it is opposed by
the forces of attraction between the molecules on the two sides of this section. The stress in the rod is the quotient of one of these forces F by the
cross-sectional area A, or
F
Stress = - .

A

This type of stress is called a tensile stress.
If the material of the rod is elastic, then we know, from Hooke's
law, that
Stress = K
Strain
.
Putting in the values of stress and strain found above, and replacing the
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by Y, we get

FIA = y
till J.1

(13-4)

•

Y is called Young's modulus after Thomas Young (1773-1829), an
eminent British physician, physicist, and linguist who made significant
contributions to the study of vision and the theory of light, and who
deciphered Egyptian hieroglyphics, in addition to his studies in elasticity.
The values of Y for several substances are listed in Table 13-1.
TABLE 13-1

ELASTIC CONSTANTS OF SOME SOLIDS

Young's Modulus
Material

In
dynes/cm 2
X10 11 ,

In
lb/in. 2
XlO"

Shear Modulus
In
dynes/cm 2
X10 11

In
Ib/in. 2
X 10"

,\luminum,
rolled
6.96
10.1
2.37
3.44
Brass
9.02
13.1
3.53
5.12
Copper,
rolled
12.1 -12.9 17.5 -18.6
4.24
6.14
Duralumin
6.89
10.0
2.75
3.98
8.4 - 9.8
12-14
Iron, cast
...
. ..
Glass, crown 6.5 - 7.8 9.5 -11.3 2.6 -3.2
3.8 - 4.7
Lead
1.47- 1.67 2.13- 2.42
0.78
0.54
l'\ickel
20.0 -21.4 29.0 -31.0 7.06-7.55 10.24-10.95
Platinum
16.67
24.18
6.42
9.32
Silver, hard
I
drawn
11.24
2.00
3.77
7.75
Steel,
annealed
20.0
29.0
8.11
11.76
Tin
3.92- 5.39 5.69- 7.82
2.42
1.67
Tungsten,
drawn
35.5
51.5
14.8
21.5

Bulk Modulus
In
m
dynes/cm 2 lb/in. 2
X10 11
X10"
7.
6.1
14
9.6
0.8

16

10.
8.5
21
14
1.1

23

The extent to which a substance remains elastic as the tensile stress
is increased can be determined only by experiment. Figure 13-3 shows the
results of a typical experiment on a metallic rod. In this figure the stress
is plotted as ordinate and the strain as abscissa. The curve is obtained by
exerting a force, measuring the strain, increasing the force, measuring the
new strain, and so on. The straight-line portion of this curve, from 0 to
E, represents the values of the stress and the strain for which the rod is
elastic. If a stress of value CD is applied to the rod and then removed, the
rod will no longer return to its original length. It is said to have a per-
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manent set. The point E is called the elastic limit of the material. At
point B the stress was great enough to break the rod. This value of the
stress is known as the ultimate stress or the breaking stress of the material.
B

Fig. 13 -3
Stress-strain curve
for a ductile material.

Illustrative Example. A piece of copper wire 0.0508 in. in diameter and 3 it
long is suspended from a rigid support and supports a load of 8 lb. Determine
(a) the stress in the wire, (b) the increase in length produced by the 8-lb load, and
(c) the strain produced.
(a) The wire has a cross-sectional area of 0.00203 in. 2 • The stress in this
wIre IS
Stress

Ji'...

=

H lb
0.00203 in. 2

=

A

=

3 950
'

~.
in. 2

(b) The increase in length can be found from Equation (13-4), provided that
Y is known. From Table 13-1 the value of Young's modulus for copper is given

~. Since both Y and the stress are expressed in the same units,
In. 2
there is no need to convert either quantity into units appropriate to the British
gravitational system, and we write

as 17.5 X 10 6

Y

F/A.

=

/:"l/L'

F

L

/:"l = - X-,
A
Y

hence

/:"l = 3 950 ~

in.2 X

,

36 in.

lb
17.5 X 10 =----2

,

6

Ill.

/:"l = 0.008 in.

(c) The strain produced in the wire is
Strain

=

/:"l
f,

=

O.OOK in.
;~(j in.

=

0.00022
'

Strain = 2.2 X 10·.
The strain,

01'

the fractional change in length, is about 2 parts in 10,000.
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Compressive Stress and Strain

If the ends of a rod of some material are subjected to the action of two
forces, each of magnitude F but directed so as to diminish its length, the
rod is said to be under compression, and the stress inside the rod is a compressive stress, as illustrated in Figure 13-4(a). If we consider the forces
which act across any cross-sectional area A, that part of the rod to the right

~L

-7-IA'-----

(a)

~,--

----.Jf-E--

I
I

-!.A:>-'f'(~
F

.f'i'-'rA'-'--------J)-L

(b)
Fig. 13-4 (a) Rod put under compression by action of two external forces each equal
to F. (b) Any cross section A is acted upon by an internal force F to the left due to
the section of the rod on the right, and by an internal force F to the right due to the
section of the rod on the left.

of this area exerts a force F to the left, while that part to the left of this
area exerts a force to the right, as shown in Figure 13-4(b). The compressive stress in the rod is the quotient of one of these forces divided by the
area over which the force acts, exactly as in the case of the tensile stress.
The molecular forces brought into play by the action of the external forces
must be forces of repulsion. The strain produced by the compressive stress
is the ratio of the decrease in length ill to the original length, again exactly
as in the case of tensile strain. If the material of which the rod is made is
elastic, then experiment shows that, within the elastic limit, the compressive
stress divided by the compressive strain, or Young's modulus for compression, is identical with Young's modulus for tension for the same material.
In consequence, no distinction is made in tables between Young's modulus
for tension or for compression, and tabular values of Young's modulus are
intended for use in both types of stress.
13-5

Compressibility of Gases: Boyle's Law

The compressibility of gases was first studied by Robert Boyle (1627-1691).
Suppose we have a mass of gas in a cylinder with a tight-fitting piston,
on which a force F is exerted producing a pressure P = F / A, where A is
the area of the piston, as shown in Figure 13-5. The gas will be subject
to this pressure and will occupy a volume V determined by the distance of
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the piston from the end of the cylinder. By increasing the force on the
piston to a new value F l , the pressure on the gas will be increased to a new
value Pl. If the process takes place slowly, so that the gas remains at
constant room temperature, it is found that

or, stated in words, at constant temperature the volume of a gas varies
inversely as the pressure. A more convenient way to express the same
result is

F

PI VI

= PV = a constant;

(13-5)

that is, the product of the pressure and volume
of an enclosed gas remains constant if the temperature is constant. This statement is known
as Boyle's law.
Since the mass of gas within an enclosed
system remains constant, we can determine the
manner in which the density of a gas varies
with pressure by dividing both sides of Equation (13-5) by the mass M of the gas within
the cylinder. We obtain
PI

MIV I
or

P
Jl/V'
PI
= ,

(13-6)

P

p

v

Fig. 13-5 Gas in a cylinder
is compressed by increasing
the force on the piston; that
is, by increasing the pressure
of the gas.

in which P is the density of the gas at pressure P, and PI is the density of
the gas at pressure Pl.
Illustrative Example. A steel tank contains 2 ft 3 of oXYlI;en at a gauge pressure of 200 Ibjin. 2. What volume will this gas occupy at the same temperature at
atmospheric pressure?
The gaulI;e pressure is the difference between the pressure of the gas in the
cylinder and the pressure of the atmosphere. Hence, the pressure PI of the
oXYlI;en in the cylinder is 214. 71b jin. 2; the pressure P of the atmosphere is taken
as 14.7 Ibjin. 2• Using Boyle's law in the form of Equation (13-5) and substituting values, we get

Ib
214.7-2 X 2ft 3
in.

=

Ib
14.7-2 X V,
in.
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In both compressive and tensile stresses, the stress acts along one direction in the body and produces a change in only one dimension. The
change produced in the cross-sectional area of a rod under compression
or tension is practically negligible. To produce equal strains in all three
dimensions of a homogeneous solid, it is necessary to have equal stresses
along these three directions. The simplest method of doing this is to subject
the solid to a uniform hydrostatic pressure. Since the dimensions of the
solid are normally measured at some pressure Po which is generally the
atmospheric pressure, we are usually interested in the change in the dimensions of the solid when it is subjected to a change in pressure from Po to a
different pressure Po
t:,.P. If we call V the volume of the solid and t:,. V
the change in volume produced by the change in pressure t:,.P, then, from
Hooke's law,
Stress
t:,.p
--=--=K
Strain
t:,. V IV
.

+

Since an increase in pressure always produces a decrease in volume,
the modulus K for volume change will always be a negative number. To
avoid having a negative number, let us define the bulk modulus B = -K,
so that

t:,.p

R= - - - .

( 13-7)

t:,.VIV

Not only solids but liquids and gases undergo volume changes when
subjected to changing pressures, and Equation (13-7) can be applied to
fluids as well as to solids. Since the denominator of Equation (13-7) is a
ratio of the change in volume to the volume, it is a pure number; hence the
bulk modulus is expressed in units of pressure, or force per unit area.
TABLE 13-2

BULK MODULUS OF LIQUIDS

Material

in dynes/cm 2 X 1011

Carbon disulphide
Ethyl alcohol
Glycerin
Mercury
Nitric acid
Water

0.15
0.09
0.45
2.6
0.03
0.23

The bulk modulus of a gas which obeys Boyle's law at constant temperature is given by the pressure of the gas, for we may state Boyle's
law as
PV = constant,
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and, taking differentials of this equation, we find
PdV

+ V dP

= 0,

and, solving for P, we find
dP
P= - - - .
dV/V

If we replace the differentials by small increments so that the differential
dP is replaced by /1P and the differential dV is replaced by /1 V, we have
/1P
P=-/1V/V=B.

From the above analysis it can be seen that, if the pressure of a gas is
changed by any amount while the temperature is kept constant, the bulk
modulus will vary and, at any stage of the process, will be equal to the
pressure of the gas at that stage. This is the reason that tires or basketballs
inflated to high pressures seem hard, or difficult to deform, while the same
object inflated to low pressure is easy to deform, or soft.
13-7

Shearing Stress and Strain

It is possible to produce a change in the shape of a solid without changing
its volume. Such a distortion is called a shear. A simple method of producing a shear is illustrated in Figure 13-6(a). If we take a rectangular
solid and apply a force F along its top surface, and an equal force F acting
in the opposite direction along its bottom surface, the rectangular surfaces
such as BCDE at right angles to the top and bottom surfaces will be distorted into parallelograms such as B'C'DE, whose angles are not right
angles. If we imagine the solid as made up of a series of layers parallel to
the top and bottom surfaces, each of area A, then the effect of the shear is
to cause one layer to slide with respect to another layer, much as in a deck
of cards.
The shearing stress set up on the solid is the force F divided by the
area A of the surface over which it acts. Each layer parallel to the top and
bottom surfaces is acted upon by two forces, as shown in Figure 13-6(b),
the layer above it exerting a force to the right, and the layer below it exerting a force to the left. These forces between the molecules of the layers
oppose the sliding of one layer with respect to another. If the applied
force becomes too great, the solid will be sheared; that is, it will be separated
into two parts, with the surfaces of separation parallel to the direction of
the applied force.
The shearing strain produced is measured by the ratio of the distance
.:lx through which the top surface has been moved relative to the bottom
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surface, to the height h, that is, the distance between the two surfaces.
Thus
Shearing strain

=

~x

-

h

.

It will be noted that the tangent of the angle B'EB is ~x/h.
G G'
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Fig. 13-6 (a) Shearing stress set up in a solid by parallel forces F acting on top and
bottom surfaces each of area A. Rectangle BC DE is distorted into parallelogram
B'C'DE. There is no change in the volume of the solid. (b) Shaded area is section
of layer in the solid parallel to top and bottom surfaces. Shearing strain is t:>x/h.

Applying Hooke's law, we get for the shear modulus M,

M

=

F/A
~x/h'

(13-8)

and once again we note that the units of the shear modulus are the units of
force per unit area.
When a thin-walled tube or a rod is twisted, its deformation depends
on the shear modulus. The force constant of a helical spring may be computed from the dimensions of the spring and the shear modulus of the wire
from which it is made. When a spring is elongated or compressed, the wire
from which it is made does not stretch, but rather, any short length of the
wire acts like a rod which is being twisted.
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While we have defined three constants of elasticity as though they
were completely independent, it may be shown that, for a homogeneous
material in which the elastic properties are the same in every direction,
only two of these constants are independent, and the third may be expressed in terms of the other two.
While all three of the elastic constants are meaningful for solids, only
the bulk modulus has meaning for fluids. This is because neither a liquid
nor a gas is capable of supporting a tensile or a compressive stress, nor can
either of these fluids support a shearing stress under ordinary conditions.
When a fluid is subjected to a shearing stress, the upper surface acquires
a uniform velocity with respect to the lower surface of Figure 13-6, as we
have seen in the discussion of viscosity. Only the bulk modulus is appropriate to a liquid or gas, for these are capable of withstanding only hydrostatic pressures.
Illustrative Example. Two clamps are fastened near the ends of a rectangular steel rod 5 in. long. The rectangular cross section of the rod has an area of
2.5 in. 2 • A force of 800 lb is exerted on each of these clamps parallel to this area
but in opposite directions. Determine (a) the shearing stress, (b) the shearing
strain, and (c) the relative displacement of the top surface with respect to the
bottom surface.
(a) The shearing stress is

!... =
A

800 lb
2.5 in. 2

=

320 ~ .

in. 2

(b) The shearing strain can be found by solving Equation (13-8) for t::..xjh,
obtaining
t::..x
h

(c) Since h

=

= - -320
- -6 = 27.2 X 10-6 .
11.8 X 10

5 in.,
t::..x = 5 in. X 27.2 X 10- 6•

so that

t::..x = 1.36 X 10- 4 in.

for the relative displacement of the two surfaces.
13-8

Cohesion and Adhesion

The fact that molecular forces have a short range would lead us to expect
some distinctive types of phenomena to be observable at the surfaces of
substances. Conversely, the appearance of these surface phenomena
should lead to information about these molecular forces. For example, if
we take two pieces of metal, each with an accurately plane surface, and
bring them together, there will be no observable force between them until
the two surfaces are placed in contact. Once they are placed in contact,
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a very great force will be required to pull them apart. This experiment,
which can readily be performed with two pieces of steel or two pieces of
lead, shows that the forces between the molecules in the two surfaces have
a very short range of effectiveness. It is for this reason that a bearing in
which a shaft rotates is never made of the same material as the shaft
itself. The force of attraction between molecules of the same substance
is sometimes called cohesion.

~---~~~.··'

mi
-- ------_.-----_
.-

-----~

=-- -- ----=--:-=

~-=--=----=-==._-~

Fig. 13-7 Free surface of water in
a glass jar is level (horizontal) except
near the glass.

Fig. 13-8 Level of water in a capillary tube is at a height h above
level in the large vessel.

If some water is poured into a glass vessel, the free surface of the water
will be a level surface, except at the region of contact with the glass; at
this region, the water will be seen to cling to the glass for a short distance
above the level surface, as shown in Figure 13-7. This phenomenon can be
accentuated by immersing a glass tube with a narrow bore, a capillary tube,

(0)
Fig. 13-9 Level of mercury in a
glass capillary tube is at a level h
below that in a large vessel.

Fig.13-10

mercury.
water.

(b)
(a) U tube containing
(b) U tube containing

into the water, as in Figure 13-8. The level of the water inside the capillary
tube will be found to be considerably higher than the level inside the larger
jar, and an examination of the surface of the water in the capillary tube
shows that it is not plane but is concave, and spherical in shape. Not all
liquids behave like water. For example, if a glass capillary tube is immersed in mercury contained in a larger dish, as in Figure 13-9, the level
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of the mercury will be lower in the capillary tube than in the dish. If a
glass U tube is constructed with one arm about 1 cm in diameter and the
other about 0.2 cm in diameter, and mercury is poured into the tube, the
level in the narrower tube will be lower than in the wider tube, while if
water is poured into such a U tube, the level of the water will be higher in
the narrower tube, as shown in Figure 13-10.
One method of accounting for the behavior of liquids in capillary tubes
is to assume that there are forces of attraction, also of short range, between
the molecules of the liquid and the molecules of the solid at the surfaces

Air

Air
Glass -Woter:o

(a)
Fig. 13-11

(b)

(e)

Angles of contact. (a) 0° between water and glass; (b) angle of contact
and glass; (c) angle of contact 0 > 90° between mercury and

o < 90° between a liquid
glass.

of contact. This type of attractive force between molecules in the surface
of one substance for those in the surface of another substance is sometimes
called adhesion, to distinguish it from the force of cohesion between like
molecules. If the force of adhesion is greater than the force of cohesion,
the liquid will cling to the solid surface; that is, it will wet the solid. If the
force of cohesion is greater than the force of adhesion, the liquid will cling
to itself; that is, it will tend to form droplets when placed on a smooth surface, rather than spreading out to wet the surface.
The angle between the liquid surface and the solid surface at the region
of contact is an indication of the relative values of the forces of adhesion and
cohesion. This angle is known as the angle of contact. For water and glass
the angle of contact is practically 0°, while for some other liquid, the angle
of contact will have some value 8, as shown in Figure 13-11. If the force of
cohesion is much greater than the force of adhesion, as in the case of
mercury and glass, the angle of contact 8 is greater than 90°. For mercury
and glass, 8 = 139°. Values of some contact angles are given in Table 13-3.
13-9

Surface Tension

We have seen that the liquid inside a capillary tube has a curved surface,
and, if the tube is cvlindrical, the surface of the liquid may he nearly
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TABLE 13-3

CONTACT ANGLES

Liquid

Tube

Angle, Degrees

Alcohol
Ether
Glycerin
Mercury
Water
Water

Glass
Glass
Glass
Glass
Glass
Paraffin

0
0
0
139
0
107

spherical. The interesting phenomena associated with liquid surfaces
can be most easily explained by introducing the concept of surface tension.
That a liquid surface behaves as though it is under tension can be
demonstrated in a variety of experiments. Let us construct a rectangular
wire frame having one side movable; this can be done by curving the ends
of a wire AB so that it slides easily on two legs of the frame, as in Figure
A

-L--.f;/;/

,:':/!;

c

B

(0)

o

Fig. 13-12 (a) Wire frame with movable slide AB used to measure the surface
tension of a film in the frame ABCD.
(b) Shows the thickness of the film.

A

~.

C

B

(b)

13-12. We can pick up a film on this frame by dipping it in a soap solution.
This film will have two rectangular surfaces. The film will tend to contract, and, since AB is movable, the film will pull this wire toward CD with
some force F.
To keep the wire AB in equilibrium, a force F to the right has to be
applied to it. This force can be used to measure the surface tension. The
force exerted on the wire depends on the length of the wire. We define
the surface tension S as the force exerted by a .single ElI1:face on a section of
unit length. In this example the force exerted by eaeh surfaee is F /2. If
1 is the length of the wire, the surface tension is therefore

S

F

=-.

2l

If the surface area is increased by moving the wire AB through a
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distance x, the work done is
)f/ =

and, since
therefore

Fx,

P = 2l8,
;f/ = 8 X 2lx.

Now 2lx is the increase in surface area of the film; setting 2lx
we find

=

A,

)f/

8=-·

(13.9)

A

The surface tension thus represents the work done per unit area in increasing the area of a film. From mechanics we know that the most stable
configuration of a mechanical system is the position of lowest potential
energy. Thus a soap bubble or a water droplet assumes a spherical shape,
for the spherical surface contains the greatest volume per unit of surface
area of any three-dimensional figure and is therefore the surface of lowest
energy.
The surface tension of a liquid depends on the nature of the liquid and
the nature of the substance outside the liquid surface, that is, whether it is
air or the vapor of the liquid itself. The values of the sunace tensions of
liquids are given in Table 13-4. The sunace tension also depends on the
temperature of the system, decreasing as the temperature rises.
TABLE 13·4

SURFACE TENSION

Liquid in Contact
with Ail'

Temperature
in °C

Surface Tension in
dynes/cm

Ethyl alcohol
Water

20

22.3

o

75.6
72.8

20
60
100
Mercury
Olive oil
Glycerin
Soap solution

25
20
20

66.2
58.9
473
32

63.1
26

Soap films provide an analogue solution to many engineering problems.
The soap film has the property that the surface tension at every point in
the surface is a constant. In an ideal engineering structure every element
might well be stressed to the same tensile or compressive stress, to gain the
maximum strength per unit weight of the total structure. Suppose one
wished to design a Plexiglas dome for a pressurized vessel in which the
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opening was to be of irregular shape. One way to find the best shape for
the dome is to build a model vessel with the desired opening, cover the
opening with a soap film, and blow a bubble. The soap bubble automatically will come to the best design shape for the desired pressure differential.
If proper scaling factors are known, the design of the desired dome may be
determined from this experiment.
13-10

Pressure and Curved Surfaces

Let us consider the forces holding a spherical surface together. Suppose a
sphere of radius R is imagined to be parted by a plane diaphragm, as shown
in Figure 13-13. Let us imagine that the upper (dotted) part of the sphere
//--
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Fig. 13-13
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has been removed. The interior of the cap contains fluid at pressure PI
which is greater than the pressure Po outside the volume bounded by the
cap and diaphragm. The force which tends to blow the diaphragm off the
spherical cap is given by the difference in pressure PI - Po multiplied by
the area of the diaphragm 1r(R cos 8)2. The only force which tends to hold
the spherical cap to the diaphragm is the surface tension 8, whose component perpendicular to the diaphragm is 8 cos 8. The total force exerted
by the surface tension is the product of the perpendicular component by
the perimeter of the circle which bounds the diaphragm and the spherical
cap, for, by definition, the surface tension is a force per unit length of
surface. The spherical cap will be in equilibrium on the diaphragm when
these two forces are equal. Thus
(PI - Po) X (1rR 2 cos 2 8) = (8 cos 8) X (21rR cos 8),

or

PI -- Po

'28

= -- .

H

(13-10)
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Equation (13-10) has been deduced by replacing the upper (dotted) portion
of the sphere by an imaginary diaphragm. We may now imagine the dotted
portion of the sphere to be replaced over the lower spherical cap, and the
diaphragm removed. The equation now describes the relationship between
the gauge pressure within the sphere PI - Po, the surface tension 8, and
the radius R of the sphere.
Thus the difference in pressure on the two sides of a spherical surface
due to the surface tension depends inversely on the radius of the sphere.
Po is the pressure on the convex side of the surface and PI is the pressure
on the concave side. The above result is not dependent on the angle (J and
is therefore independent of the size of the spherical cap analyzed. It applies

Fig. 13-14 A soap bubble has two
spherical surfaces whose radii R 1 and R 2
differ very slightly.

to a whole sphere or any part of it. Thus the pressure inside a water
droplet is greater than the atmospheric pressure, and the pressure inside
a small droplet is greater than the pressure inside a large droplet. When
two water droplets are placed in contact, the water tends to move from a
region of high pressure into a region of low pressure, and the large droplet
swallows the small one. From yet another point of view, Equation (13-10)
shows why water droplets at rest are spherical rather than, say, pearshaped, for the water within the smaller end would be at higher pressure
than the water at the large end of a pear-shaped droplet. Equation (13-10)
is applicable to the determination of the stress in any spherical shell. In a
metallic shell of a given thickness, the stress must be multiplied by the
thickness of the shell to give a quantity whose dimensions are force per
unit length. In this way we can determine the pressure differential a
spherical shell can withstand, or the breaking strength of a spherical
diaphragm.
In the case of a soap bubble blown in air, the pressure difference is
practically twice as great as given by Equation (13-10), that is, 48/ R, since
a soap bubble has two spherical surfaces of radius R I and R2 , as in Figure
13-14. Since the thickness of the soap film is very smaIl, the difference
between the two radii may be neglected, and in the equation for the pressure differential between the inside and the outside of the bubble we simply
write the average radius R for the radius of the bubble.
Illustrative Example.
3 mm in diameter.

Determine the gauge pressure inside a small raindrop
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The gauge pressure is Pi - po. for the pressure Pi is the pressure inside the
spherical surface, and the outside pressure Po is the atmospheric pressure. Substituting 8 = 73 dynes/em for the surface tension of water, and R = 0.15 em
in Equation (13-10), we find
PI _ Po = 2 X 73 dynes/em,

0.15 em
PI - Po = 973 dynes/em 2 •

13-11

Capillarity

We have already seen that, if a capillary tube is inserted into a liquid, the
levels inside and outside the tube will differ by an amount h. In some cases
the liquid will be higher in the capillary tube; in other cases it will be lower,
depending upon the relative values of the forces of adhesion and cohesion.
Furthermore, the surface of the liquid in the capillary tube, sometimes
called the meniscus, may be approximated as spherical, if the bore is
cylindrical and of sufficiently small diameter.
The concept of surface tension, and the pressure differences associated
with curved surfaces discussed in the preceding paragraphs, enables us to
obtain a simple relationship between the difference in levels h inside and
outside a capillary tube and the radius r of this tube. Let us suppose that
the angle of contact between the liquid and the material of the capillary
tube is e. The meniscus is of spherical shape of radius R such that

R cos e = r.
If, as in Figure 13-15(a), we complete the spherical surface generated
by the meniscus in dotted lines, we see that the atmosphere is inside the
sphere and that the liquid in the capillary tube is outside the sphere. Thus
the pressure in the liquid just outside the meniscus must be below atmospheric pressure by an amount given by Equation (13-10).
28

PI - Po

=-,

P atm

-

Pliquid

=/e'
r cos

P atm

-

Pliquid

= ---

R

28

28 cos e
r

The pressure at the free surface of the liquid outside the capillary tube is the
atmospheric pressure, and at the same level inside the capillary tube the
pressure must also be atmospheric. But the pressure beneath the meniscus
has been reduced by an amount given by the formula above, so that the
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meniscus must rise until the hydrostatic pressure generated by the column
of liquid is equal to the reduction in pressure generated by the curvature
of the meniscus, and we have
28 cos e
hpg =

h =

r

28 cos e

,

,

(13.11 )

rpg

where p is the density of the liquid.
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Fig. 13-15 Surface-tension forces in capillary tubes (a) when contact angle 0 is less
than 90°; (b) when contact angle 0 is greater than 90 0 •

The same analysis will hold if the surface in the capillary tube is depressed by an amount h, as in Figure 13-15(b). Here the liquid may be
thought of as being inside the sphere and at a higher pressure than the
atmospheric pressure. In Equation (13-11), when the angle of contact is
greater than 90°, the value of its cOi3ine is a negative number, hence h will
be negative, indicating that the level is depressed in the capillary tube.
From Equation (13-11) we see that a liquid will rise higher in a capillary
tube of small bore than in a tube of large diameter. Capillary action is the
basis of operation of mops, of sponges, of lampwicks, and of many other
devices, where the fine spaces between the threads act as capillary tubes.
In reading a mercury barometer, correction must be made for the effect
of surface tension upon the height of the mercury column in order to obtain
accurate measurements of the atmospheric pressure, for the height of the
column is depressed from its true height by capillary action, which depends
upon the diameter of the tube.
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Illustrative Example. Two glass capillary tubes, each 1 mm in radius, are
put into two different liquids, one in water and the other in mercury. Compare
the liquid levels in the two tubes.
Let us take the level of the liquid outside each capillary tube as the zero
reference level. From Equation (13-11) the level of the liquid inside the capillary
will differ from that outside by an amount

h

=

28 cosf}.
rpg

(13-11)

For the case of water, f} = 0°, hence cos f} = 1; S = 73 dynes/em, r = 0.1 em,
= 1 gm/cm 3, and g = 980 cm/sec 2 • Letting h = hI for water, we get

p

hI =

2 X 73 dynes/em
,
0.1 em X 1 gm/cm 3 X 980 cm/sec 2

146
hI = em = 1.5 em.
98

from which

For the case of mercury, f} = 139°, hence cos f} = cos 139° = - cos 41 ° = -0.755;
8 = 473 dynes/em, r = 0.1 em, p = 13.6 gm/cm 3 , and g = 980 cm/sec 2 • Letting
h = h 2 for mercury, we get
h2 =

from which
13-12

h2

=

2 X 473 dynes/em X 0.755
0.1 em X 13.6 gm/cm X 980 cm/sec

--------''-------'------2
3

,

-0.536 em.

Phenomena Associated with Surface Tension

There are many phenomena associated with surface tension, a few of which
will be described here. For example, if a drop of oil is allowed to fall on a
large clean surface of water, the oil will spread out over this surface until it is
1 molecule thick; it forms a monomolecular layer. If the volume of the
original oil drop is known, and if the area of the monomolecular layer is
measured, its thickness can be computed. This thickness will then give us
one dimension of the oil molecule. Studies of the structure of oil molecules
by means of x-rays show that they are not spherical but have one long
dimension and two shorter dimensions. In a monomolecular layer, the
molecules stand on end, so that a measure of the thickness of the oil film
will yield the longest dimension.
If two small wooden matchsticks are floated near each other on the
surface of water, they will be pulled toward each other. The liquid between the matchsticks is raised to a level higher than the rest of the surface
by the surface tension; the pressure in the liquid between the sticks is thus
decreased to a value less than atmospheric pressure. If a drop of alcohol is
placed between them, the two matchsticks will be pulled apart. The effect
of the alcohol is to decrease the surface tension; that is, the surface tension
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of the solution of alcohol in water is less than that of pure water. The
difference in the surface tensions of the two sides of each stick supplies the
forces which pull them apart.
When small pieces of camphor are dropped onto a clean surface of
water, these pieces will perform very erratic motions. Although camphor
is soluble in water only to a very slight extent, wherever it is dissolved,
the surface tension is reduced. Each little piece of camphor will experience
forces caused by the different surface tensions around it, and these forces
set the particle in motion. The motion will cease when the surface tension
becomes uniform and equal to that of the solution of camphor in water.
Problems

13-1. A copper wire 80 cm long and 0.25 cm in diameter is suspended from a
rigid framework. A body whose mass is 5 kg is hung at the end of the wire.
Determine (a) the stress in the wire and (b) the strain produced.
13-2. A steel wire 1.5 m long and 0.04 cm in diameter supports a cylinder
whose mass is 4.0 kg. Determine (a) the stress in the wire, (b) the strain produced, and (c) the elongation of the wire.
13-3. A brass wire 3.0 ft long and 0.04 in. in diameter supports a body whose
weight is 3 lb. Determine (a) the stress in the wire, (b) the strain produced, and
(c) the increase in length of the wire.
13-4. A brass wire 4.0 m long and 2.0 mm in diameter is suspended from a
hook in a beam in the ceiling. A cylinder whose mass is 6.0 kg is hung from the
other end. Determine the increase in length of the brass wire.
13-5. An aluminum wire 200 cm long and 0.5 mm in diameter has a series of
cylinders hung from it in succession. Each cylinder has a mass of 10 gm. The
measured changes in length expressed in centimeters, as determined by a telescope
and scale method, are: 0.0014, 0.0029, 0.0042, 0.0056, and 0.0070. Plot a graph
with the stress as ordinate and the strain as abscissa; from the slope of this
graph, determine Young's modulus for this aluminum wire.
13-6. A steel rod 6.0 in. long and 0.5 in. in diameter is to be used as a piston
in a cylinder to produce a pressure of 2,000 Ib/in. 2• Determine the decrease in
length of the rod produced by this stress.
13-7. Glycerin is subjected to a pressure of 850 atm. Determine the percentage change in its volume.
13-8. Determine the bulk modulus of an oil if a volume of 1,000 cm" shows a
decrease in volume of 0.3 cm" when subjected to a pressure of 12 atm.
13-9. A cube of copper 5 cm on an edge is subjected to two oppositely
directed shearing forces along two of its faces. Each force is 900 nt. Determine
(a) the shearing stress, (b) the shearing strain, and (c) the angle, in degrees,
through which the cube has been sheared.
13-10. The maximum permissible design stress for an elevator cable is
10,000 Ib/in. 2 • What diameter cable should be used for an elevator weighing 2
tons when fully loaded, if the acceleration is to be 10 ft/sec 2 ?
13-11. A brass rod and a copper rod, each 2 ft long and 1 in. in diameter, are
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joined at one end, and the eombined rod is subjected to a compressive foree of
10,000 lb. Find (a) the stress in eaeh rod and (b) the strain in each rod.
13-12. What is the density of water at a point where the pressure is 100 atm
if the density at sea level is 1 gml em 3?
13-13. Suppose that a square specimen of eross-sectional area A is placed in
tension by equal and opposite forees F applied to its ends. Caleulate the tensile
stress (stress component perpendieular to the face) and the shear stress (stress
component parallel to the face) aeross a plane faee inclined at an angle (J to the
normal cross section of the speeimen. (a) At what angle is the tensile stress a
maximum? (b) At what angle is the shear stress a maximum?
13-14. Three eapillary tubes of diameters 0.5 mm, 1.0 mm, and 1.5 mm,
respectively, are supported in a jar of water. Determine the height to which the
water will rise in each of these tubes.
13-15. Three holes of diameters 1.0 mm, 1.5 mm, and 2.0 mm, respectively,
are bored in a block of paraffin. The paraffin is partly immersed in water. Determine the level of the water in each hole.
13-16. A capillary tube 1.0 mm in diameter is placed in a soap solution of
density 1 gm/cm 3. The liquid in the tube rises to a height of 0,45 em above the
level of the rest of the surface. Determine the surface tension of this solution,
assuming the eontact angle to be zero.
13-17. A soap film is formed on a rectangular frame 2 em by 8 em, as in
Figure 13-12. (a) Determine the foree that the film exerts on the shorter wire.
<b) If this wire is moved through a distance of 5 em, determine the amount of
work done. Assume that the temperature remains constant in this process.
13-18. Calculate the gauge pressure inside a raindrop which is 4 mm in
diameter. Assume the temperature to be 20°C.
13-19. Calculate the gauge pressure inside a drop of mercury whose temperature is 25°C and whose diameter is 4 mm.
13-20. Determine the gauge pressure inside a soap bubble which is 5 em in
diameter. Assume the temperature to be 20°C.
13-21. Two rectangular glass plates are spaced 1 mm apart. They are
partly immersed in a dish of water at 20°C, with the plates placed so that the air
space between them is in a vertical plane. Determine how high the water will rise
in this air space above the level of the water in the dish. [NOTE: Consider the
forces acting on a surface film 1 em wide in contact with each plate. Balance
these forces against the weight of water lifted through a height h.]
13-22. A hollow glass tube has a soap bubble of 5 em diameter formed on
one end and another soap bubble of 2 em diameter formed on the other end.
Determine the pressure difference at the ends of the tuhe. Explain what will
happen as a result of this pressure difference.
13-23. Two glass plates, each having a large surface, are clamped together
along one edge and separated by spacers a few millimeters thick along the opposite edge to form a wedge-shaped air film. These plates are then placed vertically
in a dish of colored liquid. Calling x the horizontal distance measured from the
edge where the thickness of the air film is zero, show that the vertical distance y
through which the liquid rises in the air space varies inversely as x. [NOTE: The
thickness of the ail' film increases as the distance x increases.]

Part Two
HEAT

14
Temperature

14-1

Concept of Temperature

Temperature is one of the fundamental concepts of physics. We are all
able to recognize that some bodies are hotter than others, but our temperature sense is qualitative rather than quantitative and is capable of only
a limited range. The sense of touch can frequently be used to distinguish
between hotter and colder objects, provided that these lie in a temperature
range consistent with the stability of human tissue. Even within this
range the sense of touch is often unreliable as a measure of temperature.
The metal bracket holding a wooden rail may feel much colder to the touch
than the railing itself, even though both are at the same temperature.
It is a matter of common observation that some of the physical properties of many substances are altered when the temperature is changed.
The volume or the pressure of a gas increases when the temperature is
raised. The length of a copper rod changes with changing temperature.
Some of the electric and magnetic properties of substances vary with
changes in temperature. The changes that take place in these physical
properties can be used to measure the changes in temperature which produced them.
In order to make a measurement of the temperature of a body, it is
important to be able to decide when two bodies are at the same temperature.
Suppose that the length of a copper rod is measured while it is in the
laboratory and exposed to the air in the room; if the rod is then put into a
mixture of ice and water, its length will first decrease and then reach a new
value which will remain constant as long as it is in the ice-water mixture.
We then say that the temperature of the copper rod is the same as that of
the ice-and-water mixture. The two systems, the copper rod and the icewater mixture, are in thermal contact and have reached thermal equilibrium.
Thus two systems are said to be at the same temperature when they are in
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thermal equilibrium. We may thus consider temperature to be a property
of a system which determines whether or not it is in thermal equilibrium
with any other system that is placed in thermal contact with it.
14-2

Thermometers

A physical device which measures temperature is called a thermometer.
In order to construct a thermometer, it is necessary to choose some thermometric property of a system whose value depends upon its temperature.
Although the length of a solid rod
F
C
is seldom used as this thermometric
212
100
property, the length of a liquid column in a glass tube is used very frequently. In this liquid-in-glass thermometer, the difference in volume
expansion between the liquid and the
glass container is visible as a change in

32

a

Fig. 14-1 A mercury-in-glass thermometer with the ice point and the
steam point marked in both the
Fahrenheit and Celsius scales.

Fig. 14-2 Constant-volume
gas thermometer.

length of the liquid column when it is allowed to expand into a very fine
capillary tube attached to the glass bulb containing most of the liquid, as
shown in Figure 14-1.
The constant-volume gas thermometer, in which the pressure of the gas
is the thermometric property, provides an extremely accurate measurement
of temperature. This thermometer, shown in Figure 14-2, utilizes the
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change in pressure of a gas with temperature, when the gas is maintained at
constant volume. Gases customarily used are air, hydrogen, or helium.
The color and intensity of the light emitted from a furnace vary with
the temperature. An optical pyrometer is a device in which the temperature
of a furnace is measured by comparing the light emitted from the furnace
with the light emitted by an electrically heated filament which has been
previously calibrated. The character of the light emitted by an incandescent body is a thermometric property suitable for use in the determination of temperature.
The electrical resistance of a wire changes with temperature. As we
shall see in a subsequent chapter, the electrical resistance of a metal is an
easily measured property. This thermometric property provides the basis
for the resistance thermometer.
If the ends of two wires made of different metals or alloys are connected
together and their junctions maintained at different temperatures, it is
found that an electric current flows in the wire loop. The current is produced by an electromotive force whose value depends upon the difference
in temperature of the junctions. This thermometric property provides the
basis of the thermocouple type of thermometer. When a number of small
thermocouples are connected together, the effect is enhanced, and the
result is called a thermopile.

14-3

Temperature Scales

In order to be able to assign a number to the temperature of a body, it is
necessary to agree upon a method for setting up a temperature scale. We
must first choose some thermometric property of a system, for example,
the length of a mercury column in a glass capillary tube, or the electrical
resistance of a platinum wire, or the pressure of a gas kept at a constant
volume. Let us call the value of the chosen thermometric property X and
let T be the temperature of a system that surrounds this thermometer and
is in thermal contact with it. When thermal equilibrium is reached, the
thermometer and the surrounding system are at the same temperature. If
the temperature of the system is changed, the value of the thermometric
property of the thermometer is also changed. The temperature, as indicated by the thermometer, will be some function of X; let us call this
function T(X). Let us assume that T(X) is a linear function of X, thus
T(X) = aX,

where a is a constant of proportionality.
Thus, if at one temperature the value of the thermometric property is
Xl, and if at a higher temperature the value of this thermometric property
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is X 2 , then we can write
T(X I )
T(X 2 )

Xl

--=-.

(14-1 )

X2

Before 1954 two fixed points were used to assign numbers in calibrating
a thermometer. Since 1954, by international agreement, only one fixed
point is being used. Since the older scales are still in common use, we shall
describe the earlier method first.
A fixed point on a temperature scale is a number that is assigned to the
temperature of an easily reproducible state of a system. Before 1954 the
two fixed points were (a) the temperature of a system consisting of a mixture
of ice in equilibrium with water open to the air at standard atmospheric
pressure with the water saturated with air (called the ice point) and (b) the
temperature of steam in equilibrium with pure water at standard atmospheric pressure (called the steam point).
To measure the temperature of a system, the thermometer is put in
thermal contact with it; the value X of the thermometric property at this
temperature T(X) is measured. Calling Xi the value of this property at
the ice point, we have
T(X i )
T(X)

Xi
X

--=-.

(14-2)

Similarly, if X. is the value of the thermometric property at the steam
point, then
T(X.)
T(X)

X.
X

---=-.

(14-3)

From the above equations we get
T(X.) - T(X i )
T(X)

so that

(14-4)

X
T(X)

T(X.) - T(Xi )

X. - Xi

x.

(14-5)

On the Celsius scale of temperature, also called the centigrade
scale of temperature, first devised by A. Celsius (1701-1744), the temperature interval T(X.)-· T(X i ) is assigned the value of WO°C, the ice point
is called O°C, and the steam point WO°C, the interval being divided into
100 equal divisions called degrees Celsius.
On the Fahrenheit scale, first devised by G. Fahrenheit (1686-1736),
the interval between the ice point and the steam point is assigned the
value 180°F, the ice point is called 32°F, and the steam point 212°F, the
interval being divided into 180 equal divisions called degrees Fahrenheit.
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As the accuracy of temperature memmrements increa:,;ed, discrepancies arose principally because of the difficulty of reproducing the ice point.
It will be recalled that the ice point is the temperature of an equilibrium
mixture of ice and air-saturated water at atmospheric pressure. The discrepancies between measurements made at standardizing laboratories
amounted to as much as 0.04°C, whereas the accuracy of measurement in
this temperature region was good to about O.OOl°C. In 1954 it was decided to change the method of calibrating thermometers and to use only
one fixed point; this fixed point is the temperature of an equilibrium mixture
of ice, water, and water vapor; this state is called the triple point of water
and exists at only one definite temperature and pressure (see Chapter 17).
The number chosen for this fixed point is 273.16 degrees Kelvin, written as
273.16°K. (This is in honor of Lord Kelvin who developed the thermodynamic scale of temperature. See Chapter 19.) Thus if X a is the value
of the thermometric property of the thermometer at the triple point, then
from Equation (14-1)
T(X)
X
--=-,
(14-6)
T(Xa)
Xa
and since
we have

T(X a) = 273.16°K,
X
T(X) = 273.16°K - .
Xa

(14-7)
(14-8)

The triple-point cell used by the K ational Bureau of Standards is
illustrated in Figure 14-3. Very pure, air-free water is introduced into the
cell which is then sealed. The cell is then cooled in a thermos flask by an
ice bath until ice, water, and water vapor are present simultaneously in the
cell, indicating that the triple point of water has been attained.
If the constant-volume gas thermometer is used for measuring temperature, the thermometric property that is measured is the pressure P
of the gas. For this case Equation (14-8) becomes

° -P ,
T(P) = 273. 16K
Pa

(14-9)

where P a is the pressure of the gas at 273.16°K or the triple-point temperature. As the result of many careful experiments, we find that the value of
the temperature of a particular system depends upon the nature of the gas
that is used in the gas thermometer. However, as smaller and smaller
amounts of gas are used in the thermometers, so that the pressure of the
gas gets smaller and the density gets smaller, all gas thermometers give the
same result for the temperature T of the system. Thus

T

=

273.16 °K
(denRity-.O)

.
(P)
P"

(14-10)
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We shall consider some of the interesting properties of gases in this and
later chapters.
The relationship between the Celsius scale and the Kelvin scale can
now be stated in terms of the single fixed point. On the Celsius scale the
triple point is defined as 0.01 °C; any temperature t on the Celsius scale can
be defined in terms of the temperature T on the Kelvin scale as

t = T - 273.15.

(14-11)

The relationship between the
temperature of a body expressed on
the Celsius scale tc and its temperature expressed on the Fahrenheit scale

H

Fig. 14-3 Diagram of the National Bureau of Standards
triple-point cell, ED, in use in an
ice bath G, within a thermos
flask H. A, water vapor; C,
thermometer well; E, ice mantle;
F, liquid water.

Fig. 14-4 Graph of Fahrenheit
temperature versus Celsius temperature.

tf can be found by plotting the Fahrenheit temperature as ordinate and
the Celsius temperature as abscissa on rectangular coordinate paper, as
shown in Figure 14-4. The curve relating these two temperatures is a
straight line of slope tg g, which intercepts the Fahrenheit axis at 32°F.
Applying the slope-intercept form of the equation of a straight line

y

=

m;r

+ b,
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where m is the slope and b is the y intercept, we find
tf = -tt c

+ 32.

(14-12)

This equation may be solved for tc to yield
t c = ~(tf - 32).

(14-13)

Illustrative Example. Find the centigrade temperature at which a centigrade thermometer will read the same number as a Fahrenheit thermometer.
The relationship between the reading of a centigrade thermometer and a
Fahrenheit thermometer is always given by Equation (14-12) as

=

tf

-tt c

+ 32.

The additional condition imposed by the problem may be expressed analytically
as
tf = t e •

Solving these two equations simultaneously, we find
tc

14-4

= -40.

Thermal Expansion of Solids

A change in the temperature of a substance is nearly always accompanied
by a change in its physical dimensions. The expansion which takes place
in a perfect crystal when its temperature is increased depends upon the
direction in which the expansion is measured relative to the crystal axis.
Most crystalline solids are made up of grains within which the crystals are
oriented in one direction. The crystal directions are randomly oriented
from grain to grain, so that we find that the expansion of most solids is
often the same in every direction relative to the crystal axis.
The change in length of a solid rod is a smooth function of temperature
and may be represented by an infinite series of the form
Lt

=

L o[l

+

(X

(~t)

+ (x' (~t)2 + ... ],

(14-14)

where L t is the length of the rod at temperature t, L o is the length of the
rod at some reference temperature to, and ~t is the temperature difference
t - to. The coefficients (x, (x', and so on, are constants which must be
evaluated by experiment for each different material. It is common practice
to approximate the expansion of a solid by making use of a number of
straight lines tangent to the curve which describes the length of a rod as a
function of temperature, as shown in Figure 14-5. In this case only the
first two terms of the right-hand side of Equation (14-14) are required to
represent anyone of these tangent lines, and the equation becomes
(14-15)
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where a is called the coefficient of linear expansion at the temperature to.
Since the slope of each of the tangent lines in Figure 14-5 depends upon the
reference temperature at which it is constructed, the coefficient of linear
expansion depends upon the reference temperature at which it is evaluated.

to

t

Fig. 14-5

The slope of the tangent line at temperature to, at which the length of the
rod is L o, is given by Loa. If we write the change in length of the rod as
b.L = L t

-

L o,

we may express the coefficient of linear expansion as
b.L/Lo
b.t

a=---'

(14-16)

In other words, the coefficient of linear expansion is the fractional change
in length of the rod per degree of temperature change. The units of a are
therefore (degrees)-l. Since a Fahrenheit degree represents a smaller
temperature interval than a centigrade degree, the coefficient of linear
expansion per degree Fahrenheit is five ninths of the coefficient of linear
expansion per degree centigrade. The linear-expansion coefficients of
several solids are given in Table 14-l.
If two metals, say brass and steel, are welded or riveted together so
that they form a single straight piece at room temperature, then, when the
temperature is raised, the strip will bend in the form of an arc with the brass
on the outside, as shown in Figure 14-6. This is due to the fact that brass
has a greater coefficient of expansion than steel. A bimetallic strip of this
kind is frequently used in thermostats. The strip is fixed at one end, and
the bending of the free end may be used to actuate a switch at some predetermined temperature.
A solid in which the expansion is the same in every direction is said to
he isotropic with regard to this property. When the temperature of an
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TABLE 14-1

COEFFICIENTS OF LINEAR EXPANSION AND VOLUME EXPANSION

Substance
Aluminum
Brass
Copper
Pyrex glass
Invar
Lead
Platinum
Steel
Tungsten

a

25.7 X 10- 6 per °C
19.3
17.8
3.6
15.1
0.9
29.40
8.99
13.2
4.3
6.1

(20-300°C)
(0-100°C)
(25-300°C)
(21-470°C)
(550-570°C)
(20°C)
(18-100°C)
(40°C)
(40°C)
(0-100°C)
(1000-2000°C)

Substance
Mercury
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{3

(0-100°C)

181.8 pcr °C

isotropic solid is changed, the length of each linear dimension is changed.
The area of each element of area is changed, and the volume of each volume
element is changed. We may represent the expansion of area and the
volume expansion by mathematical series analogous to Equation (14-14) and may approximate
the expansion by use of the first two terms of
the series, as before. To represent the area exBross
Steel
pansion, we write
At = A o[l

+

Bross

(T

(~t)],

(14-17)

where (T (sigma) is the coefficient of area expansion at the temperature to. Similarly, to represent
the volume expansion we write
(14-18)

Fig. 14-6

bimetallic
heated.

Bending of a
strip when

where {3 (beta) is the coefficient of volume expansion at the temperature to.
The coefficient of area expansion and the coefficient of volume expansion
may be expressed by equations analogous to Equation (14-16) as
~A/Ao

(T

= ---,
~t

and

~V/Vo

{3=--'
~t

(14-19)

(14-20)

We may relate the coefficient of linear expansion to the coefficient of
area expansion by considering the expansion of a square plate of dimensions

276

§14.4

TEMPERATURE

La X La at temperature to.

The area of this plate at temperature to is

L~. When the temperature of the plate is t, the length of a side is L t , given

by Equation 14-15, and the new area of the plate is

= L; = {L o[l + 0'(~t)Jl2
= L~[l + 20' (~t) + 0'2 (~t)2],
At = A o[l + 20' (~t) + 0'2 (~t)2].
At

In general, the coefficient of linear expansion is a small number. Over the
limited temperature interval for which the coefficient of linear expansion
represents the true expansion of the body, we may neglect the term in 0'2 as
being small in comparison with the other terms on the right-hand side of
the equation. Thus we have
At

= A o[l

+ 20' (~t)].

Comparing the above result with Equation (14-17), we see that the coefficient of area expansion (T is numerically equal. to twice the coefficient of
linear expansion 0'. In the form of an equation we have
(T

=

20'.

(14-21)

Similarly, we may find that the coefficient of volume expansion {3 is numerically equal to three times the coefficient of linear expansion, or
{3 = 30'.

(14-22)

Coefficients of areal expansion and of volume expansion of solids are not
usually tabulated in compilations of technical data, for the reason that
they may be readily obtained from the tabulated coefficients of linear
expansion.
Illustrative Example. A hollow copper sphere has an inner radius of 4 cm
and an outer radius of 5 cm at a temperature of 20°C. Find the change in volume
of the spherical cavity when the temperature is raised to 420°C.
The change in volume of a copper sphere is the same whether it is solid or
hollow. We may think of a solid sphere as consisting of a solid central core and
a hollow spherical shell whose inside diameter is the same as the diameter of the
core. The two parts fit perfectly at all temperatures. Thus the volume of a
spherical cavity at any temperature is the same as the volume of a solid sphere
of copper at that temperature. To find the change in volume of a spherical cavity
in a hollow copper sphere, we find the change in volume of a solid sphere of copper
subjected to the same temperature change.
The coefficient of linear expansion of copper valid in the range 0-625°C has
been measured as 16.07 X 1O-6;oC. The change in volume may be obtained
from Equation (14-20). The numerical values are
{3

= 30' = 48.21 X 1O- 6 CC)-1,
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iJV o.6t,

.6V=5.17cm 3 •
Thus the spherical cavity expands from a volume of 268 cm 3 to a volume of
273.2 cm 3 •

14-5

Thermal Expansion of Liquids

As a general rule, a liquid expands when its temperature is raised. The
notable exception to this is water, which contracts when its temperature
1.044
1.040

1.036

1.032

§

1.028

.S 1.024

§'" 1.020
~ 1.016
1.012
I

1.008
1.004
1.000
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o
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40

60

80

100

Temperature in °C
Fig. 14-7 Curve showing the volume of water as its temperature is raised from -20°C
to 100°C with its minimum volume or maximum density at 4°C.

is raised in the limited region from ooe to 4°C. Above 4°e water expands
with an increase in temperature. The behavior of water at atmospheric
pressure in the range from -20°C to lOOoe is shown in Figure 14-7.
(NOTE: Water is a supercooled liquid from -20°C to ooe.)
One method for determining the coefficient of volume expansion of a
liquid is to put the liquid into a container of known volume provided with a
narrow tube at one end, as shown in Figure 14-8. A glass container is
usually employed. The level of the liquid in the tube is observed at the
initial temperature to and at the final temperature t. The surface of the
liquid is exposed to the atmosphere so that the pressure of the liquid remains
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constant. Since liquids generally have greater coefficients of expansion
than glass, the level of the liquid will rise as the temperature is raised. Only
the relative expansion of the liquid with respect to the container can be
directly determined by this method. If the coefficient of volume expansion
of the container is known, the coefficient of volume expansion of the liquid

t

V

1
hz

Fig. 14-8 Expansion of a
liquid in a container when
heated.

Fig. 14-9

Dulong and Petit ap-

paratus.

can be determined. The apparent change in volume of the liquid is the
difference between the change in volume of the liquid and the change in
volume of the container.
The expansion of a liquid may be determined by a method, introduced
by Dulong and Petit in 1817, in such a way that the measurement does not
depend upon the expansion of the container. In its most elementary form
the apparatus consists of two vertical tubes maintained at different temperatures. The two vertical tubes are connected by a horizontal tube, as.
shown in Figure 14-9. At the level of the horizontal tube, the pressure
must be the same in both columns. The observed difference in the height of
the liquid in the two columns is due to the difference in density of the liquid
at the two temperatures.
14-6

Expansion of Gases

In studies of the expansion of solids or liquids, the substance studied is
generally maintained in an open system, exposed to the atmosphere, so that
the expansion coefficient is determined at constant pressure-the pressure
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of the atmosphere. Since a gas must be studied in a closed container, a
change in temperature may involve a change in both the volume and the
pressure of the gas. It is customary to study the behavior of the gas at
constant pressure, where the volume
changes with temperature, or at conB
stant volume, where the pressure
changes with tempeature.
An apparatus suitable for studying the change in pressure of a gas at
constant volume is shown in Figure
14-10. The gas under investigation is
kept in the bulb A and in the narrow
tube leading to the manometer. The
mercury in tube C of the manometer
is always kept at the same level by
being raised to the index point I by
raising or lowering the tube B. The
R
U-shaped section of the tube R is frequently a flexible rubber hose.
Let us define the coefficient of pressure change at constant volume {3' as
{3

,

~P/P

= --.
~t

(14-23)

When the coefficient of pressure change
Fig. 14-10
at constant volume of hydrogen is
measured at O°C, this coefficient has the value of approximately 0.00366
per degree centigrade. A value very close to this is obtained with other
gases, provided that the pressure is not too high and the temperature is
significantly above the temperature at which the gas liquefies. The interpretation of this numerical value is that the pressure of hydrogen at constant volume will change by 0.00366 or 1/273.2 of its pressure at O°C for
each centigrade degree change of temperature. The use of a constantvolume gas thermometer has already been discussed in Sections 14-2 and
14-3.
By a slight modification of the apparatus pictured in Figure 14-10,
the pressure of the gas may he kept constant, and its volume may be
measured as a function of the temperature. The coefficient of volume change
at constant pressure {3 may be defined as

{3=~V/V.
~t

(14-24)

When the coefficient {3 is measured for hydrogen at O°C, its value is again
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found to be 0.00366 per degree centigrade. The coefficient of volume
change at constant pressure of other gases is close to this value, provided
that the pressure is not too high and the gas is far from the temperature at
which it becomes liquid.
14-7

Absolute Scale of Temperature

The fact that the constants (3' and /3 have the same numerical value for
hydrogen, and that these constants are approximately the same for other
gases, has led to the introduction of a scale of temperature known as the
absolute gas scale of temperature. From Equations (14-23) and (14-24) we
see that, if hydrogen is maintained at constant volume, its pressure should
be equal to zero at a temperature of -273.2°C. Similarly, if hydrogen is
kept at constant pressure, its volume should be zero at a temperature of
-273.2°C, provided that it remains a gas.
Let us rewrite Equation (14-23) in terms of the initial pressure Pi, the
final pressure P [, the initial temperature ti, and the final temperature tf.
We find
(3'

= (Pf - Pi) .
Pi(t f - ti)

If we take the initial temperature as
ti

= O°C,

and set

/3' = 1/273.2 per degree centigrade,
we find, after some algebraic manipulation,

+

P f = tf
273.2
Pi
273.2

Let us define the absolute centigrade gas temperature T as the centigrade
temperature plus 273.2, or
T = t + 273.2.
For the case chosen the initial absolute temperature is T i = 273.2. Thus
we have
P
T
-f = -f ,
Pi

or

T,:

P = KT,

(14-25)

where K is some constant for a particular quantity of gas maintained at a
constant volume. From Equation (14-24) we may find, by a similar derivation, that
(14-26)
v = K'T.
Equation (14-26) is called Gau-Lussac's law.
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From the basic conception of the absolute gas scale of temperature, we
see that negative numbers for the absolute temperature would lead to such
absurd results as the existence of negative pressures and negative volumes
for a gas. Hence the temperature of a body expressed on the absolute scale
must always be a positive number. It is not possible at this point to say
whether there is a physically achievable absolute zero of temperature. All
substances become liquids at temperatures above the absolute zero. The
lowest temperature measured with a gas thermometer is about -272°C, or
1° abs, using helium at low pressure.
It is apparent from the preceding discussion that what is needed is a
temperature scale which is independent of the properties of a particular
. substance. There is such a scale, known as the absolute thermodynamic scale,
or Kelvin scale oj temperature, which will be discussed in Chapter 19. There
we shall see that temperatures on the thermodynamic scale are in agreement
with temperatures on the absolute gas scale for a perfect gas, and are very
close to temperatures on the absolute gas scale achieved with a constantvolume hydrogen thermometer.
Although the temperature 273.2° abs is sufficiently accurate for our
purposes, it should be noted that the average value of the best experimental
determinations of the ice point is
T = 273.165° abs.

The lowest temperature which has been obtained experimentally is
18 X 10-6 ° abs. This has been done by a process involving the magnetization and demagnetization of certain magnetic materials which were previously cooled to a temperature of about 1° abs.
The absolute temperature can also be expressed in terms of the Fahrenheit degree by means of the equation
1' F = *1',

(14.27)

where T F is the absolute temperature in Fahrenheit degrees, and T is the
absolute temperature in centigrade degrees. When absolute temperature
is measured in Fahrenheit degrees, the temperature scale is· called the
Rankine scale of temperature. This scale is used in engineering in the
United States and in Great Britain.
14-8

Thermal Stresses

If a rod is heated while its ends are confined, the rod is thereby put into a
condition of internal compressive stress. If the rod is cooled when its ends
are confined, it assumes a condition of internal tensile stress. To calculate
the stress within the rod, we assume that the rod has acquired its final
configuration in a virtual two-step process, in which the first step is the
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change in temperature of the free rod, while the second step is the application of forces to the ends of the rod to return it to its initial length.
When the temperature of a rod of length L, made of a material whose
coefficient of linear expansion is a, is altered by an amount t::.t, the change
in the length of the rod is given by Equation (14-16) as

t::.L

aL t::.t.

=

The fractional change in length of the rod is given by

t::.L

L=at::.t.
Let us suppose, for definiteness, that the temperature of the rod has increased, and that the rod has increased in length. We may return the rod
to its original dimensions by applying a compressive stress sufficient to
produce a decrease in the length of the rod equal to t::.L, or to produce a
strain in the rod equal to t::.L/L. From the definition of Young's modulus
of elasticity, we have
stress
strain

stress

y=--=--.
a t::.t

Thus the stress produced in a rod whose modulus of elasticity is Y wiII be
given by
Stress

=

aY t::.t,

(14-28)

when the rod is confined so that it cannot expand or contract when it is
subjected to the temperature change t::.t. The state of thermal stress in a
rod is determined by its coefficient of linear expansion, Young's modulus,
and the temperature change to which the rod has been subjected. The force
which must be applied to the ends of the rod to produce this stress is determined from the definition of stress as the force per unit area of the rod,
as given in Equation (13-1).
Thermal stresses are widely encountered in practical engineering
problems. Thus the steel rails of a railroad are commonly provided with
expansion joints, but it is possible to lay continuous steel rail to any convenient length, provided that the rails are securely anchored to a roadbed
with spikes and crossties capable of exerting a force sufficient to produce the
stress given by Equation (14-28). It is not adequate to exert the force at
the ends of the rails, for the rails would fail by buckling. The continuous
rail must be spiked to the roadbed at suitable intervals. In laying concrete
road or curbing, it is common practice to provide expansion joints because
of the greater expense and difficulty of securing the road or curb to the
ground. Similarly, it is difficult to provide large, long buildings with sufficient restraint, and expansion joints must be provided to keep cracks from
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forming in brick walls. Steel tires are fastened to the cast-iron wheels of a
railroad car by a process of heating the steel rim and allowing it to cool and
contract onto the wheel. The stress in the tire exerts forces on a short,
element of length of the tire which have a normal component, holding the
tire to the wheel by frictional forces between the tire and the wheel, as
shown in Figure 14-11. Such a tight fit between two members is called
a shrink fit.

Fig. 14-11 The radial force exerted by a circular hoop under tension 8 upon a section
of length ill is given by 8M, where ilO is the angle subtended by the section ill at the
center of the circle.

When a solid is heated and subsequently cooled, as in heat treatment
and quenching, or in a welded member, internal thermal stresses are often
generated through the irregular cooling of the member. When hot, a solid
body may easily be deformed without development of internal strains,
but when the solid has cooled sufficiently, any further deformation is
accompanied by the generation of internal stresses. Thus an irregularly
shaped forging being quenched after heat treatment is cooled first where it
is thinnest. As the thicker sections subsequently cool and contract, they
are restrained by the cooler sections of the forging, and a state of internal
stress is produced which may be greater than the rupture strength of the
material of the forging, so that cracks develop. A drinking glass into
which boiling water is poured will often crack from the thermal stresses
developed at the boundary between the hot and cold portions of the glass.
14-9

The Meaning of Temperature

In the discussion of the concept of temperature in Sections 14-1 to 14-3,
we have defined the meaning of temperature through the operation of
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measuring temperature with the aid of thermometric properties of macroscopic systems. Thus the measurement of temperature requires that matter
be present in bulk. The concept of temperature is a macroscopic one. It is
meaningless to ask the question, "What is the temperature of a proton
moving at a speed of 100 mi/hr?"
The definition of temperature was also based upon the concept of
equilibrium; that is, it is assumed that any changes in the temperature of
the system are taking place sufficiently slowly so that the state of the system could be considered constant during the time of measurement. If the
state of the system changes rapidly, so that it does not have sufficient time
to come to equilibrium, the meaning of temperature is somewhat ambiguous. This is the case in a flame, or in the exhaust gases of an engine, where
the processes of combustion take place with great rapidity, and the gases
do not have time to come to equilibrium. In such cases it is often found
that different methods of measuring temperature yield different results,
for the measured temperature is a function of the method of measurement
as well as the condition of the object whose temperature we wish to determine, and the number assigned as the temperature has meaning only in
comparative terms.
Problems

14-1. At what centigrade temperature will the reading of a Fahrenheit
thermometer be numerically equal to twice the reading of a centigrade thermometer?
14-2. How long must a steel rod be in order that its length will increase by
0.02 in. as a result of a temperature change of lOOC?
14-3. The distance between two markers is measured with a steel tape at
25°C. The reading of the tape is 80 ft. If the calibration of the tape is correct
at O°C, determine the distance between the markers.
14-4. A copper ring has an inside diameter of 4.98 cm at 20°C. To what
temperature must it be heated so that it will just fit on a shaft 5.00 cm in
diameter?
14-5. What will be the stress in the ring of Problem 14-4 after it has shrunk
in place onto the shaft? Assume that the dimensions of the shaft remain constant.
14-6. A glass flask having a volume of 1 liter at 20°C is filled with mercury
at that temperature. What volume of mercury will run over the lip of the flask
when the temperature is raised to lOO°C?
14-7. The pressure of a volume of gas at 27°C is 546 mm of mercury. What
will be its pressure, expressed in millimeters of mercury, if the temperature is
increased to 28°C, the volume being kept constant?
14-8. A constant-pressure air thermometer contains a mass of air whose
volume is 300 cm 3 at O°C. What will be its volume at 50°C?
14-9. The following data were taken in an experiment with a constantvolume air thermometer, such as that shown in Figure 14-10. Barometric pres-
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sure 754.0 mm; height of column C 48.4 cm and height of column D 44.7 cm at
the ice point; height of column C 48.4 cm and height of column D 71.0 cm at the
steam point; height of column C 48.4 cm and height of column D 62.3 cm when
the bulb is surrounded with warm water. Determine (a) the coefficient of pressure change of the air and (b) the temperature of the warm water.
14-10. A clock regulated by a seconds pendulum made of brass has a correct
period of 2 sec when the temperature is 70°F. Determine the gain or loss, in
seconds per day, when the temperature rises to 97°F. Assume it to be a simple
pendulum.
14-11. Derive the equation
{3 = 3a
relating the coefficient of volume expansion (3 of an isotropic solid to its coefficient
of linear expansion a.
14-12. A steel rod 1 m long and 0.5 cm in diameter is clamped between two
fixed supports at its ends. The temperature of the rod is raised 30°C. Determine
(a) the stress in the rod and (b) the force exerted by each support. Young's
modulus = 20 X 1011 dynes/cm 2.
14-13. A steel bomb is filled with water at 10°C. If the system is heated to
100°C, determine the increase in pressure of the water (a) neglecting the thermal
expansion of the steel and (b) taking into account the thermal expansion of the
steel. Neglect the change in dimensions of the steel bomb due to the tension it
experiences. Take the bulk modulus of water as 2 X 104 atm- 1 •
14-14. Derive a formula for correcting the reading of a mercury barometer
calibrated at 20°C when the barometer is read at a temperature of tOC. Neglect
the expansion of the scale attached to the barometer. Express your result in
terms of the correction fih, the reading of the barometer h, the coefficient of
volume expansion {3 of mercury, and the temperature. Does the expansion of the
glass container affect your result?
14-15. A block of aluminum is immersed in water at a temperature of 20°C,
and the buoyant force on the aluminum is observed to be 10 lb. What will be
the buoyant force on the block of aluminum at a temperature of 4°C?
14-16. A steel tire 2 in. in width whose inner diameter is 0.999 ft and whose
outer diameter is 1.05 ft is to be heated so that it may be placed on a cast-iron
wheel 1.000 ft in diameter. (a) Assuming that the cast-iron wheel is perfectly
rigid, find the tensile stress in the tire when it has cooled. (b) If the coefficient
of friction between the tire and the wheel is 0.2, find the force which must be
applied to the tire to pry it from the wheel. Take Young's modulus for steel as
29 X 10 6 1b/in. 2 •
14-17. A steel rod 1 ft long is welded at one end to a copper rod of the same
diameter and length, and the two bars are mounted between rigid supports.
Find the stress in each bar when their temperature is increased by 50°C. Young's
modulus for steel is 30 X 10 6 1b/in. 2 ; for copper: 18 X 10 6 1b/in. 2 •
14-18. A steel cable 0.5 in. 2 in cross-sectional area is tightened to a tension
of 20,000 Ib/in. 2 when the cable is at O°C. What is the tension in the cable when
the temperature is increased to 20°C? Young's modulus is 30 X 10 6 Ib/in. 2 •
14-19. Find the coefficient of volume expansion of water at (a) 40°C and
(h) 70°C.

15
Heat and Work

15-1

The Nature of Heat

Until about 1750 the concepts of heat and temperature were not clearly
distinguished. The two concepts were thought to be equivalent in the
sense that bodies at equal temperatures were thought to "contain" equal
amounts of heat. Joseph Black (1728-1799) was the first to make a clear
distinction between heat and temperature. Black believed that heat was
a form of matter, which subsequently came to be called caloric, and that
the change in temperature of a body when caloric was added to it was
associated with a property of the body which he called the capacity. Later
investigators endowed caloric with additional properties. The caloric fluid
was thought to embody a kind of universal repulsive force. When added
to a body, the repulsive force of the caloric fluid caused the body to expand.
To explain the liberation of heat when a block of metal was filed, it was
postulated that small filings were less able to retain caloric, by virtue of
their large surface area, than a block of solid metal. Attempts were made
to measure the weight of caloric by trying to observe a change in the weight
of a body when its temperature was raised, but these experiments were
contradictory. Among others, Count Rumford (1753-1814), an American
born Benjamin Thompson, who gained his title in the service of the Elector
of Bavaria, found that the weight of a block of gold was unaltered by as
much as 1 part in 1,000,000 when raised from the freezing point of water
to bright-red heat.
As director of the arsenal at Munich, Rumford observed that the heat
generated in boring cannon did not depend upon the number of chips
evolved. He performed experiments which showed that the heat capacity
of brass chips was the same as that of solid brass, contradicting the theory
advocated by the adherents of the caloric theory of heat. He concluded
that the evolution of heat during the operation of boring a cannon could
not be attributed to the liberation of caloric, and he set up an experiment
in which the heat evolveJ in rubbing a blunt horse-driven drill against a
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brass casting was used to heat a known quantity of water. Rumford was
able to trace the heat evolved to the effort of the horse rather than to the
ability of brass filings to retain caloric fluid.
It was not until the middle of the nineteenth century that the presently accepted view of the nature of heat evolved. In 1842 J. R. Mayer
laid the foundation of the principle of the conservation of energy, proposing
that heat was a form of energy. He utilized some wen-known data on the
heat necessary to maintain the temperature of expanding air, which
normally cools on expansion, to compute a numerical relationship between
units of heat and units of mechanical energy which is called the mechanical
equivalent of heat. The suggestion of Mayer was investigated in great
detail by James Prescott Joule (1818-1889), who measured the mechanical
equivalent of heat by every experimental means at his disposal. Joule
utilized mechanical energy to churn water and mercury. He generated
heat frictionally and electrically. The experiments of Joule firmly established the concept that heat was a form of energy and that an equivalent
quantity of heat was always obtained when a given quantity of mechanical
energy was expended.
We have already shown that temperature is a property of a system
which determines whether or not it is in equilibrium with any other system
placed in thermal contact with it. If two systems which are at different
temperatures are placed in thermal contact, energy will flow from the one
at higher temperature to the one at lower temperature. We shall use the
term heat to designate the energy in transit owing to a difference in temperature between two systems. The details of the transformations which
occur when this energy enters or leaves a system form an important part
of physics, and we shall consider many of these transformations in this
book. Some of these will be considered from the macroscopic or largescale point of view, while other transformations will be considered from
the microscopic point of view, involving some ideas concerning the structure
of matter.
We have already outlined briefly (Section 13-1) our present view concerning the structure of matter with particular reference to the forces
existing between molecules. Another approach to the subject of the structure of matter is in terms of the energy of the constituent particles, not only
of the molecules of the substance but also of their atoms and of the electrons,
protons, and neutrons which constitute these atoms. Each of these constituent particles undoubtedly has energy, probably both kinetic and
potential. A complete theory of the structure of matter would enable us
to evaluate the energy of each particle under all possible conditions, and
from this we would then be able to evaluate the energy of the substance
under any given set of physical conditions. This energy constitutes the
internal energy of the substance under these conditions. However, there is
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at present no satisfactory theory which will enable us to evaluate the internal
energy of a substance. There is, however, another approach by which we
can evaluate changes in the internal energy of a substance. For example,
if a known quantity of heat is added to a substance and no external work
is done on or by this substance, then this quantity of heat will be converted
into additional internal energy of the substance. The complete theory of
the structure of matter would be able to trace the changes in the energies of
the individual particles of the substance corresponding to the quantity of
heat added. However, the theory of the structure of matter in its present
state is unable to provide us with a detailed analysis of how the internal
energy of a substance is distributed among its constituent particles. But
we can say that if U,: is the internal energy of the substance before a quantity of heat Q is added to it, and if Uf is the internal energy of the substance
after the addition of this amount of heat, then
(IS-I)

providing no external work was done on or by the substance.
One might inquire as to what evidence we have that the internal
energy has been changed by the addition of heat to a substance. The evidence is of an indirect kind. We may note that the temperature of the
substance has been changed, or that its physical state has been changedsay from a liquid to a gas-or that its pressure has been changed. A complete theory would relate the energies of the particles of the substance to its
temperature, pressure, and physical state. To date, we have made only
small progress in this direction. Probably the greatest progress has been
made in the study of the behavior of substances which approximate closely
the behavior of perfect or ideal gases. This will be studied in greater detail
in the next chapter. We may anticipate this by stating that if the assumption is made that the absolute temperature of a perfect gas is proportional
to the average kinetic energy of the gas molecules, the results are consistent
with the known properties of a gas. While this direct proportionality between temperature and the kinetic energy of molecules holds for an ideal
gas, it does not necessarily follow that it holds for a real substance in the
solid, liquid, or gaseous phase. For real substances, the relationship
between temperature and the kinetic energy of the molecules is a more
complicated one.
When a body is translated with uniform speed there is an ordered
motion of the body and it has kinetic energy, but there is no alteration of
the internal energy of the body that is associated with the random motions
of the fundamental particles composing the body. Consequently the
temperature of a body is unaltered by a uniform tran3lational motion.
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Units of Heat; Heat Capacity

Since heat is a form of energy, any of the energy units such as the erg,
joule, or foot pound may be used to measure a quantity of heat. However,
it is usually more convenient to use some other unit of heat defined in terms
of one of the effects produced by the addition of heat to a body, and then
to determine the relationship between this heat unit and the more common
energy units.
By tradition, heat is measured in terms of the temperature changes
produced in water. Several units of heat are in common use. The calorie
(abbreviated cal) is defined as the
Specific
quantity of heat which will raise the
heat
temperature of one gram of water
1.008
from 14.5°e to 15.5°e. This unit
of heat is called the 15-degree calorie. In biology, in dietetics, and
in some branches of engineering, a
1.005
unit of 1,000 calories is frequently
used. This is called the large calorie, or kilogram calorie (abbreviated kilo cal), for it is the heat
required to raise one kilogram of
water through the above temperature
100
interval. The British thermal unit
°c
.998
(abbreviated Btu) is defined as
the quantity of heat which will raise Fig. 15-1 Specific heat of air-free water aR
the temperature of a pound mass of a function of temperature at 1 atm pressure.
water from 63 of to 64 of.
The quantity of heat that is required to raise the temperature of a
body by one degree is called its heat capacity. The heat capacity of a unit
mass of a substance is called its specific heat, and is usually designated by the
symbol c. The specific heat is generally stated in units of calories per gram
per degree centigrade, or in units of Btu per pound per degree Fahrenheit,
and has the same numerical value in both systems of units.
As shown in Figure 15-1, the specific heat of water in the interval ooe
to 100°C is not constant. The variation is of the order of ! per cent and
will be neglected in the caleulations performed in this chapter. Under these
circumstances we may abridge the definitions of the calorie and the Btu, so
that for practical purposes these are, respectively, the heat required to raise
the temperature of a gram of water one degree centigrade, and the heat
required to raise the temperature of a pound of water one degree Fahrenheit.
Since there are approximately 454 gm in a pound mass, a Btu of heat will
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raise the temperature of 454 gm of water by ftc, and is therefore approximately equal to 252 cal.
From the definitions of heat capacity and specific heat, it is evident
that the heat capacity of a body may be expressed as the product of the
mass of the body by the specific heat of the substance from which it is
made. It is also common practice to refer to the water equivalent of a body
as the mass of water numerically equal to the heat capacity of the body.
When a body of mass m is heated through a temperature interval t.t,
the heat Q required is given by
(15-2)

where c is the specific heat of the body. The specific heats of some common
substances are given in Table 15-1. In general, the specific heat varies
TABLE

15-1

SPECIFIC HEATS

Specific Heat
Substance

Aluminum

Brass
Copper
Crown glass
Ice
Steam, 1 atm
Iron
Lead
Mercury
Silver
Tin
Zinc
Ammonia (liquid)
Ethyl alcohol

( -250°C)
( -lOO°C)
(20°C)
(l00°C)
(20-100°C)
(15-100°C)
(lO-50°C)
( -20°C)
( -lO°C)
(llOOC)
(l20°C)
(20°C)
(20°C)
(20°C)
(20°C)
(20°C)
(20°C)
(20°C)
(25°C)

cal
gm°C

or

Btu
lb mass of

0.0039
0.1676
0.214
0.225
0.092
0.093
0.161
0.48
0.53
0.481
0.477
0.107
0.031
0.033
0.05G
0.0,14
0.092
1.12

0.456

with temperature; the heat required to raise a body from some initial
temperature ti to a final temperature tf can be found by integration if cis
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known as a function of temperature. Thus

Q =ltfmcdt.
ti

For small temperature intervals, and for the calculations of this chapter,
we shall neglect the variations of the specific heat with temperature.
The heat capacity of a mole of a substance is often more interesting
theoretically than the heat capacity of a unit mass. The heat capacity of a
mole is referred to as the molar heat capacity of the substance. This is given
by the product of the specific heat by the molecular weight. It is interesting that, over a century ago, Dulong and Petit observed that the product of the specific heat by the atomic weight of many crystalline solids,
composed of elements rather than compounds, was constant. The average
atomic heat capacity of some 63 elements is about 6.15 caljgm atomic wt,
while the individual values of these substances ranged between 5.4 and
7.0 cal. Modern research has shown that these results depend on the temperature, for the specific heat of a solid approaches zero as the temperature
approaches the absolute zero. There are similar generalizations which can
be made regarding the molar heat capacity of gases. We shall discuss some
of the implications of these generalizations in a subsequent chapter.

Temperature

BOILING
POINT

-------------------~

MELTING
POINT

Time
Fig. 15-2

15-3

Latent Heat

When a solid substance is heated at a uniform rate, its temperature rises
steadily until its melting temperature is reached, as shown in Figure 15-2,
and the substance becomes liquid. During the interval of time that the
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temperature of the substance remains constant, heat is being continually
absorbed. The substance is melting, and it coexists in the solid and liquid
phases. In general, when the phase of a substance is altered, as from solid
to liquid or from liquid to vapor, or when the crystalline form of the solid is
altered, the internal energies of the two phases are different, and heat is
absorbed by the substance making the phase change. An equal amount of
heat is liberated when the phase change is made in the reverse direction.
This heat is called the latent heat. The heat required to change a unit mass
of substance from the solid to liquid phase at constant temperature is called
the latent heat of fusion. If we continue to heat the substance shown in
Figure 15-2, the temperature of the liquid continues to rise steadily until
the boiling point is reached. Once again the rise in temperature is arrested
until the liquid is completely converted to a vapor. The heat required to
change a unit mass of liquid from the liquid to the vapor phase at constant
temperature is called the latent heat of vaporization. As we will see in a subsequent chapter, the temperature at which the phase change occurs is a
function of the pressure, and the latent heat associated with a particular
phase change is also dependent upon the pressure and temperature at which
it occurs.
For the water substance at standard atmospheric pressure, the latent
heat of fusion is approximately 80 caljgm. The latent heat of vaporization
at standard atmospheric pressure is approximately 540 caljgm. The latent
heat, generally represented by the symbol L, is associated in part with the
differences in internal energy of the two phases and in part with the mechanical work which must be done by the substance in pushing back the
atmosphere.
15-4

Calorimetry

One of the methods used in heat measurements, or calorimetry, is called
the method of mixtures. In this method a hot body at some temperature
t 1 is placed in thermal contact with a second body at temperature tz .
There is a heat exchange between the two bodies, and, when equilibrium
is reached at some intermediate temperature t, the heat gained by the cooler
body must be equal to the heat lost by the warmer body, assuming that there
have been no losses of heat to the outside world. One way to minimize heat
losses is to arrange the experiment so that the final equilibrium temperature
is approximately equal to the ambient temperature of the laboratory.
Another way is to surround the bodies with an enclosure which is maintained at the average temperature of the system with external sources of
heat and thermostatic controls.
Illustrative Example. Twenty grams of ice, originally at -lOoC, are put
into a copper can of mass 60 gm containing 180 gm of water at 80°C. The copper
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can is called a calorimeter. Find the final equilibrium temperature of the system.
Assume that we may neglect the loss of heat to the outside world.
Let us assume that in the final equilibrium condition all the ice has melted,
and that equilibrium temperature of the system is t. To reach this state the
temperature of the ice must first be raised to O°C, and in this process the ice
must gain an amount of heat given by
Ql

=

miCi fJ.ti

= 20 gm X 0.5 ~ X lOoC = 100 cal.
gmOC

At O°C the ice must acquire its latent heat of fusion to melt to water, and the
heat gained in this process is given by
cal
Q2 = miL = 20 gm X 80 = 1,600 cal.
gm
Finally the ice water must be raised to a final temperature t, gaining heat in
amount given by
Q3

=

= 20 gm X 1 -cal- X

miCw fJ.t

gmOC

°

(t - 0 C)

cal
= 20 t .
°C

The total heat gained by the ice in reaching its final equilibrium state as water
at temperature t is the sum of Ql, Q2, and Q3, and is given by
Ql

+ Q2 + Q3

= 1,700 cal

+ 20t cal
0C'

At the same time the calorimeter can and the water must lose an equal
amount of heat in being cooled from 80°C to t. The heat lost by the copper
calorimeter can is given by
. 4 =
Q

mcuccu

A
ut
= 60 gm X 0.093 -cal- X (OC'
80 ~ - t ) ,
gmOC

cal

or

Q4 = 447 cal - .5.6 t 0C .

The heat lost by the water in cooling from kO°C to tis
cal
gmOC

Q5 = m",c", fJ.t = ISO gm X 1 - - X (80

0C, - t),

cal

or

Q5 = 14,400 cal - 180 t 0C'

The total heat lost by the water and the calorimeter can is
Q4

+ Q5

=

cal
]4,847 cal - 185.6 t - .
°C

Finally we solve the problem by equating the heat gained to the heat lost,
],700 cal

cal
+ 20t°C

=

cal
14,847cal- 185.6t-,
°C
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205.6 t

cal

0e

=

16,547 cal,

t

=

S.l°e.

Thus the final temperature of the mixture is 8.1°e.

A second calorimetric procedure, based upon the melting of ice at
is called the ice calorimeter. A block of ice at ooe is carefully dried,
and provided with a cavity and an ice cover. A heated specimen at known
initial temperature t is placed in the cavity. When the specimen has cooled
to the ice point, the water in the cavity is collected and weighed. Since the
water is at a temperature of ooe, the only heat gained by the ice which has
melted is associated with the latent heat of fusion. We may write

ooe,

mwL = mc(t - 0),

where m w is the mass of the water in the cavity, and m, c, and t are the mass,
specific heat, and initial temperature of the specimen. The ice calorimeter
was used by Bunsen to determine the specific heat of many metals. There
is little difficulty with loss of heat from the interior cavity of the ice calorimeter, for heat exchanges with the laboratory affect the outside surface of
the block rather than the interior cavity. The greatest difficulty lies in
completely collecting the water which has been melted.

Electrical
heating
element

Fig. 15-3 Schematic diagram of a
eontinuous-f1ow (~alorimeter.

I

I

The heat of combustion of a solid fuel, or of a food substance, may be
determined in a bomb calorimeter. A known mass of the substance is placed
in a strong container, or bomb, which has been provided with a supply of
oxygen, often in chemical form, and a means of igniting the mixture. The
bomb is placed in water, and the heat liberated in the combustion may be
calculated by the principles of the method of mixtures. Similar procedures
may be used to measure the heat of formation and the heat of solution of
chemical compounds.
In the continuous-flow calorimeter, shown in Figure 15-3, a steady source
of heat is supplied to a fluid flowing through the calorimeter. The rate of
flow and the temperature of the fluid as it passes into and out of the calorim-
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eter are measured. The he<1t of combustion of a fuel may be measured
by burning the fuel in the calorimeter. If it is desired to measure the specific heat of a liquid, it is heated by an electrical heater which evolves heat
at a known rate; measurement of the rate of flow of the liquid and the intake and outlet temperatures, provide the data required to calculate the
specific heat.
It should be noted that the specific heat measured and used in most
calorimetric experiments is an average specific heat in which the average
is taken over the temperature interval used in the experiment. It is much
more difficult to measure the specific heat at a particular temperature, and
the methods for this measurement will not be elaborated here.
In all heat measurements it is necessary to make rather elaborate
. corrections for the interchange of heat with the laboratory, and to make
suitable provision for good thermal contact. One cannot properly measure
the temperature of a block of m'etal simply by placing a thermometer upon
it. It is necessary to pay attention to the
uniformity of temperature of the specimen, to the thermal contact, and to thermal losses from the measuring device.
15-5

Work and Heat

One form of the apparatus used by.Joule
in his experiments to determine the mechanical equivalent of heat is illustrated
in Figure 15-4. The system on which
work was done was a quantity of water
M'
of mass M contained in a well-insulated
glass jar of mass M'. A set of paddles A
M
was attached to a shaft which was set
in rotation by a set of weights W, con- Fig. 15-4 Joule's apparatus for
nected to the paddles through a system determining the mechanical equivaof strings and pulleys. The motion of the lent of heat.
paddles A past the stationary vanes B
churned the water, thus increasing its temperature through a temperature
interval t::..t. If the weights started from rest and acquired a velocity v after
falling through a height h, the mechanical energy }f' lost by the weights
and delivered to the water was
(15.3)

where m is the total mass of the falling weights. The amount of heat that
would have to be added to the water (and the jar) to produce the same
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change in temperature is
Q = Mc w t1t

+ M'c

g

t1t.

(15-4)

Equation (15-3) gives the work done expressed in mechanical energy units,
while Equation (15-4) gives the equivalent amount of heat in heat units.
From this and similar experiments it is found that
4.185 X 107 ergs = 1 cal,
4.185 joules = 1 cal,
778 ft lb = 1 Btu.
If we desire to equate the values of Jr and Q in an equation, it is necessary to introduce a conversion factor J representing the mechanical equivalent of heat. Thus
Jf/

=

JQ,

(15-5)

where Jr is the energy expressed in mechanical units and Q is the energy
expressed in heat units. The value of J may then be expressed in appropriate units as
J

or
15-6

= 4.185 joules/cal,

J = 778 ft lb/Btu.
The First Law of Thermodynamics

Weare now in a position to extend the principle of conservation of energy
to include heat energy and internal energy as well as mechanical energy.
When so formulated, the principle of conservation of energy is called the
first law of thermodynamics. Let us consider that the substance or device
under investigation is within an imaginary closed shell. We shall call
everything within that shell the system. The shell may simply enclose a
block of metal, or it may be so large as to enclose the entire solar system.
To develop our ideas about a suitable sign convention, let us pattern
our thinking after the operation of an engine in which it is desired that the
engine absorb heat from some source and do mechanical work. A quantity
of heat t1Q delivered to the system will be called positive. If heat is expelled
by the system, we shall call that heat negative. A quantity of work t1Jr
done by the system on the outside world will be positive work. Mechanical
work done by the outside world upon the system will be negative. In
general, the result of adding a quantity of heat t1Q to a system is that an
amount of work t1Jr will be done by the system on some outside agency,
and the internal energy of the system will be changed by an amount t1U.
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The first law of thermodynamies ean be written in the form of an equation
as

I!:1Q = MJ+!:1W]

(15-6)

where all quantities must be expressed in the same units. Unlike the usage
of the suffix dynamics in the word "hydrodynamics," the word "thermodynamics" does not refer to heat in motion. The subject of thermodynamics deals with the relationship between heat and mechanical energy,
as typified in Equation (15-6).
If no work is done on or by the system, the change in its internal energy
is equal to the heat added to or removed from the system. The addition of
heat to a system increases its internal energy. Evidence for the increase
in internal energy is often the increase in the temperature of the system.
A physical proeess in which no heat enters or leaves the system is
called an adiabatic process. In an adiabatic process !:1Q = O. Many of the
processes of nature and of engineering are adiabatic or nearly so. A process
which takes place inside a chamber with perfectly insulating walls is adiabatic. Many processes which take place quickly, so that there is little time
for heat to be transferred, are nearly adiabatic. Thus, when air is compressed in a bicycle pump, the compression is practically adiabatic.
An interesting aspect of the first law of thermodynamics is that if we
grant the impossibility of constructing a perfectly frictionless machine,
Equation (15-6) asserts the impossibility of constructing a machine which
will run forever; that is, a special type of perpetual-motion machine. If no
mechanical work is done on or by the machine, the quantity MY is equal
to zero. Since heat is generated by friction in the bearings and is expelled
from the system, the quantity !:1Q is negative. Thus the internal energy of
the system must decrease, and the maehine must ultimately run down.
Problems

15-1. An aluminum calorimeter whose mass is 100 gm contains 200 gm of
water at 24°C. A mass of 500 gm of tin at a temperature of 95°C is placed in the
water. Determine the final temperature of the mixture.
15-2. In determining the specific heat of a metal, a 150-gm sample is heated
to 99.5°e and then put into 225 gm of water at 18°C which is contained in a
copper calorimeter whose mass is 160 gm. The final temperature of the mixture
is 22.4°e. Determine the specific heat of the sample.
15-3. A metal calorimeter whose heat capacity is 20 caIre contains 300 gm
of water at 10°C. One hundred grams of copper at 150°C and 250 gm of zinc at
115°C are placed in the water. What is the final temperature of the mixture?
15-4. A lead ball weighing 1 lb is dropped from a height of 80 ft to the pave-
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ment. Assuming that ull of this energy is converted into internal energy of the
lead ball, determine the rise in temperature of the ball.
15-5. The water at Niagara Falls drops 160 ft. Assuming that all of the
energy of the water is converted into internal energy, what is the increase in
temperature of the water after it strikes the bottom of the falls?
15-6. The powder which is used to fire an 8-gm bullet produces 800 cal of
heat when burning. In the firing of the bullet, only 25 per cent of this energy is
converted into kinetic energy of the bullet. Determine the muzzle velocity of
the bullet.
15-7. A large glass jar whose mass in 250 gm contains 2,000 gm of water at
18°C. An electric motor delivers i hp to a stirrer in the water for 10 min. Determine the rise in temperature of the water if all this energy goes into the water
and the jar.
15-8. A copper cylinder whose mass is 50 gm contains 200 gm of water. The
cylinder is dragged over a rough floor by a force of 100,000 dynes, and the acceleration produced is observed to be 200 cm/sec 2 • (a) Determine the force of friction
between the cylinder and the floor. (b) If the cylinder is moved through a distance of 100 m, determine the rise in temperature of the water and the cylinder,
assuming that all of the work against friction is converted into internal energy
in the cylinder.
15-9. A block of 500 gm of copper at 750°C is dropped into an ice calorimeter.
How many grams of ice are melted?
15-10. A container, of water equivalent 5 gm, contains 45 gm of ice at
-10°C. What will be the final condition and temperature of the material in the
container if 100 gm of water at 20°C are poured into the container?
15-11. An ice crusher containing 1000 gm of ice at ooe is driven for 15 min
by a 100-watt motor. What is the final temperature of the ice, assuming that
all of the energy of the motor is converted to internal energy of the ice? How
much of the ice will be melted?
15-12. A container of crushed ice is at -15°C. The water equivalent of the
container is 20 gm, and the ice has a mass of 200 gm. How much steam at 100°C
has to be passed into the container in order that the ice be melted and the entire
system, consisting of ice water, condensed steam, and container, reach a final
temperature of 20°C?
15-13. A tank of water containing 100 Ib of water is to be heated from 50°F
to 65°F in 15 min by an electric heater. If the container is of negligible heat
capacity, what is the minimum rating, in watts, of the heater which should be
purchased to do this job?
15-14. A liter of water per minute flows through a tank which is heated by
an electric heating element. The water flows into the tank at a temperature of
55°F and is to flow out of the tank at a temperature of 155°F. What should be
the minimum rating, in watts, of the heater required to do this job?
15-15. An electric mixer is supplied with electrical energy at the rate of
i hp and delivers mechanical energy to a bowl of batter at the rate of 5,000
joules/min. (a) What is the efficiency of the mixer? (b) What is the increase in the
internal energy of the motor in 10 min? (c) If the water equivalent of the motor
is 1,000 p;m, what is the inrreaRe in the temperature of the motor in 10 min?

16
Kinetic Theory of Gases

16-1

General Gas Law

The behavior of a gas under various condition8 of temperature and pressure
has already been studied in 80me detail. When the pressure of a constant
mass of gas is not too great, say less than about 2 atm, we find that a gas
obeys the following relationships:

PV

=

constant;

(16-1)

at constant volume

P

=

KT;

(16-2)

at constant pressure

V

=

K'T.

(16-3)

at constant temperature

These three equations are special cases of a single experimental equation
which gives the relationship between the pressure P, the volume V, and the

Fig. 16-1 Two steps in the derivation of the general gas law; an isothermal process
followed by a constant-pressure process.

absolute temperature T of a constant mass of gas. We may derive the
general form of the gas law from the above equations.
Let us consider a gas contained in a cylinder with a closely fitting
piston, as shown in Figure 16-1. The initial condition of the gas may be
299
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described in terms of its initial pressure Pi, its initial volume Vi, and its
initial temperature T i . The gas is allowed to expand at constant temperature, say by keeping the cylinder immersed in a bath of melting ice, until
its new pressure is P f and its new volume is V 2 • Since the expansion was at
constant temperature, we find from Equation (16-1) that
PiV i

=

Pf V2 •

Now suppose that the gas is heated to a higher temperature T f , the volume
being allowed to expand to a new value Vj, but the pressure on the piston
being maintained at the same value P f throughout this process. Then,
from Equation (16-3) we may write
V 2 = V f = /('

Ti
or

Tf

V 2 =Vf

'

Ti
T

-·
f

Substituting for V 2 into the first of the above equations, we find
PiVi = PfVf .
Tf
Ti

(16.4)

Equation (16-4) is one form of the general gas law. Since the initial state,
described by the subscript i, and the final state, described by the subscript
!, are entirely arbitrary, the only way in which the quantities on the rightand left-hand sides of the equation can be equal is for each quantity to be
separately equal to the same constant. Thus we may rewrite the gas law as

~
~

(16-5)

where c is a constant whose value depends upon the mass of the enclosed
gas. Any convenient units may be used for the pressure and volume, but
the temperature T must always be the absolute temperature.
Illustrative Example. A given mass of air occupies a volume of 2,000 cm 3
at 27°C when its pressure corresponds to the pressure at the base of a column of
mercury 75 cm high. The air is compressed until its volume is 1,200 cm 3, and
its pressure corresponds to 225 cm of mercury. Determine the temperature of
the gas after it has been compressed.
From Equation (16-4) we have
PiV i
Ti

= PfVf.
Tf
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The pressure at the base of a column of mercury h em high is given by P = hpg,
where p is the density of the mercury. Substituting numerical values, we have
75 em X pg X 2,000 cm 3
300.2° abs

1j

from which
16-2

=

225 em X pg X 1,200 cm 3 ,
Tf
540.4° abs.

The Universal Gas Constant R

The constant c appearing in Equation (16-5) can be evaluated for any
given mass of a gas. Let us designate the value of this constant for a gram
molecular weight, or mole, of a gas by the symbol R. A gram molecular
weight of any substance is an amount of that substance whose mass, expressed
in grams, is numerically equal to the molecular weight of the substance. In the
limit of low pressures, the value of R is independent of the chemical nature
of the gas, so that R is known as the universal gas constant. In the event
that n moles of gas are present in a container, Equation (16-5) may be
rewritten as
(16-6)
PV = nRT.
The numerical value of the gas constant R can be determined by noting
that 1 mole of any gas occupies a volume of 22.4 liters at a pressure of 76
cm of mercury at ooe; putting these values into Equation (16-6), we get
7

erg

cal

-2

R = 8.31 X 10 mole °K = 1.99 mo1e oK = 8.21 X 10
16-3

liter atm
1 oK
mo e

Kinetic Theory of Gases

From the preceding discussion we have seen that all gases exhibit similar
thermal and mechanical properties, regardless of their chemical composition, as long as their pressure is sufficiently small. This behavior is quite
unlike that of the same substances in liquid or solid form, where these
substances exhibit widely different thermal and elastic properties. We are
led to infer that the molecules of a gas are sufficiently far apart so that they
rarely interact with each other. The pressure of a gas then results from the
collisions of the molecules of the gas with the walls of the container. The
moving molecules of the gas completely fill every container in which the
gas is placed.
We may construct a theory of an ideal gas which is in good agreement
with the experimental results described in the preceding sections on the
basis of a few simple assumptions. We shall assume that a gas is composed
of molecules that are so small that, to a first approximation, they may be considered as point masses. We assume further that the molecules do not

302

KINETIC THEORY OF GASES

§16-3

exert forces on each other except during collisions. We shall further assume
that the molecules of the gas are perfectly elastic, and that the container is
made of perfectly elastic, rigid walls. This implies that mechanical energy
is conserved in collisions between molecules. If this were not the case,
we would expect to observe that the pressure of a tank of gas would diminish with time, as the molecules lost mechanical energy in inelastic collisions. For the sake of simplicity we shall assume that the gas is in a
cubical container of edge d and of volume V = d 3•

Fig. 16-2 Moleeules with equal
velocity components v 1 near face
BeDE of the cube.

.-J--:l----+---..",)D

The pressure exerted by the gas on the walls of the container is due to
the impact of the molecules on the walls, and, when in equilibrium, is
equal to the pressure throughout the gas. To calculate this pressure let
us assume that the impact of a molecule with a wall is an elastic impact;
that is, if a molecule is approaching the wall with a velocity v and momentum mv, then it will leave the wall with a velocity -v and a momentum
-mv. The change in momentum of the molecule produced by this impact
will thus be - 2mv. To determine the pressure on the walls of the container,
let us first calculate the force exerted by the molecules on one of the six
faces of the cube, say the face BCDE of Figure 16-2, and then divide by
its area.
Let us consider those molecules which at some instant are very close to
this face. Only those molecules whose velocities have components perpendicular to this face, and directed toward it, will strike it and rebound. Suppose we consider a small number of molecules which have the same value
VI for this velocity component. The number of these molecules which will
strike this face during a small time interval t:.t will be one half of the number contained in a small volume A t:.l, where A is equal to the area of the
face of the cube and t:.l = VI t:.t; the other half having a velocity component
of magnitude VI are moving away from the wall. If ni represents the number of molecules per unit volume which have a velocity component of
magnitude Vb then the number striking this face of the cube in time t:.t
will be

§16-3
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Since each such molecule wiII have its momentum changed by - 2mvi
as a result of this impact, the impulse imparted to the wall will be equal and
opposite to it, or +2mvl' The impulse F 1 t:.t on the wall produced by these
collisions in time t:.t will then be

from which
The pressure on the wall produced by the impact of these molecules is

F1

2

PI = A = nlmvl·

We can now consider another group of molecules, n2 per unit volume, which
have a slightly different velocity component V2 in this direction; they will
produce an additional pressure P2 given by
P2

= n2mv~.

In this way, we can break up the gas into different groups of molecules,
each group contributing a similar term to the pressure on this face of the
cube. The total pressure P due to all the different groups of molecules
will therefore be of the form
P

= nl mvi

+ n2mv~ + n3mv~ + ....

This equation can be simplified by introducing a new term called the
average of the squares of the components of the velocities of all the molecules
moving perpendicular to face A and defined by the equation
nlvi

+ n2v~ + n3v~ +
n

in which n represents the total number of molecules per unit volume. Substituting this value of v~ in the equation for the pressure, we get
P = nmv~.

(16-7)

There will be a similar expression for the pressure on each of the six
faces of the cube, except that the factor v~ will be replaced by the appropriate average of the squares of the components of the velocities of the
molecules for that particular face.
The velocity v of anyone molecule may be in any direction; it can be
resolved into three mutually perpendicular components Vx , V y , V z • The
magnitude of v in terms of the magnitudes of these components is given by

v = v; + v~ + v;.
2
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There will be a similar equation for the square of the velocity of each molecule of the gas in terms of the squares of its three mutually perpendicular
components. If we add the squares of the component velocities in the x
direction and divide this sum by the total number of molecules, we will get
the average value of the square of this velocity component; it will be
represented by~. Similarly, ~ and ~ will represent the average squares
of the velocities in the y and z directions, respectively. By adding these
average squares of the three velocity components, we get

2v

+2
= v2
vy + 2
v.,
x

where v2 is the average of the squares of the velocities of all the molecules.
Since the velocities of the molecules have all possible directions, the average
value of the squares of the velocity in anyone direction should be the same
as in any other direction, or

so that
If we take the x direction as perpendicular to the face A, we can write
v2 = 3v~,

so that Equation (16-7) becomes
(16-8)

Recalling that the kinetic energy of a moving molecule is equal to !mv 2 ,
Equation (16-8) may be written as

P

=

in(!mv 2 ).

Since n is the number of molecules per unit volume, we see that the pressure
is numerically equal to two thirds the kinetic energy of the molecules in a
unit volume of gas.
Let us suppose that No is the total number of molecules in a mole of
gas, called Avogadro's number, which is contained in a volume V. Then
the number of molecules per unit volume n is given by the expression

No

n=V'
Substituting for n into Equation (16-8), we find
PV

=

iN o X !mv 2 •

(16-9)

Equation (16-9) is a theoretical result obtained from our hypotheses about
an ideal gas, relating the pressure and volume of 1 mole of an ideal gas.
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If we compare this result to the experimental equation given in Equation
(16-6), which for 1 mole of gas becomes

PV = RT,
we find the theoretical and experimental results to be in agreement if

iNa !mv 2 ,
1:2
-mv
= -3 -R 7.,
RT

or if

2

=

2 Na

It is customary to define a new constant k, called Boltzmann's constant,
such that
R
k=-·
(16-10)
Na
Since R is the gas constant per mole, and N a is the number of molecules in
a mole of gas, the constant k may be described as the gas constant per
molecule. In terms of k the preceding equation becomes
(16-11)

that is, the mean kinetic energy of translation of a molecule of gas is given
by ! the product of Boltzmann's constant by the absolute temperature.
This equation gives us some physical meaning of temperature for an ideal
gas. For such a gas the temperature is associated with the kinetic energy
of the random translational motion of the molecules of the gas. According
to Equation (16-11) the average energy of each molecule, and therefore the
total internal energy of an ideal gas, is associated with its temperature.
Thus the internal energy oj an ideal gas is a junction oj its temperature only,
and not of its pressure or volume.
In our derivation of the gas law in the form of Equation (16-9), we
used the word "molecules" to describe the particles with which we were
dealing. These molecules were described by the condition that they were
small, relatively far apart, and perfectly elastic. Thus this equation might
be used to describe the behavior of any aggregate of particles whose physical
dimensions were small compared to their average separation, provided that
these particles were elastic and rarely interacted with each other. The
neutrons in a nuclear reactor satisfy these conditions. If the neutrons are
in equilibrium with the material of the reactor at a temperature T, we
speak of them as thermal neutrons. The mean velocity v of these thermal
neutrons may be obtained from Equation (16-11). The particles of a
colloidal suspension may also be thought of as though they were molecules
of an ideal gas, and it is found that these also obey the gas laws.
Equation (16-9) incorporates another result called Avogadro's hypothesis, first stated by Avogadro in 1811, that all gases occnpying equal
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volumes at the same temperature and pressure contain equal numbers of molecules. The accepted value for the number of molecules in a mole of gas
No is

No

=

6.023 X 1023 molecules/gm molecular wt.

As we have already seen, 1 mole of gas occupies a volume of 22.4 liters at
If we perform the calculation
indicated in Equation (16-10) to find the numerical value of Boltzmann's
constant, we obtain

ooe and at a pressure of 76 em of mercury.

k = 1.38 X 10-16 erg;oK.
16-4

Work Done by a Gas

Whenever a gas expands against some external force, it does work on the
external agency; conversely, whenever a gas is compressed by the action
of some outside force, work is done on the gas. To calculate the work done

n
(a)

,I

p

F=PA

ll

AII
,I

U

p

(b)

p

v
Fig. 16-3 (a) Expansion of a gas at constant pressure. (b) Graphical representation of
the work done !1Jr as an area on the PV diagram.

by a gas, consider a gas enclosed in a cylinder with a tight fitting piston.
The piston may be connected to a mechanical device on which it exerts
some force. The force F acting on the piston owing to the pressure P of
the gas is given by
F = PA,

in which A is the cross-sectional area of the piston, as shown in Figure 16-3.
Suppose that the piston is pushed out a small distance /lS, while the pressure
of the gas remains essentially constant. The work MY done by the gas in

§16-4

WORK DONE BY A GAS

307'

moving the piston is given by
tiJY = F tis = PA tis,

or

(16-12)

Thus the work done by an expanding gas at constant pressure is equal to
the product of the pressure by the change in volume. No mechanical work
is done by a gas unless there is a change in the volume of the gas. The
first law of thermodynamics,

+ tiJY,

tiQ = tiU

(15.6)

may be rewritten for processes involving gases as

+ P tiV.

tiQ = tiU

(16-13)

Thus, in any process in which the volume of the gas remains constant,
called an isovolumic process, any heat delivered to the gas must appear as
internal energy and is therefore exhibited as a change in the temperature
of the gas.
Let us calculate the work done by an ideal gas which expands isothermally, that is, at constant temperature, from an initial volume VI to a
final volume V 2 • From the gas law the relationship between the variables
of pressure, volume, and temperature for one mole of gas may be stated as
PV = RT.

The work done may be represented as an integral, from Equation (16-12), as
JY = fdJY =

.£V2 P dV,

and, substituting for P its value from the gas law,
RT
P=-,

V

we find

JY = RT

Iv

V2

v,

dV
-

V

at constant temperature. Recalling that

f

dX
--; =

In x

+ C,

where C is a constant of integration, we find that

V2

JY = RTlnVI

(16-14)

for the work done by one mole of an ideal gas in an isothermal expansion
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at temperature T from an initial volume VI to a final volume V 2 • From
Equation (16-14) we see that when the gas expands, that is, when V 2 is
greater than Vb the work done is
P
positive, as is consistent with the sign
convention developed in Section 15-6.
The work done is shown as the area
under the isotherm in Figure 16-4.
16-5

Molar Heat Capacity of a Gas

When a quantity of heat t:.Q is delivered
to a gas, it may change the internal
energy of the gas by an amount t:.U
V and may also result in the performance
of an amount of external work t:.Jr by
Fig. 16-4 Work done by a mole of a
the gas upon the outside world, in acgas in an isothermal expansion at
cordance with the first law of thertemperature T from volume V 1 to
modynamics. If the volume of the
volume V 2 •
gas is kept constant, all the heat is
converted into internal energy. Since the internal energy U of a mole of
gas is a function of temperature only, we may define the molar heat capacity at constant volume of a mole of gas C v as

C _ t:.Q _ t:.U
v - t:.T - t:.T

(at constant volume),

(16-15)

so that the change in internal energy t:.U may be expressed as

t:.U

=

C v t:.T.

(16-16)

From Equation (16-13) the first law of thermodynamics as applied to an
ideal gas may be rewritten as

t:.Q

=

C v t:.T

+p

t:.V.

(16-17)

Let us consider the change in temperature of a mole of gas when a
quantity of heat t:.Q is delivered to the gas while the pressure is held constant but the volume is permitted to change. The thermal energy delivered
to the gas must now be used to do external work as well as to change the
internal energy of the gas. The rise in temperature of the gas will therefore
be less than in the case where the volume of the gas is kept constant. The
molar heat capacity at constant pressure Cp might be expressed in such
units as calories per mole per degree, and may be defined through the
equation
Cp

t:.Q
t:.T

= -

(at constant pressure),

(16.18)
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and from Equation (16-17) we find

Cp =

Cv~T+P~V
~T

From the gas law for a mole of gas we have

PV = RT,
or

R

pl'.

V =

At constant pressure both Rand P are constant, so that a change of volume
~ V is related to a change in temperature ~T through the equation
~V

=

R

p~T.

Substituting this result into the preceding equation for C p, we find that
Cp = C v

+ R.

(16-19)

The molar heat capacity of a gas at constant pressure is always greater
than the molar heat capacity at constant volume by the gas constant R.
The internal energy of a monatomic gas, such as helium, is entirely in
the form of kinetic energy of translation of the random motions of the
atoms of the gas. From Section 16-3 this internal energy may be stated as

U = No X

!mv 2

= !RT.

Since R is a constant, we find that the change in internal energy
ciated with a change in temperature ~T is given by
~U

(16-20)
~U

asso-

=!R ~T.

Thus the molar heat capacity of a monatomic gas at constant volume may
be found by substituting the preceding result into Equation (16-15), to find

C v =!R (monatomic gas).

(16-21a)

Substituting this result into Equation (16-19), we obtain

Cp = iR (monatomic gas).

(16-21b)

It is customary to designate the ratio of the specific heat at constant pressure to the specific heat at constant volume by the letter 'Y (gamma). Thus

Cp
Cv

'Y = -

.

(16.22)

Substituting from Equations (16-21) into (16-22), we find the value of
for a monatomic gas to be
'Y

=

1

(monatomic gas).

'Y
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In our development of the kinetic theory of an ideal gas we assumed
that a molecule could be considered as a point mass and showed that the
average kinetic energy of translation per molecule is ikT (Equation 16-11).
There are three independent directions of motion of translation, say the
x, y, and z directions. We say that the molecule has three degrees of freedom;
that is, three coordinates are necessary to specify the position of the molecule at any instant, one for each degree of freedom. Since there is no reason
for preferring one direction rather than another, we postulate the principle
of equipartition of energy, that each degree of freedom should have the
same amount of energy. Referring to Equation 16-11, the amount of
energy to be associated with each degree of freedom per molecule is !kT.
The internal energy of a mole of a monatomic gas will then be iRT, as
given by Equation 16-20.
The idea of degrees of freedom can be extended to diatomic and polytomic gases. It can be shown that the value of 'Y can be expressed as

f+2
f

7=--'

where f is the number of degrees of freedom per molecule. For a monatomic
3+2
5
gas we find that 'Y = - - = - = 1.67, in agreement with measured
3
3
values as shown in Table 16-1.
We may extend these ideas to a diatomic molecule which we may
imagine to be two point masses a fixed distance apart; the line joining the
two atoms is the axis of the molecule. If the diatomic molecule is considered as a rigid body, then it will have three degrees of freedom owing to
the translational motion of the entire molecule, plus a certain number of
degrees of freedom owing to the rotational motion of the molecule. A
glance at Table 16-1 shows that 'Y = 1.4 for diatomic gas, indicating that
f = 5; thus there must be two additional degrees of freedom of rotation.
These would correspond to rotations about two mutually perpendicular
axes in a plane at right angles to the line joining the two atoms.
Thus if at ordinary temperatures the molecules of a diatomic gas may
be thought of as rigid, and possessing no vibrational energy, the mean
energy of each molecule must be ~kT. The total internal energy of a mole
of such a gas is given by
U = No X ~kT = ~RT

(diatomic gas).

(16-23)

From this expression we find the molal' heat capacities of a diatomic gas
to be
C v = ~R,

Cp

=

iR

(diatomic gas),

(16-24)
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and the ratio of the specific heats
l' =

i-

l'

is

(diatomic gas).

(16-25)

These results are in rather remarkable agreement with experiment, as
shown in Table 16-1.
TABLE 16-1

THE MOLAR HEAT CAPACITY AT CONSTANT VOLUME,

AND THE RATIO OF SPECIFIC HEATS FOR SEVERAL GASES

Gas
Argon
Helium
Oxygen
Nitrogen
Carbon monoxide

Cv*

l'

Atoms per
Molecule

Theory

Experiment

Theory

Experiment

1
1
2
2
2

2.98
2.98
4.97
4.97
4.97

2.98
2.98
5.04
4.93
4.94

1.67
1.67
1.40
1.40
1.40

1.67
1.66
1.40
1.40
1.40

* The units of Cv are given as calories per mole per degree

centigrade.

At high temperatures the classical theory of the specific heats of gases
is no longer adequate to describe the experimental determinations. Additional rotational and vibrational modes are excited at high temperatures
in a manner which is best described by the quantum theory of specific
heats; this is beyond the scope of this book.
16-6

Adiabatic Processes

An adiabatic process is one in which no heat enters or leaves the system.
In the form of an equation
flQ = O.

If we apply the first law of thermodynamics, m the form of Equation
(16-17), to adiabatic processes, we find
flQ = 0 = C v flT

Thus

flT

+ P flV.

flV

= -p--.
Cv

The general gas law describes the behavior of a gas under all circumstances.
Thus for a mole of gas we have
PV

= RT.

If P, V, and T are permitted small variations, we find, on taking differentials, that
P fl V

+ V flP

=

R flT.
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If we replace the gas constant R by
R

Cp

=

-

Cy

from Equation (16-19), and substitute the value of t:,.T into the above
equation, we find
Pt:,.V
P t:,.V + V t:,.P = -(C p - C y ) - - = -("I - 1) P t:,.V,

Cy

for, from Equation (16-22), "I = CpjC y . On transposing, and dividing
the above equation by the product PV, we find

t:,.P

t:,.V

p+'Y y

=

O.

In the limit of small increments we may replace t:,. by d, and integrate to
find
In P + "I In V = constant,
or

PV'Y

=

constant.

(16-26)

The value of the constant is determined by the quantity of gas present, so
that Equation (16-26) may be used to describe the relationship between
the pressure and the volume of any quantity of gas undergoing an adiabatic
change. If a gas originally at pressure PI, volume VI, and temperature T I
is compressed adiabatically, as in an insulated cylinder, to a new pressure
P z , the new volume of the gas V z may be found from Equation (16-26) by
writing
(16-27)

The final temperature of the gas T z may then be obtained from the gas law

PI VI
TI

PzV z
Tz

--=--,

in which all quantities except T z are now known.
Illustrative Example. A mass of gas occupies a volume of 8 liters at a pressure of 1 atm and a temperature of 300 abs. It is compressed adiabatically to
a volume of 2 liters. Determine (a) the final pressure and (b) the final temperature,
assuming it to be an ideal gas whose value of "I = 1.5.
(a) The final pressure of the gas can be determined with the aid of Equation
(10-27) thus,
0

so that
from which
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(b) The final temperature can be found with the aid of the general gas law
thus,
T2

T2

so that
or
16-7

=

=

Tl P 2V2

,

PlV l

0
b 8 atm X 21
300 a s ,
1 atm X 81

T2

=

600 0 abs.

The Maxwell Distribution Function

In Section 16-3 we showed how the properties of a gas could be accounted
for on the basis of a very simple set of hypotheses about the nature of a
gas. We assumed that the gas was made up of many molecules in rapid
motion, and that the molecules were sufficiently far apart so that the forces

N

Speed

3

Fig. 16-5 The Maxwellian distribution of molecular speeds. Relative numbers of
molecules having speeds in a unit speed interval at various speeds are shown as ordinate,
while speeds in units of the most probable speed are shown as abscissa.

that one molecule exerted on another were of minor importance and could
be neglected. We assumed that the molecules were perfectly elastic so
that there was no loss in mechanical energy in collisions between molecules
of the gas and the walls of the container. On the basis of such arguments,
we could account for the gas law, and we were able to show that the temperature of a gas was directly related to the average value of the kinetic
energy of its molecules.
When a gas is in equilibrium at an absolute temperature T, the distribution of velocities of the molecules of the gas is given by Figure 16-5,
called the Maxwellian distribution, according to the theory first developed
by Maxwell (1831-1879). This theory has now been well verified by experiment as actually describing the behavior of gas molecules. In fact, the
Maxwellian distribution may be taken as the meaning of the temperature
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of a gas, for, if a collection of gas molecules has a velocity distribution
which differs from Figure 16-5, then we may say that the gas has not yet
reached thermal equilibrium and therefore does not have a well-defined
temperature.
The average of the velocity components of the molecules of a gas in
a particular direction must be zero. If this were not so, the gas and its
container would be in translational motion. However, the average value
of the squares of the molecular velocities is not zero, and is given by Equation (16-11). From Figure 16-5 we see that molecules whose speeds are
more than three times the most probable speed are extremely rare. Nevertheless, there are some molecules in the gas which have very large speeds,
for the distribution curve approaches the horizontal axis asymptotically.
We must also note that, at a given temperature, the molecules of a gas of
low molecular weight are in more rapid motion than the molecules of a gas
of high molecular weight. This has the interesting consequence that
hydrogen and helium are steadily diffusing out of the earth's atmosphere,
for, at the temperature of the outer air, some of these lighter molecules are
moving sufficiently rapidly to attain the escape velocity of 11 km/sec
necessary for a projectile to escape the gravitational pull of the earth.
If we call the energy required to disrupt a chemical molecule its binding
energy, we see that, as the temperature of a gas is raised, a greater proportion of gas molecules may have kinetic energies greater than the binding
energy, so that a molecule may be decomposed as a result of energy transfer
during a collision. Thus molecules which are stable at ordinary temperatures must have binding energies which are large compared to the mean
kinetic energy of a molecule at room temperature, as given by Equation
(16-11).
It is interesting that modern theories of the structure of atoms and
molecules have provided a justification of a basic assumption of the kinetic
theory of gases. According to the quantum theory, molecules exist only in
certain quantum states, each having a fixed amount of energy. These are
sometimes called energy levels. The molecule normally exists in its state
of lowest energy, called its ground state, and can only absorb energy in a
collision with another molecule in exactly the right amount to raise it to a
state of higher energy, called an excited state, or to disrupt it completely.
In general, it is very unlikely that the colliding molecules will have just the
right amount of energy for excitation, so that the collisions between the
molecules of a gas result in no absorption of energy by the molecules. The
kinetic energy is conserved in the collision rather than being transferred
to internal excitation energy of one molecule. The collisions are therefore
perfectly elastic.
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Problems

16-1. A closed vessel contains dry air at 25°C and 76 cm of mercury pressure.
Its temperature is raised to 100°C. Determine the pressure of the air, neglecting
the change in volume of the container.
16-2. A mass of oxygen occupies a volume of 1 liter at a pressure of 76 cm
of mercury when its temperature is 40°C. The gas is allowed to expand until its
volume is 1.5 liters and its pressure is 80 cm of mercury. (a) Determine its final
temperature. (b) Determine the number of moles of oxygen in the system.
16-3. Derive the general gas law from Equations (16-1) to (16-3) by considering that the gas is taken from TiP i Vi by a constant-volume process to
T 2Pf Vi, and thence by a constant-pressure process to TfPf Vf'
16-4. A certain gas has a density of 0.001 gm/cm 3 when its temperature is
50°C and its pressure is 4 atm. What pressure will be needed to change the
density of the gas to 0.002 gm/cm 3 when its temperature is 100°C?
16-5. An automobile tire has a volume of 1,000 in. 3 and contains air at a
gauge pressure of 24 Ib/in. 2 when the temperature is ODC. ,"Vhat will be the
gauge pressure of the air in the tires when its temperature rises to 27 DC and its
volume increases to 1,020 in. 3 ?
16-6. Determine the pressure of 4.032 gm of hydrogen which occupies a
volume of 16.8 liters at a temperature of O°C. The molecular weight of-hydrogen
is 2.016.
16-7. Determine the average value of the kinetic energy of the molecules
of a gas (a) at ODC and (b) at 100°C.
16-8. (a) What is the mass of a hydrogen molecule? (b) Determine the
average velocity of a molecule of hydrogen at 27 DC.
16-9. The molecules of a certain gas have a mass of 5 X 10-24 gm. What
is the number of molecules per cubic centimeter of this gas when its pressure is
10 6 dynes/cm 2 and its temperature is 27 DC?
16-10. Calculate the work done in compressing one mole of oxygen from a
volume of 22.4 liters at ODC and 1 atm pressure to 16.8 liters at the same temperature.
16-11. A cylinder contains a mole of hydrogen at ODC and 76 cm of mercury
pressure. Calculate the amount of heat required to raise the temperature of this
hydrogen to 50 DC (a) keeping the pressure constant, and (b) keeping the volume
constant. (c) What is the volume of the hydrogen when at ODC?
16-12. A cylinder contains 32 gm of oxygen at ODC and 76 cm of mercury
pressure. Calculate the amount of heat required to raise the temperature of this
mass of oxygen to 80DC (a) keeping the pressure constant and (b) keeping the
volume constant. (c) How much mechanical work is done by the oxygen in
each case?
16-13. A mass of a monatomic gas occupies a volume of 400 cm 3 at a temperature of l7°C and a pressure of 76 cm of mercury. The gas is compressed
adiabatically until its pressure is 90 cm of mercury. Determine (a) the final
volume of the gas and (b) the final temperature of the gas.
16-14. A mass of a diatomic gas occupies a volume of 6 liters at a temperature
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of 27°C and 75 cm of mercury pressure. The gas expands adiabatically until its
volume is 8 liters. What is the final temperature of the gas?
16-15. A mole of gas at atmospheric pressure and O°C is compressed isothermally until its pressure is 2 atm. How much mechanical work is done on
the gas during this operation?
16-16. Ten grams of oxygen are heated at constant atmospheric pressure
from 27°C to 127°C. (a) How much heat is delivered to the oxygen? (b) What
fraction of the heat is used to raise the internal energy of the oxygen?
16-17. An air bubble of volume 20 cm 3 is at the bottom of a lake 40 m deep
where the temperature is 4°C. The bubble rises to the surface where the temperature is 20°C. Assuming that the temperature of the bubble is the same as
that of the surrounding water, what is its volume just as it reaches the surface?
16-18. An ideal gas for which l' = 1.5 is enclosed in a cylinder of volume
1 m 3 under a pressure of 3 atm. The gas is expanded adiabatically to a pressure
of 1 atm. Find (a) the final volume and (b) the final temperature of the gas if
its initial temperature was 20°C.
16-19. A mass of 1.3 kg of oxygen of molecular weight 32 is enclosed in a
cylinder of volume 1 m 3 at a pressure of 10 5 nt/m 2 and a temperature of 20°C.
From these data find the universal gas constant R assuming oxygen to be an
ideal gas.
16-20. A gas of mass m and molecular weight M undergoes an isothermal
expansion from an initial pressure PI and volume V I to a final pressure P 2 and
volume V 2 while at temperature T. Find (a) the work done by the gas in this
expansion, (b) the heat flow to the gas, and (c) the change in internal energy of
the gas in terms of these symbols.
16-21. A piece of putty is placed in a vise with insulating jaws. A constant
force of 100 nt is applied through a distance of 2 cm. The putty is found not to
have its volume changed in this process. What is the change in the internal
energy of the putty?
16-22. Prove that TV'Y- I = constant for an adiabatic process.
16-23. Show that the work done by a gas in an adiabatic expansion from
initial conditions Pi, Vi to final conditions P 1> V f is given by
}f' =

Pi Vi (V}-'Y _ V~-'Y).
1 - l'

17
The Phases of Matter

17-1

Phases of a Substance

A substance which has a definite chemical composition can exist in one or
more phases, such as the vapor phase, the liquid phase, or the solid phase.
When two or more such phases are in equilibrium at any given temperature
and pressure, there are always surfaces of separation between the two
phases.
In the solid phase a pure substance generally exhibits a well-defined
crystal structure in which the atoms or molecules of the substance are
arranged in a repetitive lattice. Many substances are known to exist in
several different solid phases at different conditions of temperature and
pressure. These solid phases differ in their crystal structure. Thus ice
is known to have six different solid phases, while sulphur has four different
solid phases.
A substance in the liquid phase is fluid; that is, it flows under the
application of a shearing stress. Many substances normally classified as
solids are really highly viscous fluids. Such substances (glass or pitch are
examples), exhibit no well-defined melting point but soften and flow more
readily as the viscosity decreases with increasing temperature. The common observation that fluids cannot withstand a shearing stress depends
upon the fact that the viscosity of most fluids is small. A highly viscous
fluid such as glass is capable of withstanding considerable shearing stress
without apparent deformation. When the applied shearing stress is made
to oscillate rapidly, even normal liquids display a shear modulus.
Based on information largely derived from x-ray scattering experiments
similar to the experiments used to determine the crystal structure of solids
(see Chapter 44), we know that the molecules of a liquid are not entirely
independent of each other but are coordinated. The central molecule of a
group of coordinated molecules is surrounded by a group of from about
3 to 11 other molecules in the first coordination shell, at a distance of about
1 molecular diameter from the central molecule. A smaller number of
317
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molecules forms the second coordination shell, at a distance of about
2 molecular diameters from the central molecule. Thus there is considerable organization of the molecules of a liquid. The degree of organization
of the liquid tends to increase as the temperature of the liquid approaches
the freezing point, and, conversely, the degree of organization tends to
decrease as the liquid approaches the boiling point.
Most liquids exhibit a single liquid phase. The most abundant isotope
of helium, of atomic weight 4, is a notable exception. At atmospheric
pressure helium liquefies at a temperature of 4.2 0 abs. Upon further cooling
to 2.2 0 abs, the original liquid, known as helium I, changes to helium II
which displays an abnormally low viscosity and a high thermal conductivity.
Helium II flows through capillary tubes with great rapidity, and passes
through tightly packed plugs of porous material as though they were sieves.
The superfluidity of helium II is thought to be associated with the distribution of the energy levels of liquid helium near the absolute zero. It is
interesting in this connection that the isotope of helium of atomic weight 3
displays no superfluidity.
All substances exhibit only one vapor phase. A vapor at low pressure
is often termed a gas. As we have seen in the preceding chapter, the
molecules of a gas are isolated from each other and interact with each other
only rarely. As the pressure is increased, each gas molecule collides with
other molecules more frequently, with a tendency for the molecules to form
in clusters. The ideal gas law is correct only as long as no clusters are
formed, for each cluster behaves like a complex molecule and tends to
reduce the effective number of molecules per unit volume. The condensation of droplets from a vapor may be interpreted as the formation of giant
clusters.
We have already considered two types of phase changes, solid to liquid
and liquid to vapor (see Section 15-3). A third type of phase change, that
from solid to vapor, is called sublimation. Heat must be added to produce
this change of phase; the quantity of heat required to change a unit mass
of a substance from solid to vapor at constant temperature is called the
heat of sublimation. Conversely, when a substance is condensed directly
from the vapor to the solid phase, heat must be removed from the substance.
In this chapter we shall consider some important phenomena associated
with changes of phase.
17-2

Vaporization.

Vapor Pressure

One method for studying the process of vaporization and the properties of
a vapor is illustrated in Figure 17-1. A tube A about 1 m long.is first filled
with mercury and then inverted and put into a long reservoir R containing
mercury. The level of the mercury in A will be at the barometric height
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above the level in R. The space above the mercury in A contains mercury
vapor at a very low pressure, which we shall neglect for the purpose of the
present discussion. If a small quantity of liquid ether is put into the open
end of tube A, the ether will rise to the top of the mercury column and
vaporize into the space above it. Let us suppose that there is no trace of
liquid ether above the mercury column; that is, the ether has completely
evaporated. We shall observe that the level of the mercury in column A
is much lower than before. If we push the
A
tube A slowly into the reservoir R, we shall
find that at some stage in this process a
Ether
small layer of liquid ether will appear on top
-vapor
of the mercury column in A. As the tube is
_Liquid
pushed down still farther, the thickness of
ether
the ether layer increases.
h
s-Mercury
If we determine the pressure due to
the ether vapor, that is, the difference
_t_.~~
between the barometric height and the
height h of the column of mercury in tube
A, we note that, as long as there is a film
of liquid ether at the top of the mercury
column, the pressure of ether vapor remains constant. A vapor which is in contact with its parent liquid is said to be a
saturated vapor. The pressure of a saturated
vapor depends only upon its temperature. If
the apparatus is modified so that we can
vary the temperature of the liquid ether
and of its saturated vapor, it will be found
that the pressure of the saturated vapor increases rapidly with increasing temperature. Fig. 17-1 Method of measuring
Under the conditions of the experiment, the saturated vapor pressure of
the liquid phase is in equilibrium with its ether.
saturated vapor. There is a continuous interchange of molecules between the liquid and the vapor phases such that
the mass of the liquid phase and the mass of the vapor phase remain
constant at a particular pressure, volume, and temperature.
When water, placed in an open dish, is heated by a flame, the water
will show an increase in temperature until the boiling point is reached.
While the water is boiling, the temperature remains constant. The heat
supplied to the dish is used to convert the liquid water to the vapor phase.
Since the dish is open to the atmosphere, the pressure of the water vapor
just above the liquid surface must be equal to the pressure of the atmosphere. The boiling point is that temperature at which the pressure of the

v

-f-'-
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saturated vapor is equal to the atmospheric pressure. When the pressure
on the liquid is 76 cm of mercury, the boiling point of water is, by definition,
lOOoe or 212°F. The boiling point of a liquid at this pressure is called its
normal boiling point. The normal boiling points of several substances are
shown in Table 17-1.
TABLE 17-1

NORMAL BOILING POINTS

Substance

Temperature in °C

Sulphur*
Mercury
vVater*
Alcohol (ethyl)
Ether
Oxygen*
Nitrogen
Hydrogen
Helium

444.6
356.7
100.0
78.3
34.6
-182.97
-195.8
-252.8
-269

* Fixed points of the International Temperature Scale of 1948.

The relationship between the temperature of water and the pressure
of its saturated vapor can be investigated by placing the water in a boiler
which has a thermometer and a pressure gauge fitted into it. The water
is first boiled vigorously to drive off the air above it, and the boiler valve
is then closed. In such a boiler the water is in equilibrium with its saturated
vapor, and the relationship between
p
A vapor pressure and temperature
may be plotted, as in Figure 17-2.
This curve is called the vaporization
curve oj water. From the preceding
discussion we see that a point P
I olmos
along the vaporization curve OA of
Figure 17-2 represents the temperature at which water boils at a particular pressure. If the temperature
Fig. 17-2 Vaporization curve of water.
is greater than the boiling point at
a particular pressure, the water
must all be in the vapor phase. If the temperature is less than the boiling point at that pressure, the water must all be in the liquid phase.
When a mass m of liquid is transformed from the liquid to the vapor
phase at a temperature t, a quantity of heat mL must be supplied to the
liquid, where L is the latent heat of vaporization at this temperature.
This heat must supply the energy required to change the internal energy

o
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of the substance and to perform the mechanical work associated with the
change in volume of the substance. If U v is the internal energy of a mass
m of vapor at the temperature t, and U l is the corresponding internal energy
of the liquid, we have, from the first law of thermodynamics,
mL = U v

-

Uz

+ P(Vv

-

VI),

(17.1)

where P is the pressure at which the phase change takes place and Vvand
V z are the volumes of the vapor and liquid, respectively. Although
Equation (17-1) has been written to describe the phase change from liquid
to vapor, an analogous equation can obviously be written to describe any
other phase change. In transformations involving the vapor phase, the
P ~ V term may represent a significant part of the heat required to vaporize
a substance, because of the large changes in volume associated with such
transformations. It must be observed that the measurement of the latent
heat of vaporization at a particular temperature is made under conditions
of constant pressure, unless specifically noted to the contrary.
17-3

The Critical Point

The vaporization curve is not indefinite in extent; it has both an upper and
a lower limit. The upper limit is knowp as the critical point, shown as
point A in Figure 17-2. The temperature and pressure at the critical point
are known as the critical temperature and critical pressure. If a glass vial
containing a liquid and its saturated vapor is heated to the critical temperature, the meniscus dividing the liquid from the vapor phase disappears.
At temperatures above the critical temperature the substance cannot exist
as a liquid; that is, no matter how great the pressure, it cannot be put into
the liquid phase. At the critical temperature the densities of the liquid and
the vapor are equal, and the heat of vaporization is zero. This suggests
that the molecules of a substance have sufficient kinetic energy to overcome
the bonds of coordination through which molecules become coordinated in
the liquid phase when the temperature is greater than the critical temperature. A distinction is sometimes made between the vapor states above and
below the critical temperature: above the critical temperature a substanee
is usually called a gas; below the critical temperature a substance is usually
called a vapor. The critical temperature of carbon dioxide is 31.1°C or
88°F, and its critical pressure is 73 atm. Tanks of carbon dioxide, used for
carbonating soft drinks, are usually labeled "liquid carbonic gas," which is
clearly a misnomer on a hot summer day.
The substances which are known as gases at ordinary temperatures
have very low critical temperatures. They must first be cooled to low
temperatures before they can be liquefied. In terms of our conception of a
vapor as clusters of very few molecules, and a liquid droplet as a giant
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cluster, we may infer that a substance which is chemically active, and
therefore must be surrounded by a relatively intense attractive force field,
should be more easily formed into clusters and liquefied than a substance
which is chemically inactive. A second factor which must influence the
formation of clusters of molecules in a gas is the length of time they spend
in each other's neighborhood. According to the kinetic theory of gases,
the average speed of the molecules of a gas at a given temperature depends
only upon the molecular mass, with the more massive molecules having
the lower speeds. The substance which should be hardest to liquefy is
the lightest of the noble gases, that is, helium. This is indeed the case, for
the critical temperature of helium is -268°C, or 5° abs, the lowest of all
known substances. The critical temperature and pressure of some common
substances are shown in Table 17-2.
TABLE 17-2

Substance
Ammonia
Carbon dioxide
Ether
Helium
Hydrogen
Nitrogen
Oxygen
Water

17-4

CRITICAL CONSTANTS

Critical Temperature
in °C
132
31.1

194
-268
-240

-147
-119

374

Critical Pressure
in Atmospheres
112

73
35.5

2.3
13
34
50
218

Evaporation

A liquid such as water or alcohol, when left open to the atmosphere, will
evaporate; that is, the liquid will change to a vapor and go into the atmosphere. If the atmosphere above the liquid surface is set into motion, the
rate of evaporation will be increased. The heat that is required to vaporize
a liquid must come either from the external surroundings or from the
remaining liquid. If the liquid is placed in a fairly well insulated container,
or if the process of evaporization is so rapid that the liquid cannot get
sufficient heat from the surrounding bodies, the temperature of the liquid
will be lowered.
If a large jar is placed over the liquid container, some of the liquid will
evaporate until equilibrium is established between the liquid and its vapor,
that is, until the partial pressure of the vapor in the air is equal to the
saturated vapor pressure at the temperature of the air. The air is then
said to be saturated with vapor. If the jar over the liquid container is
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removed and a fresh supply of unsaturated air is blown over the liquid,
evaporation will start again and will continue as long as the vapor pressure
in the air is less than the saturated vapor pressure. Substances such as
ether, which have a large vapor pressure at atmospheric temperature,
evaporate rapidly when exposed to a moving air stream. Substances with
very low vapor pressure, such as octoil S, a vacuum-pump oil with a vapor
pressure of about 10-7 mm Hg at room temperature, evaporate at an extremely slow rate.

Fig. 17-3 Rapid evaporation of water
when the pressure above it is reduced
causes it to cool very rapidly. If the
evaporation is sufficiently rapid, the
remaining water may freeze.

. ..

--

To vacuum pump

From the viewpoint of the kinetic theory of matter, we may conceive
of the process of evaporation as one in which only the more rapidly moving
molecules of the liquid have sufficient energy to overcome the forces of
attraction at the liquid surface. The escape of the rapidly moving molecules
from the liquid decreases the average energy of the molecules of the liquid
and therefore lowers the internal energy and the temperature of the remaining liquid. If a small beaker of water is placed under a bell jar which is
continuously evacuated by a vacuum pump, as shown in Figure 17-3, the
water vapor is rapidly removed from the surface of the liquid. The
selective removal of the most rapidly moving molecules from the liquid
lowers the temperature of the liquid, and if the pumping action is sufficiently
fast, the water may freeze. Thus it is possible to freeze water without first
providing a low-temperature reservoir, that is, a body whose temperature
is at or below the ice point.
17-5

Throttling Process

When a fluid goes from a region of high pressure to one of lower pressure,
it undergoes a throttling process. Let us suppose that a gas is confined in a
cylinder at a pressure PI, and that, by motion of a piston, the gas in the
cylinder is forced through a narrow aperture in the base of the cylinder
into a second cylinder, as shown in Figure 17-4. By means of a second
psiton in the second cylinder, the gas in that cylinder is maintained at a
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lower pressure P 2 . Assume that both cylinders have insulating walls, so
that the heat I::.Q passing into or out of the system is zero. We may calculate
the work done in the throttling process by imagining that the piston at the
left in Figure 17-4 is moved to the right by a force F I such that

F I = PIA,
where A is the area of the piston. The piston moves a distance li in
sweeping the gas out of the left-hand cylinder, so that the work done on
the gas is
FIlr = PIAl i = PI VI,
where VI is the original volume of the gas in the left-hand cylinder. In
accordance with the sign convention adopted for the first law of thermo-

Fig. 17-4

Throttling process.

dynamics, as in Section 15-6, this is work done on the gas and is therefore
negative work. Similarly, the work done by the gas in expanding into the
second cylinder is +P2 V 2 • Substituting these results into the first law of
thermodynamics, as expressed in Equation (15-6), we find

o=

U2

-

UI - PI VI

+ P 2 V2 ,

where UI and U 2 represent the internal energy of the gas in cylinder 1 and
cylinder 2, respectively. On transposing, we find

UI
or

+ PIVI = U 2 + P 2 V 2 ,
U + PV = constant.

(17-2)

The quantity U + PV is called the enthalpy. Thus the enthalpy of a fluid
remains unchanged in a throttling process. The throttling process is the
basis for mechanical refrigeration systems and for the liquefaction of gases.
In a refrigeration system a refrigerant is compressed to a high pressure
by a pump, is cooled to room temperature by circulating air or water, and
is permitted to expand through an expansion valve to a lower pressure.
This process is a throttling process, in which the enthalpy of the refrigerant
remains constant, according to Equation (17-2). The enthalpy is tabulated
for many refrigerants as a function of the temperature, so that a knowledge
of the initial and final pressures and the initial temperature in a throttling
process enables one to find the final temperature by consulting an appropri-
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ate enthalpy table. Liquids which evaporate as a result of a throttling
process always drop in temperature and are therefore always used in
refrigerating systems (see Section 19-6).
If a perfect gas should undergo a throttling process, the final temperature should be the same as the initial temperature, while for real gases the
temperature change in a throttling process may be positive or negative,
depending on the state of the gas. From the microscopic point of view,
if the forces that molecules exert on each other are predominantly attractive,
work will be done in the expansion, and the temperature will be lowered;
if the forces between molecules are repulsive, the molecules will have
greater kinetic energy when farther apart, and the temperature will be
raised in the expansion. If the molecules exert no force on each other, as
in a perfect gas, no work is done in the expansion, and there will be no
change in kinetic energy and hence no change in temperature.
In one type of liquefaction process, the gas to be liquefied undergoes
a throttling process. The initial state of the gas-that is, its pressure,
volume, and temperature-and the pressure of the final state are so chosen,
that the temperature of the gas will be lowered during this process. The
cooler gas then circulates around the incoming gas so that its temperature
is lowered still further. This recirculation process continues until some of
the emergent fluid is partially liquefied; the liquid is collected in a thermos
flask, and the cold vapor is recirculated.
17-6

Fusion

The temperature at which a solid melts depends upon the pressure. For
most substances the temperature of the melting point increases with increasing pressure. In a few exceptional cases, such as ordinary ice, cast
iron, and type metal, there is a decrease in volume on melting. This
unusual behavior of type metal is of practical value in the casting of type;
clear sharp type is produced as the solidifying metal expands against the
mold. The expansion which takes place when water freezes has many
important consequences. The specific gravity of ice is 0.92, so that the ice
formed in a lake floats on top of the water. Since the ice is a poor conductor
of heat, the water in the deeper portions of a lake may remain unfrozen
throughout the winter so that aquatic life can continue beneath the surface.
The curve OB in Figure 17-5 shows the variation of the melting point of ice
with pressure. Each point on the curve represents a definite temperature
and pressure at which ice and water are in equilibrium.
The fact that an increase in pressure results in a lowering of the melting
point of ice leads to a series of interesting results. We make snowballs by
compressing loose snowflakes. The ice beneath an ice skate is at higher
pressure than the ice around it. This increase in pressure causes the ice
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or snow to melt, even though the temperature is below O°C. Upon release
of the pressure, the water refreezes. This process of melting at a temperature below O°C because of the increased pressure, and then refreezing when
the pressure is removed, is known as
p
regelation. If a wire is looped over a
B
block of ice and a heavy weight is
hung from the wire, the wire will pass
completely through the block of ice
Liquic/
through the process of regelation.
1 olmos
Mter the wire has passed through it,
the block is still in one solid piece.
It can be shown on the basis of
thermodynamic principles that the
latent heat L, the temperature T, the
Fig. 17-5 Fusion curve of water.
change in volume of a unit mass of
substance fl V, and the pressure P associated with a phase change are
related through the equation
dP
L
-=--.
(17-3)
dT
T flV

10

This equation is known as Clapeyron's equation. The quantity dP/ dT is
the slope of curve on the PT diagram which describes the boundary between
the two phases, such as the vaporization curve OA of Figure 17-2 or the
fusion curve OB of Figure 17-5. In melting, a positive quantity of heat L
is always delivered to a unit mass of the substance. The slope of the curve
will depend upon the volumes of a unit mass of substance in the two phases.
In the case of the transition from ice to water, the quantity fl V = V w - Vi;
that is, the change in volume is the volume of a unit mass of substance in
the final state V w minus the specific volume in the initial state Vi. Since
here fl V is a negative quantity, the slope of the fusion curve is negative.
In most phase changes the final state is less dense than the initial state,
and the slope of the curve is positive, as in Figure 17-2.
The melting points of several substances are shown in Table 17-3.
TABLE 17-3

MELTING POINTS AT ATMOSPHERIC PRESSURE

Substance

I Temperature in °C

Substance

Temperature in °C

Aluminum
Copper
Gold *
Lead
Mercury
Nickel

660
1083
1063.0
327.4
-38.87
1455

Platinum
Silver *
Sodium
Tungsten
Water *
Zinc

1773.5
960.8
97.5
3410
0
419.5

* Fixed points of the International Temperature Scale of 1948.
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Superheating and Supercooling

If a liquid is heated very slowly, it may remain in the liquid phase at
temperatures above the boiling point. If a vapor is cooled very slowly, it
may be cooled below the boiling point without the formation of droplets
of liquid. Similarly, a liquid may be cooled below its freezing point without
freezing setting in. These phenomena are called superheating and supercooling. When a substance is superheated or supercooled, mechanical
agitation, or some other disturbance, may serve to initiate the phase
transition. Under certain conditions dry-ice crystals or crystals of sodium
iodide may be introduced into a cloud to start the formation of water
droplets and cause rain. It is customary to introduce ceramic beads in
boiling flasks in chemistry laboratories to prevent superheating and the
consequent eruptive boiling, or bumping, which takes place under these
circumstances.
Both of these phenomena have been exploited in nuclear physics as
a means of visualizing the passage of charged particles through matter
in two very important devices called the cloud chamber and the bubble
chamber. When rapidly moving charged particles pass through matter,
they leave behind an invisible trail of electrically charged molecules called
ions. In a supercooled vapor these ions act as nuclei for droplet formation,
and in a superheated liquid they act as nuclei for vapor formation. In a
cloud chamber a trail of water droplets is used to mark the passage of a
charged particle, and in a bubble chamber the trail is marked by vapor
bubbles in an otherwise clear liquid. Photographs of tracks in a cloud
chamber and in a bubble chamber are shown in Chapters 45 and 46.
At the present time there is no satisfactory theory which quantitatively
accounts for phase transitions and for the phenomena of superheating and
supercooling from the molecular viewpoint. This study is part of a branch
of physics known as statistical mechanics.

17-8

Sublimation

The change from the solid directly into the vapor phase, although very
common, is not usually observed directly because the more common vapors
are usually colorless. A piece of solid carbon dioxide, which is white, goes
directly into the vapor phase at atmospheric pressure. This substance,
known as "dry ice," does not melt, because the liquid phase does not exist
at ordinary temperatures at atmospheric pressure. Another common
example is the sublimation of tungsten in an electric light bulb. When
the filament is hot, some of the tungsten passes into the vapor phase and
is subsequently deposited as a solid onto the cooler glass bulb, thereby
blackening the bulb.
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To focus our attention on the process of sublimation, let us consider
a flask containing some ice, and let us suppose that the air has been completely removed from the flask. If we keep the ice at a temperature of
-woC, the ice will sublime, forming water vapor in the flask. This
process will continue until the vapor pressure reaches a value of 1.97 mm
of mercury. Thereafter the vapor pressure will remain the same as long as
the temperature of the system is -WoC. In this state the ice and water
vapor are in equilibrium. If the temperature is lowered, some of the vapor
will condense, and the equilibrium vapor pressure will be lowered; if the
temperature is raised, some of the ice will sublime, and the equilibrium
vapor pressure will be raised. The curve OC in Figure 17-6 shows the
relationship between the vapor pressure and the temperature of sublimation
for ice. The equilibrium vapor pressure drops rapidly with decreasing
temperature. In accordance with Equation (17-3), the sublimation curve
has a positive slope.

p

p

A

a

c
Fig. 17-6

17-9

Sublimation curve of water.

Fig. 17-7

Triple point of water.

Triple Point

The three curves for water-the vaporization curve, the fusion curve, and
the sublimation curve-are plotted on a single graph in Figure 17-7. A
point on a curve represents a state of equilibrium between two phases at a
definite temperature and pressure. All three curves intersect at one point
0, which is known as the triple point. At this point all three phases of
water are in equilibrium. The temperature of the triple point is 0.01 °e,
and the pressure is 4.59 mm of mercury. As long as the temperature and
pressure are maintained at these values, ice, water, and water vapor will
coexist in the same flask and remain in equilibrium. If the temperature
should be raised slightly, the ice will melt, and the state of the system will
be represented by a point on the curve OA. If the conditions of temperature or pressure are changed in any way, one of the phases will disappear.
The temperatures at which specified phase changes occur under a
standard pressure of 1,013,250 dynes/cm 2 , that is, a standard atmosphere,
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have provided the means of achieving a practical scale of temperature.
The fundamental fixed points (the ice point and the steam point) and the
primary fixed points, chosen by the Tenth International Conference of
Weights and Measures in 1948, are shown in Table 17-4. In 1954 a proTABLE

17-4

FUNDAMENTAL AND PRIMARY FIXED POINTS OF THE INTERNATIONAL

TEMPERATURE SCALE UNDER THE STANDARD PRESSURE OF 1,013,250 DYNES/CM2

Fixed Point

Temperature

Boiling point of oxygen
Melting point of ice*
Boiling point of water*
Boiling point of sulphur
Freezing point of silver
Freezing point of gold

-182.970 0 e

ooe

100 0 e
444.600 0 e
960.8°e
1063.0 0 e

* Fundamental fixed points.

posal made earlier by Giauque was adopted, to the effect that the temperature scale be redefined on the basis of the absolute zero of temperature and
the triple point of water. As shown in Section 14-3, the temperature
assigned the triple point of water was 273.16° abs. At the present time it
is impossible to distinguish between the temperature scale based upon the
triple point of water and the temperature scale based upon the ice point
and the steam point.
17-10

The P-V-T Surface

As we have seen, the phase of a substance is determined by a knowledge
of its pressure, volume, and temperature. If the pressure, volume, and
temperature of a unit mass of a substance are plotted on three perpendicular
axes, a surface is generated which summarizes all the information which
might be given in PT diagrams, in PV diagrams, and in tables of density.
Such surfaces for a substance which expands on freezing and for a substance
which contracts on freezing are shown in Figure 17-8. The condition of a
unit mass of the substance is therefore determined by any two of the three
variables P, V, and T, when the substance is in equilibrium. For example,
when the conditions of pressure and temperature are such that the substance is in one or another of its phases, the pressure and temperature determine the volume of a unit mass of the substance and, therefore, its density.
The triple point is a point only on the PT diagram. On the PVT surface
the triple point is a line perpendicular to the PT plane. Thus the volume
of a constant mass of a substance at the triple point may have a wide range
of values. In fact, if this were not so it would be difficult, if not impossible,
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to achieve a mixture of solid, liquid, and vapor in equilibrium within a
closed container, for it would be necessary to introduce into the container
a mass of substance precisely appropriate to the volume of the container.

(0)

(b)

Fig. 17-8 (a) P-V-T surface for a substance which expands on freezing. (b) P-V-T
surface for a substance which contracts on freezing. (By permission, from Heat and
Thermodynamics, 4th ed., by Mark W. Zemansky. Copyright 1957. McGraw Hill
Book Company, Inc.)

The PVT surface may be considered as a graph of an empirical
equation of state of a particular substance, for it represents the functional
relationship between the thermodynamic variables of pressure, volume,
and temperature of the substance; in addition, the surface provides information about the state, or phase, of the substance. From the PVT surface
we may note that if the pressure of a liquid is reduced, at 'constant temperature, the liquid passes into the vapor phase. In gasoline engines this
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produces the phenomenon called "vaporlock," for the pumping of liquids
in pipes depends upon the fact that a liquid is essentially an incompressible
fluid, while a vapor is very compressible. Similar problems arise in connection with ships' propellers, where the reduced pressure generated by the
rotation of the propeller causes cavitation, in which the generation and
collapse of vapor bubbles not only reduces the efficiency of the propeller
but causes considerable wear of the propeller blades.
17-11

Humidity of the Atmosphere

One of the most important constituents of the atmosphere is water vapor.
The amount of water vapor in the air is a variable quantity. As we have
seen, a mass of air is saturated
100
when the pressure of the water
vapor in that mass of air is equal
90
to the saturated vapor pressure
80
at the temperature of the air.
~
Figure 17-9 is a curve showing a 70
"the saturated vapor pressure as a
60
function of the temperature of '0
the air, while Table 17-5 gives e 50
the saturated vapor pressure at e
various temperatures. Usually, .~ 40
however, the actual vapor pres30
sure is less than the saturated ~
Q" 20
vapor pressure. The term relative
humidity is defined as the ratio
10
of the actual vapor pressure to
V V
the saturated vapor pressure at
10
0 10 20 30 40 50
Temperature in °C
the temperature of the air.
Thus if r is the relative humid- Fig. 17 -9 Saturation vapor pressure curve.
ity, p the actual vapor pressure,
and P the saturated vapor pressure at the temperature of the air, then

/

/
1/

e

/

V

a

/

/

-

r

p

=-

(17-4)

p

and is usually expressed in percentages. For example, suppose that the
actual vapor pressure is 3.0 mm of mercury when the temperature of the
air is 50°F. Since the saturated vapor pressure at this temperature is
9.2 mm of mercury, the relative humidity is
r

3.0
= 0.325
9.2

= -

=

32.5 per cent.
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At any given temperature, the mass of water vapor in the air is proportional to the pressure of the water vapor. Hence the relative humidity
can also be defined as the ratio of the mass of water vapor in a given volume
of air to the mass of water vapor required to saturate it. Table 17-5 gives
the mass of water vapor in a cubic meter of saturated air at various
temperatures.
TABLE

17-5

PROPERTIES OF SATURATED WATER VAPOR

Temperature
in °C

Temperature
in OF

Pressure in Millimeters of Mercury

-10

14
23
32
41
50
59
68
86
104
122
140
158
176
194
212
248
284
320
356
392

2.15
3.16
4.58
6.54
9.21
12.79
17.54
31.82
55.32
92.51
149.41
233.7
355.1
525.8
760.0
1,489.1
2,710.9
4,636
7,520
11,659

-5
0
5
10
15
20
30
40
50
60
70
80
90
100
120
140
160
180
200

Grams of Water
Vapor in a Cubic
Meter of Air
2.16
3.26
4.85
6.80
9.40
12.83
17.30
30.37
51.12

A simple instrument for measuring the relative humidity is the hair
hygrometer. Human hair is used in its construction. The length of the hair
increases as its cells absorb moisture from the air. The hair hygrometer
consists of a bundle of human hairs exposed to the atmosphere; one end of
the bundle is attached to an adjustable screw and the other end to a lever
which moves a pointer over a scale. The apparatus is sketched in Figure
17-10. The scale is calibrated in terms of the relative humidity.
Another type of hygrometer consists of a combination of a wet-bulb
thermometer and a dry-bulb thermometer. The two thermometers are
identical except that a piece of wet muslin is wrapped around the bulb of
one thermometer and kept moist by a wick dipping into a trough of water.
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If the air is not saturated with water vapor, water will evaporate from the
wet-bulb thermometer, producing a drop in temperature. The relative
humidity is then determined from the difference in the readings obtained
from the two thermometers and the tables or graphs of humidity.
17-12

Dew-Point Temperature

It is a common experience to observe moisture condensing on the outside surface of vessels containing
cold beverages. This moisture is produced by the
condensation of the water vapor from the air onto
Hair
the cold surface. When the relative humidity is less
than 100 per cent, the vapor pressure is less than the
saturation pressure. The temperature to which the
air must be lowered in order to become saturated with
the mass of water vapor in it remaining constant is
. . Adjustable
called the dew-point temperature. When the dewscrew
point temperature is known, its location on the saturation pressure curve of Figure 17-9 will also give
Fig. 17-10
Hair hygrometer.
the actual vapor pressure in the air. Since the
saturation vapor pressure at the temperature of the air is also known from
this curve, the relative humidity is easily determined. Human comfort
depends on relative humidity as well as upon temperature, and this fact
must be taken into account in air-conditioning equipment. Unless the
temperature and relative humidity fall within certain limits, sometimes
called the comfort zone, most of us experience discomfort.
Illustrative Example. When the temperature of the air is 86°F, a dew-point
determination shows that the dew-point temperature is 50°F. Determine the
relative humidity of the atmosphere.
From Table 17-5, the saturated pressure P at 86°F is 31.8 mm. At the
dew-point temperature, 50°F, the saturated vapor pressure p is 9.2 mm. The
relative humidity r is therefore
p

9.2

r = - = - - = 0.29 = 29 per cent.
P
31.8
Problems

17-1. When 1 gm of water boils at 1 atm pressure, its volume changes from
1 cm 3 in the liquid phase to 1,671 cm 3 in the vapor phase. Apply the first law
of thermodynamics to this process and calculate (a) the work done by the fluid
in expanding against the external pressure, (b) the change in internal energy in
this process, and (c) the fraction of the latent heat of vaporization which goes
into internal energy.
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17-2. A I-ton air conditioner is rated as being capable of manufacturing 1
ton of ice at O°C in a 24-hr day, from water at O°C. What is the rate, in watts,
at which a I-ton air conditioner can remove heat from a room?
17-3. The latent heat of vaporization of water under standard conditions is
539.6 cal/gm. (a) What is the vapor pressure of water under these conditions?
(b) Using the data of problem 17-1 and Clapeyron's equation, find the vapor
pressure of water at a temperature of 101°C.
17-4. Water boils at a temperature of 417°F at a pressure of 300 Ib/in 2 •
Under these conditions lIb of water has a volume of 0.0189 £t3 and lIb of steam
has a volume of 1.5414 £t3. The heat of vaporization of water at this temperature
is 740 Btu/lb. (a) Determine the work done by 1 lb of water in changing to
steam. (b) Determine the change in internal energy of the system in this process.
17-5. Prove that the enthalpy of a perfect gas is a function of the temperature only.
17-6. (a) Calculate the slope of the fusion curve of water at O°C if the specific
gravity of ice is 0.92. (b) Determine the pressure necessary to lower the melting
point to -1°C.
17-7. The air admitted to a room on a winter day when the outside temperature is 32°F has a dew point of 14°F. The air is heated electrically until its
temperature is 68°F. (a) What is the relative humidity of the outside air? (b)
What is the relative humidity of the heated air in the room?

18
Transfer of Heat

18-1

Methods of Transmitting Heat

The methods by which heat is transmitted can be classified into three
distinct types known as convection, conduction, and radiation. In any
actual case of heat transmission, a combination of these methods may be
operating simultaneously, and the principal problem is to determine the
rate at which heat flows from the source at higher temperature to the source
at lower temperature.
We may distinguish between the three processes of heat transfer by
considering whether a medium is required for the transfer of heat, and
whether that medium is at rest or in motion. In the process of conduction,
thermal energy is transmitted by a medium which is at rest. The process
of convection requires a moving medium. In general, a fluid transports
the energy. In processes of natural convection, the density differences
between the heated fluid and its cooler neighborhood generate buoyant
forces which cause the heated fluid to move. Heat energy is delivered to
a fluid in one region of the container and becomes internal energy of the
fluid. The fluid is set in motion, and the internal energy is liberated as
heat in some other portion of the container. Radiation requires no medium.
The energy reaching us from the sun and stars comes in the form of radiation through the vacuous space between the sun and the earth and between
the stars and the earth. Radiation may be transmitted through a substance, as in the transmission of sunlight through the air or through a
windowpane, and, in so doing, changes may take place in the substance
and in the character of the radiation.
Thus we see that the transfer of heat by conduction and convection
requires the presence of aggregates of matter. Heat energy cannot be
transferred by conduction or convection from an isolated atom or molecule,
but even completely isolated atoms or molecules may gain or lose energy
in the process of radiation.
335
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Conduction

The method of transferring heat by conduction can be illustrated by means
of a long cylindrical copper rod which has one end placed in a gas flame
while the other end is placed in a mixture of ice and water, as shown in
Figure 18-1. The amount of heat which is conducted through the copper
rod in any time interval, assuming that the loss of heat to the surrounding

Flame

Fig. 18.1 Method of measuring the temperature gradient along a conductor of heat to
determine its conductivity.

atmosphere may be neglected, can be measured by the amount of ice which
is melted in this time. When a steady flow is established, the temperature
of any point along the rod remains constant. Thus the quantity of heat
flowing into any element of volume of the rod in a given time interval is
equal to the quantity of heat flowing out of that volume element in the
same time interval. If this were not so, the temperature of the volume
element would be changing with time, in contradiction to the hypothesis
that a steady state was established.
Any two points along the rod of Figure 18-1 are at different temperatures. Let us suppose that the points Band C have temperatures which
differ in amount by t:..T, and that these two points are separated by a
distance t:..s along the rod. The quotient t:..T/ t:..s is called the temperature
gradient in this region of the conductor. The greater the temperature
gradient, the greater is the amount of heat which flows through this portion
of the rod in any given time interval from the region at higher temperature
B to the region at lower temperature C. The process of conduction may
be thought of as the transfer of heat from anyone part of the rod to a
neighboring part, because of the difference in temperature existing between
these two parts.
The rate at which heat is transferred by conduction is found to depend
upon the temperature gradient and upon the cross-sectional area of the rod.
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We may write

t:.Q

=

t:.T
kA - t:.t,
t:.s

(18.1 )

in which t:.Q is the quantity of heat transferred through a rod of crosssectional area A in a time interval t:.t when the temperature gradient along
the rod is t:.T/ t:.s. The factor k is a constant of proportionality which
TABLE 18-1

Substance
Metals
Aluminum
Brass
Copper
Gold
Iron
Lead
Nickel
Platinum
Silver
Tin
Tungsten
Insulators
Aluminum foil,
crumpled
Asbestos, sheets
Insulating brick,
kaolin
Glass, window
Snow
Fluids
Air
Water

THERMAL CONDUCTIVITIES

cal
cm secoC

kin~~~~

0.49
0.26
0.91
0.71
0.16
0.084
0.14
0.17
0.99
0.15
0.38

(i-in. air spaces)
0.0001
0.0004

k

.

Btu
ft hrOF

In~~-

118
63
225
169
39
20
34
41
242
37
92

0.025
0.097

0.0006
0.0012-0.0024
0.0011

0.15
0.3-0.6
0.27

0.000054
0.0015

0.017
0.37

depends upon the material of the rod and upon the units in which the other
quantities of the equation are measured: k is called the thermal conductivity
of the rod. Two sets of units are commonly used for expressing the thermal
conductivity. In cgs units Q is expressed in calories, A in square centimeters, T in degrees centigrade, s in centimeters, and t in seconds. From
Equation (18-1) we see that the appropriate units for k are

cal DC. In
cm sec
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British units Q is often expressed in Btu's, A in square feet, T in degrees
Fahrenheit, s in feet, and t in hours, so that the appropriate units of k are
Btu
ft hroF' The thermal conductivities of metals are generally greater than
those of other solids, and silver is the best conductor of all. It is also
interesting to note that those substances which are good conductors of
heat are also good conductors of electricity. The thermal conductivities
of some more common substances are given in Table 18-1. Although conduction does take place through liquids and gases, their conductivities are
very small, gases being among the poorest conductors. Many insulating
materials are constructed so that they trap small quantities of air in small
closed spaces and thus make use of the poor conductivity of the air for
insulation, and at the same time avoid the transfer of heat through the air
by convection.
Let us consider the process of conduction by a gas at rest; that is,
there is no net flow of the gas, and the average velocity of the molecules of
the gas in any direction is zero. If a layer of gas is at a higher temperature
than an adjacent layer, the mean kinetic energy of the molecules in the
high-temperature layer is greater than the mean kinetic energy of the
molecules in the low-temperature layer. In the collision between a molecule from the higher-temperature region and a molecule from the lowertemperature region, energy is transferred to the slower molecule. Macroscopically, we view this process as the transfer of heat by conduction.
When the gas is at very low pressure, molecules of the gas may travel from
one wall of the container to the other without striking a second molecule
of the gas. In a collision between a gas molecule and a wall, we assume that
the molecule leaves the wall with the mean kinetic energy of the molecules
of the wall. Thus a gas molecule absorbs energy at the high-temperature
wall and delivers energy at the low-temperature wall. Th& molecules of
the gas move across the apparatus without making a collision with other
gas molecules. One cannot describe any region of the gas as having a
temperature, for the molecules of the gas are not in equilibrium with each
other, nor is it possible to have a temperature gradient within the gas.
The internal energy of a nonmetallic solid is associated with the vibrations of the atoms or molecules of the crystal about their mean positions in
the crystal lattice. The molecules in a region at higher temperature may
be thought to be vibrating with greater amplitude than the molecules in
an adjacent region at lower temperature. These vibrations are transmitted
from molecule to molecule by the forces which hold the crystal together,
similar to the way in which a wave is propagated down a string. In a
metallic solid the transmission of thermal energy by lattice vibrations is
much smaller than the transmission of energy by a second mechanismthe transmission of energy by the free electrons of the metal. When atoms
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of a metal are assembled in a solid, the outermost electrons of the metal
are relatively free to drift from atom to atom. These free electrons are
responsible for the electrical conductivity of metals. These electrons
behave like a free-electron gas, and they conduct heat in very much the
same way that heat is conducted by the molecules of a gas. This relationship was first observed by Wiedemann and Franz in 1853, who noted that
the ratio of electrical to thermal conductivity was the same for all pure metals,
at any given temperature-a relationship known as the Wiedemann-Franz
law.
Illustrative Example. A silver rod of circular cross section has one end
immersed in a steam bath and the other end immersed in a mixture of ice and
water. The distance between these two ends is 6 cm, and the diameter of the rod
is 0.3 cm. Calculate the amount of heat that is conducted through the rod in
2 min.
The quantity of heat which is conducted across any cross section of the rod
in a given time interval must be constant. Since the cross-sectional area of the
rod is constant, we see, from Equation (18-1), that the temperature gradient
must have the same value everywhere along the rod. Thus the temperature
gradient is
°C
16.7-·
~s
6 cm
cm

The thermal conductivity of silver is 0.99
~Q =

Thus

~T

kA -

~s

~t =

0.99

cal
cm secoC

We find

cal
°C
X 0.071 cm 2 X 16.7 - X 120 sec.
cm secoC
cm
~Q =

140 cal.

Illustrative Example. A pipe of length I, made of material of thermal con- .
ductivity k, and having inner and outer radii rl and r2, is used to heat a water
bath at temperature T 2 by passing steam at temperature T 1 through the pipe.
Determine the rate of flow of heat from the inside to the outside of the pipe.
From Equation (18-1) we have

~Q

=

kA ~T.

~t

~s

Let us consider the flow of heat through a cylindrical shell of thickness
at radius r. The area of the shell is
A = 27rrl,

and the temperature gradient across the shell is
~T

-,
~r

so that

~Q
~t

= 27rrlk ~T .
~r

~r
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When the pipe is in thermal equilibrium, the rate of flow of heat through each
cylindrical shell must be the same as the rate of flow of heat through the pipe.
Thus the quantity t::..Q/t::..t is a constant and is independent of r. To evaluate this
quantity we must apply the known conditions at the boundary of the pipe. To
do this we first rewrite the above equation in a form appropriate to infinitesimally
thin shells, replacing the quantity t::..T/t::..r by dT/dr, and integrate from the inside
to the outside of the pipe. Thus we obtain
Q
t::..
t::..t

Remembering that

j

r
2

r

Tj

J

-dr =

dX

;- =

27rlk

i

T2

dT.

T,

log, x

=

In x,

we find
t::..Q
t::..t

so that

27rlk(T 2

-

T 1)

In(~)

cal
0.91 - - - Suppose that the pipe IS of
em secoC
inner diameter 2.5 em and outer diameter 3 em, and that the temperature of the
steam is 120°C while the temperature of the water bath is 20°C. The rate of
heat transfer through a pipe 100 em long is
If the pipe is of copper, k

t::..Q
t::..t

=

27r X 100 em X 0.91

cal
X (20°C - 120°C)
em secoC

In ( 3/2 em)
2.5/2 em
27r X 100 X 0.91 X 100 cal
0.182
sec

.
5 cal
-3.14 X 10-·
sec

The minus sign appearing in the expression indicates that the flow of heat is in
the direction of decreasing temperature.
Problems of the type illustrated above are known as boundary-value
problems; they are very common in physics and engineering. In these
problems we know the applicable differential equation and certain conditions at the boundaries, and we cannot obtain a solution to the problem
until we perform appropriate integrations.

18-3

Convection

Convection is the transfer of heat from one part of a fluid to another by the
flow of the fluid, mixing the warmer parts of the fluid with the cooler parts.
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As an example, consider the case of a jar of water which is heated by applying a flame at one side A, as shown in Figure 18-2. Heat is conducted
through the glass to the water. As the water in contact with the glass is
heated by conduction, its density decreases, and it floats to the top. Colder
water moves down to replace it. The colder water, in turn, is heated; once
hot, it rises because of its smaller density, thus setting up a circulation of
the liquid. During this circulation the warmer parts of the liquid mix
with the cooler parts, and in a short time a fairly uniform temperature is
established throughout the liquid. This type of heat transfer is called
natural convection because the motion of the fluid is due to differences in
the density of the fluid. In the case of forced convection, a fan, a pump, or
some other mechanical device is used for stirring and mixing the warmer and cooler parts
of the fluid.
In almost all cases of the transfer of
heat by means of fluids, both convection and
conduction must be considered. The heating
of a room presents several interesting illustrations of convection and conduction, and, to
Flame
some extent, of radiation. If the room is heated
by means of a "radiator," heat is conducted
through the walls of the radiator to the air in
contact with it. The warmed air rises and displaces the cooler air, thus establishing a circu- Fig. 18-2 Convection. A
circulation is set up in the
lation of the air in the room. The warmer fluid by heating it near one
air, striking the cooler walls and windows, loses end.
heat to the outside by conduction through the
walls and windows. Fortunately, there is always a film of stagnant air
close to the walls and windows so that the heat which is conducted to the
outside must pass through this film of air as well as through walls and
windows. Since air is a very poor conductor, a thin layer of air is sufficient
to form a good insulator.
The process of convection is generally much more difficult to formulate
in quantitative terms than is the process of conduction. The transfer of
heat by convection must be determined by experience in each particular
situation. Thus one finds in handbooks typical illustrations of heat loss
from vertical steampipes, from horizontal steampipes, from rough pipes,
from smooth pipes, and so on, rather than a comprehensive summary of
all these situations in a few simple formulas. To minimize the transfer of
heat by convection, it is important that the flow of air or other fluid past
the heated body be nonturbulent, that the surface be smooth rather than
rough, so that a layer of stagnant fluid may be in contact with the surface,
providing good insulation. Smooth pipes are often wrapped with a thin
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layer of asbestos tape in the mistaken notion that the insulating tape will
reduce heat losses. In reality, the rough surface of the tape causes the flow
of air past the pipe to be turbulent, and the more intimate contact of the
flowing air with the pipe causes greater heat loss.

Hot

Cold

Uninsulated

Hot

Cold

Fig. 18-3 Convection currents
within the walls of a house.

Insulated

There is customarily an open air space between the inner and outer
walls of a house, and the transfer of heat from inside to outside in winter
takes place by convection. The insulating material between the walls
serves to restrict the flow of air by making many small passages in place
of one large one, as shown in Figure 18-3. In the earth's atmosphere the·
convective flow of the air between the equator and the poles tends to
equalize the temperature differential generated by the differences in solar
radiation in these regions; this convective flow is largely responsible for
weather and climate.
18-4

Emission and Absorption of Radiation

The radiation emitted from a warm object, which we call heat radiation,
consists of electromagnetic waves which are identical in character with light,
x-rays, radio waves, and gamma rays. These radiations travel with the
speed of light, about 186,000 mifsec, in vacuum. We shall discuss some
aspects of thermal radiation more completely in the following section, while
deferring discussions of other forms of electromagnetic radiation to the
chapters on electronics, light, and modern physics. Iil this section we shall
be interested in the general relationships between the process of the emission
of radiation and the absorption of radiation.
A perfect absorber of radiation is a hole in a wall, for if a hole has no
matter on its opposite side, the radiation incident on the hole passes
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through and cannot return, for there is no matter to reflect it back. To
visible light, such a hole is perfectly black; that is, it is a perfect absorber
of radiation. We can approximate a perfect absorber by constructing a
box, say 1 ft on a side, as shown in Figure 18-4, and by providing the box
with a small hole in one face. Even though the face is painted black, the
hole will look blacker. This is the case even if the inside of the box is
painted white. Light incident upon the hole is reflected many times around
the interior of the box before it emerges, and, though only a small fraction
of the light is absorbed in each reflection, the large number of internal

Fig. 18-4 Black body. Even though the
inside of the box is painted white, and
the front face is painted black, a small
hole in the front face looks blacker than
the black paint.

reflections greatly diminishes the intensity of the light before it emerges
from the hole. The smaller the area of the hole in relation to the total
surface area of the box, the more nearly the hole becomes a perfect absorber
of radiation. Such a box is called a black body and represents a laboratory
approximation to a perfect absorber. In practice, any large furnace provided with a small peephole is a good approximation to a perfect absorber,
no matter what the furnace contains, and no matter what the materials of
which the furnace is constructed.
When radiation is incident upon a body, some of that radiation will
be absorbed and some will be reflected. The fraction of incident radiation
which is absorbed by a body is called the absorptivity of the body. The
absorptivity of a black body is unity. The absorptivity of a perfect reflector
is zero. The absorptivity of any other body will have a value between
zero and 1.
We can gain some insight into the relationship between the effectiveness of a body as a radiator of energy and as an absorber of radiant energy
by considering a body suspended in a furnace. When equilibrium is
reached, the body is at the temperature of the furnace. The body itself is
radiating energy and, at the same time, is acting as an absorber of the
energy radiated from the walls of the furnace. Since the body remains at
constant temperature, it must radiate exactly as much energy as it absorbs.
The body must be as effective in emitting radiation at a particular temperature as it is in absorbing radiation at that temperature. If the body were
more effective in absorbing radiation than in emittin~ radiation, it would
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soon become hotter than the furnace, while if it were less effective an
absorber of radiation than an emitter, it would continue to grow colder
than the furnace. Since these effects are not observed in experience, we
must conclude that a black body, which is most effective in absorbing
radiation, will also be most effective in radiating energy. The effectiveness
of a body in radiating energy is called its emissivity e. The emissivity of
a body is the rate at which a body radiates energy divided by the rate at
whirh a black body radiates energy at the same temperature. The emissivity of a black body is equal to unity. The emissivity of any other bodies
lies between zero and 1 and is identical with the absorptivity of the body.
The argument we have indicated for describing the reciprocal relationship between effectiveness in radiation and absorption is a perfectly general
one and does not depend upon the nature of the radiator or upon the kind
of radiation. Thus a good radiator must be a good absorber, and vice versa.
If we wish to find whether a particular radio antenna will be a good transmitting antenna and we do not have suitable instruments available to
make this determination, we can study its effectiveness as a receiving
antenna. An acoustical enclosure will be an effective radiator of sound if
it is a good absorber of sound. One very effective type of loud-speaker
baffle is called an infinite baffle, which simply consists of a hole in a wall
to which a loud-speaker is bolted. In the same way a simple harmonic
oscillator will absorb sound energy most effectively at those frequencies at
which it radiates such energy. Similar considerations apply to atoms,
molecules, and nuclei, and we can identify the presence of certain atoms in
the outer atmosphere of the sun by the light they absorb in the sun's
spectrum.
18-5

Radiation

The thermal radiation emitted from a heated body varies in color and
intensity with the temperature. According to an analysis by Joseph
Stefan (1835-1893) of the radiation emitted from a heated body, the rate
R at which energy is radiated from a unit area of a body at absolute temperature T is given by the equation
R = euT4 ,

(18-2)

where u is a constant which depends upon the units used. In cgs units the
value of u is
-5
erg
u = 5.672 X 10
2 d
4'
sec cm eg
while in mks units the value of u is
-8

u = 5.672 X 10

joule
2 d
4
sec m eg
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When an object of emissivity C and at temperature T 1 is placed within
an enclosure at temperature T 2 , the body radiates energy to the enclosure
and absorbs energy from the walls of the enclosure. The rate at which
energy is radiated by the body is given by Equation (18-2). To find the
rate at which energy is absorbed from the walls of the enclosure, we observe
that, if the body were at the temperature of the enclosure, it would be in
thermal equilibrium. The energy the body absorbs is thus equal to the
energy it would radiate in the same time if it were at the temperature T 2 ,
the temperature of the enclosure. The net energy radiated by the body
per unit time is the difference between the rate at which energy is radiated
and the rate at which it is absorbed. Assuming that the emissivity is
independent of temperature, the net rate of radiation from a body at
temperature T 1 which is within an enclosure at temperature T 2 is given by

R = clT(Ti - T~).

(18-3)

Equation (18-3) represents the rate at which energy, or heat, is transmitted
by a body per unit area of surface. If A is the area of the surface, then the
rate at which heat is radiated or absorbed is given by
t..Q
t..t

= AR = AClT(Ti -- T~).

(18-4)

In Equation (18-3) a positive value of R indicates that the body is radiating
more energy than it absorbs, as would be the case when the body is hotter
than its surroundings, while a negative value indicates that the body is
radiating less energy than it absorbs, as would be the case if the body is
cooler than its surroundings.
Illustrative Example. Calculate the rate at which energy is radiated from
a tungsten ribbon filament 1 em long and 0.2 em wide which is maintained at a
temperature of 2727°C. The emissivity of tungsten at this temperature is 0.35.
Neglect the radiation absorbed by the filament from the room at 20°C.
Neglecting the contribution from the room, symbolized by T 2 in Equation
(18-4), we find
t..Q

&

18-6

=

1 em X 0.2 em X 0.35 X 5.672 X 10- 5

=

64.3 X 10 7 erg
sec

=

erg

~c=2d~

4 X (3000°)4

64.3 watts.

The Spectrum of Black-Body Radiation

The radiant energy emitted by a black body may be examined by opening
a hole in the side of a furnace and letting some of the radiation emerge. It
is commonly known that the color of the light emitted by a furnace changes
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as the temperature of the furnace rises, glowing first a deep red, then orange,
and then white. These are not pure colors; they may be analyzed into
their component wavelengths by means of a spectroscope (see Chapter 39).
The longest wavelengths are invisible and are in the infrared region, that is,
beyond the red. The wavelengths of this radiation decrease progressively
140
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Fig. 18-5 Distribution of the energy among the wavelengths in the spectrum of a
black body at different temperatures in OK.

through the colors red, orange, yellow, green, blue, and violet, and finally
to the invisible ultraviolet. The distribution of energy as a function of
wavelength is shown in Figure 18-5. As the temperature of the furnace
increases, the wavelength of maximum intensity steadily decreases, and
the intensity at every wavelength increases in such a way that the total
energy radiated increases as the fourth power of the absolute temperature,
according to Equation (18-2). In the figure the total energy radiated is
represented by the area under a curve.
At room temperature the radiation is invisible to the eye, but even at
body temperature there is sufficient infrared radiation emitted for a sensitive detector to locate the source of radiation. It has been possible to
construct detectors of infrared radiation sensitive enough to locate the
chimney of an industrial installation, or the engine of an airplane, and
these detectors are of considerable military importance. When the tem-
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perature increases to about 700°C, the radiation becomes visible, and the
body is said to be red hot. At 1500°C there is a sufficient amount of the
shorter-wavelength radiation present in the spectrum for the radiation to
appear nearly white. By examining the color of the light from a furnace,
it is possible to determine its temperature by means of a device called an
optical pyrometer. Through the examination of the spectrum of the sun
and the stars by means of a spectroscope, it is possible to determine their
temperatures. The temperature determined in this way is called the color
temperature.

The energy emitted from a heated object appears in all parts of the
electromagnetic wave spectrum. Thus radio waves have been detected in
the solar spectrum as radio noise, and at the other extreme, x-rays, of very
short wavelength, have been detected in solar radiation by equipment
installed in rockets sent high into the earth's atmosphere. While the relative amounts of energy in these regions of
the spectrum are quite small, nevertheless,
Cork----recent studies of the solar spectrum have
made it possible to detect these invisible
radiations.
18-7

Heat Insulation

Sjlver~;

A thorough understanding of the subject of
surfaces
,,
the transmission of heat will enable one to
,\
solve the very important problem of heat
" ............ I
insulation. This involves the use of proper
materials for a given job as well as the development of new insulating materials. For
example, gasoline storage tanks are frequently coated with aluminum or other
reflecting material to reduce the absorption
Sealed
tip ---40lj;:::===~
of radiation from the sun. Insulating materials are constructed so that they contain
Fig. 18-6 Section of a
glass thermos bottle.
many small pockets of air to make use of the
very low conductivity of the air; there is
practically no convection since the air is trapped in these pockets.
Crumpled aluminum containing small air pockets is a very good insulator;
there is practically no transfer of heat by convection. The transfer by
conduction is very slight since the crumpling of the aluminum makes the
conducting path very long while the cross-sectional area is very small,
and very little heat is transferred by radiation.
The ordinary thermos bottle, sketched in Figure 18-6, is an excellent
illustration of heat insulation. The thermos bottle consists of two cylin/
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drical glass flasks sealed together at the top. The inside surface of the outer
cylinder and the outside surface of the inner cylinder are silvered. Then
the air between the two walls is pumped out, and the space is sealed off.
If hot food is placed inside the bottle and the bottle is then corked, the food
will remain hot for a long time. Very little heat will be conducted along
the glass or through the cork to the outside: there is practically no convection, since there is a good vacuum between the walls, and radiation is
reduced considerably by the silver coatings.
Problems

18-1. A metal rod 100 cm long and 4 cm 2 in cross-sectional area conducts
40 cal of heat per minute when the ends of the rod are maintained at a difference
in temperature of 80°C. Determine the coefficient of thermal conductivity of
the metal.
18-2. A copper rod 60 cm long and 8 mm in diameter has one end immersed
in steam and the other end immersed in a mixture of ice and water. Determine
the amount of heat which will be conducted through the rod in 5 min.
18-3. An aluminum pan has a diameter of 25 cm and is 0.5 cm thick. What
is the rate of flow of heat through the bottom if the pan contains boiling water
and is transmitting heat to it from a stove at a temperature of 400°C?
18-4. Water in a glass beaker is boiling away at the rate of 35 gm/min.
The bottom of the beaker has an area of 200 cm 2 and is 0.2 cm thick. Calculate
the temperature of the underside of the bottom of the beaker if k = 0.002
caI/cm sec °C.
18-5. An oven used for baking glass x-ray tubes is made of sheets of asbestos
0.75 in. thick. This oven is 4 ft high, 1 ft wide, and 1 ft deep. At what rate must
heat be supplied to this oven to maintain the temperature inside at 400°C if
the temperature of the ail' just outside the asbestos is 100°C?
18-6. Calculate the rate at which energy is radiated from a black body
whose temperature is 1500° abs if its surface area is 1 cm 2 •
18-70 Calculate the rate at which energy is radiated from a tungsten filament which is maintained at the temperature of 2500° abs if its surface area
is 0.30 cm 2 and its emissivity at this temperature is 0.30.
18-8. The operating temperature of a 50-watt incandescent bulb is 2500°
abs. The emissivity of the filament is 0.30. Find the surface area of the filament.
18-9. If the incandescent bulb of Problem 18-8 is placed within an enclosure
at a temperature of 500° abs, what power must be supplied to the bulb to keep
it at its normal operating temperature? Neglect convection losses from the
surface of the glass bulb.
18-10. A blackened copper sphere initially at a temperature of O°C is placed
within an evacuated furnace which is held at a temperature of 500°C. If the
sphere is 1 cm in diameter) what will be the initial rate of change of temperature
of the sphere?
18-lL A copper rod 1 m long has been "turned" so that the first 60 cm of
its length is 2 cm in diameter, while the last 40 cm of its length is 1 cm in diameter.
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The thick end is maintained at a temperature of 100°C, while the thin end is
maintained at a temperature of O°C. Find (a) the temperature at the junction
between the thick and thin ends and (b) the rate of heat flow. [HINT: When
equilibrium has been reached, the same rate of flow must exist at all points within
the rod. If this were not so, some part of the rod would be absorbing heat, and
its temperatme would rise.]
18-12. A cubical ice chest is to be constructed of sheet asbestos 1 in. thick.
The chest is to have an inside volume of 1 ft 3 and is to hold 25 Ib of ice. How
long will the block of ice last if the outside temperature is 100°F?
18-13. A uniform sheet of concrete of thickness 8 in. separates a reservoir
at 40°F from a reservoir at 160°F. The thermal conductivity of the concrete is
k = 12 Btu in.. Find (a) the temperature gradient and (b) the heat flow
hr ft 2 of
through the concrete in Btu/ft 2 -hr. (c) A 4-in.-thick slab of glass of conductivity

. ,mtro d uce d on t h
I t ure SI"d e 0 f t h e concrete. F'm d
e ow-tempera
k = 6 Btu2in. IS
hr ft OF
the temperature of the interface between the concrete and the glass.
18-14. A cube of copper 1 cm on a side and of mass 7 gms is heated to a
temperature of 727°C. The cube is in an evacuated box whose walls are held
at a constant temperature of 27°C. The cube cools by radiation alone. (a) How
much heat has been lost when the temperature of the cube has dropped by 1°C?
(b) How long does it take for the temperature to drop by 2°C? The specific
heat of copper is 0.1 cal/gm °C, and its emissivity is 0.3.
18-15. The earth receives energy from the sun at the rate of 1.94 calories
per minute per cm 2, called the solar constant. The radius of the earth's orbit
is 149 X 10 6 km and the diameter of the sun is 1.39 X 10 6 km. Assuming the
sun to be a black body, find the surface temperature of the sun. (See Figure 36-2.)
18-16. Using the data in the second illustrative example of Section 18-2,
find the temperature gradient (a) at the inner surface and (b) at the outer surface
of the pipe.

19
Heat Engines

19-1

Heat-Engine Cycles

In this chapter we shall consider the physical principles underlying thr.
operations of heat engines because of the intrinsic importance of these
principles and because of the part they have played in the development of
fundamental physical ideas. H eat engines are designed and built to convert
heat into work. In most cases the heat is obtained from the combustion
of a common fuel such as coal, oil, gasoline, or natural gas. An important
new source of heat that is just beginning to be used, and will be used more
extensively in the future, is the mass which is converted into energy by means
of a process called nuclear fission. Several power plants are now in operation
which get the heat for their engines from the nuclear fission of the element
uranium.
There are many different types of heat engines; we shall present brief
descriptions of the operations of a few of them. In general, a heat engine
utilizes a working substance, usually steam, or a mixture of fuel and air, or
fuel and oxygen, through a series of operations known as a cycle. The
working substance goes through a series of changes of state in this cycle,
as a result of which some of the heat which has been supplied to it from a
source at a high temperature is converted into work which is delivered to
some external agency. Experience shows that not all of the heat supplied
is converted into work; the heat which has not thus been utilized is delivered by the engine to some outside reservoir at a lower temperature.
The actual processes that occur in the operation of a heat engine are
fairly complex. We can, however, simplify matters by replacing the actual
heat-engine cycle by an ideal cycle which can produce the same transformations of heat and work. In such an ideal engine the working substance starts
in some state designated by its pressure, its volume, and its temperature,
is taken through a cycle in which its state continually changes, and then is
brought back to its original state; the cycle then starts over again.
The operation of an ideal heat engine can be represented schematically
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by the diagram shown in Figure 19-1. A quantity of heat Ql is delivered
to the engine during one cycle by some source of heat, and the engine
performs an amount of work )1/ on some outside agency and rejects an
amount of heat Q2 to another reservoir of heat. Since the substance in the
engine returns to its original state at the end of the cycle of operations, it
contributes no energy to this cycle. There is therefore no change in the
internal energy of the working substance; that is,
Source of heat at
Uf

-

high temperature 11

= O.

Ui

From the first law of thermodynamics applied to this cycle, we get
Ql - Q2

=

(19-1)

)1/.

The thermal efficiency e of a heat
engine is defined as
e=

--""""">~fV

1----

work done during one cycle
,
heat added during one cycle
)1/

e =-.
Ql

or

Substituting the value for
Equation (19-1), we get

(19-2)

)1/

e = Ql - Q2 = 1 _ Q2 .
Ql
Ql

from

(19-3)

Reservoir of heat at
low temperature T2
Fig. 19-1 Schematic diagram of the operation of a heat engine.

Equation (19-3) shows that the thermal efficiency of an engine is less
than 100 per cent because a quantity of heat Q2 is not transformed into
work during the cycle. Experience shows that every heat engine rejects
some heat during the exhaust stroke; one need merely recall the hot gases
coming from the exhaust of an automobile engine or the steam exhausted
by the engine of a steam locomotive. No engine has been built which takes
in a quantity of heat Ql from some source and converts it completely into
work.

19-2

The P-V Diagram

As we have already seen in Section 16-4, the work done by a gas at a pressure
P in expanding through an increment of volume Ll V is given by P Ll V. It
is therefore convenient to plot the behavior of a gas on a diagram having
pressure as the ordinate and volume as the abscissa when our interest is
focused upon the mechanical work done on or by the gas. As the pressure
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or the volume of a gas is changed, the temperature may also be changed;
heat may be added to the gas or taken from the gas. To describe properly
the changes in the state of the gas, it would be necessary to represent the
initial state of the gas as a point on a P- V-T diagram, and to represent the
changes in the state of the gas as a curve in this diagram. Such a curve is
called the thermodynamic path and represents the succession of values of

p

p

b

1

v
Thermodynamic
jected onto a P-V plane.
Fig. 19-2

path

pro-

v
Fig. 19-3

A cycle of operations of

an engine.

pressure, volume, and temperature of the gas as its state is changed. If
the thermodynamic path is projected onto the P-V plane, as in Figure 19-2,
the changes in the temperature of the gas are not shown on the path, but
the work done in "moving" the gas along its path from condition 1 to
condition 2 through a series of volume increments ~ Vb ~ V 2 , and so on,
is clearly the area under the path.
Let us suppose that we alter the state of the gas from condition 1 to
condition 2, in Figure 19-3, by either of the two alternate paths represented
by adc or abc. Since the work done is represented by the area under the
curve, the work done along the upper route is greater than the work done
along the lower route. But since in either case the state of the gas, that is,
the internal energy of the gas, at condition 2 at the end of each path is the
same, we must assume that different quantities of heat were delivered to
the gas along the two routes, to be consistent with the first law of thermodynamics.
If the gas is taken from the point a around the path abcda back to its
initial condition, the device would operate as an engine, for the work done
by the gas in expanding is greater than the work done on the gas when it
is compressed, and the net work done by the gas Jris represented by the
area within the closed path. Since the gas at the end of the cycle is at the
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same pressure, volume, and temperature as it was at the beginning of the
cycle, its final internal energy must be the same as its initial internal
energy, and, since Uf = Ui , we must have
Jr = Q;

that is, the work done by the gas in its passage around the dosed path
must result from the conversion of an equal quantity of heat Q which was
supplied to the gas during the cycle. In the cycle of Figure 19-3 neither
the changes in temperature of the gas nor the places where heat entered
the gas or left the gas are shown.
The properties of a gas make it a likely substance for use in the conversion of heat energy into mechanical work. The volume changes associated with changes in the pressure or temperature of a gas are essential to
the performance of mechanical work, for it is clear that any substance
used as a working substance in a heat engine must be capable of changing
its volume if it is to be able to do mechanical work.
If the passage around the closed cycle of Figure 19-3 had been made
in the counterclockwise direction, as adcba, instead of in the clockwise
direction, the device would operate as a refrigerator, for the work done by
the gas in expanding along the path adc would have been less than the
work required to compress the gas along the path cba, and the work Jr,
equal to the area within the closed path, would have been done on the gas.
In accordance with the sign convention established in Section 15-6, work
done on a system is negative work, so that the first law of thermodynamics
leads to the result that a negative amount of heat has been added to the
system; that is, a net quantity of heat Q equal to)Y in magnitude has been
removed from the gas.
Thus any apparatus which carries a gas through a closed reversible
cycle can be operated as an engine, converting some of the heat absorbed
in the path abc, when the gas was expanding, into mechanical work, the
heat not converted into mechanical work being removed from the gas when
it was compressed along the path cda. The same apparatus operated in
reverse would absorb heat during its expansion over the path adc, and,
as the result of the mechanical work performed on the gas, would deliver
the absorbed heat plus an additional quantity of heat equivalent to the
work done on the gas during its compression over the path cba. A reversible
heat engine can thus be operated as a refrigerator simply by reversing the
sense of the thermodynamic path.
19-3

The Carnot Cycle

An interesting cycle from the theoretical point of view is the Carnot cycle.
This consists of two isothermal processes and two adiabatic processes.
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Although any material may be used as the working substance, we shall make
use of an ideal gas as the working substance. Suppose that this gas is
contained in a metal cylinder with a tight-fitting piston, as shown in Figure

expansion
Fig. 19-4

Insulating
stand

compression

Insulating
stand

Steps in the operation of a Carnot cycle.

19-4. Let the walls of the cylinder and the top of the piston be covered
with thick layers of insulating material. Suppose we place the cylinder on
a stove or other source of heat; heat will flow through the bottom of the
cylinder into the gas. When equilibrium is reached, the temperature of

Fig. 19-5 Graphical representation
of the steps in a Carnot cycle with an
ideal gas as the working substance.

the gas T 1 will be the same as that of the source, and its pressure and
volume will be represented by the point a in the graph of Figure 19-5.
Now let the gas expand slowly so that its temperature remains 7\ while its
volume increases to the point b. During this isothermal expansion, a
quantity of heat QI is delivered to the gas. The curve ab represents the
isothermal expansion of the gas, and the area under it represents the work
done by the gas during this expansion. N ow imagine that the cylinder is
placed on an insulated plate so that no heat can flow in or out of the
cylinder. Let the gas now expand adiabatically from volume b to volume e.
The amount of work done during this adiabatic expansion is the area
under the curve be. As a result of this expansion, the temperature of the
gas will drop to some value T 2 • Now place this cylinder on another
reservoir at a temperature T 2 ; this reservoir may consist of a mixture of
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ice and water, for example. Now compress the gas isothermally to point d.
During this process, work will be done on the gas equal to the area under the
curve cd; at the same time, a quantity of heat Q2 will be delivered to this
reservoir. Now place the cylinder on the insulating stand and compress the
gas adiabatically until it is back to the state a. During this adiabatic compression, work will be done on the gas equal to the area under the curve da.
The cycle has now been completed.
During this Carnot cycle, a quantity of heat Ql was delivered to the gas
at temperature T 1 and a quantity of heat Q2 was rejected by the gas to the
lower reservoir at temperature T 2 , and the net work Jr was delivered to the
outside. This work is equal to the area enclosed by the curves abcda. Since
the internal energy of the gas was restored to its original value, the work
Jr is given by
(19-1 )

and the thermal efficiency is
e = 1

19-4

(19-3)

Absolute Thermodynamic Temperature Scale

The Carnot cycle is used to define the absolute thermodynamic scale of temperature. The properties of the working substance do not enter into the
calculation of the efficiency. The only quantities which enter into this
discussion are the temperatures of the two heat sources. Let us now
arbitrarily define these two temperatures by the following relationship:

(19-4}

that is, the ratio of these two temperatures is the ratio of the quantities of
heat extracted from and delivered to these sources by an engine operating
in a Carnot cycle between these two temperatures. The efficiency of the
Carnot engine now becomes
e = 1

T2
T1

(19-5)

We see that its efficiency can be 100 per cent only if the temperature of
the lower heat source is 0° on this scale.
We can now choose the size of the degree to suit our convenience. In
the scientific scale known as the Kelvin scale of temperature, the difference
between the temperature of b01ling water at atmospheric pressure and the
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temperature of melting ice at atmospheric pressure is set equal to 100°, thus

Ts

-

Ti

=

100°.

(19-6)

This makes the size of the degree on the Kelvin scale the same as that on
the centigrade scale. As we shall see, the temperatures on the Kelvin scale
defined by Equation (19-4) are identical with the temperatures previously
introduced for the absolute gas scale of temperature. But the Kelvin scale
is independent of the properties of any particular substance. On this scale,
the temperature of the ice point is T i = 273.15°K. From now on, we shall
make no distinction between the Kelvin scale and the absolute scale.
Another scale used by engineers sets T s - T i = 180°. This scale is called
the absolute Fahrenheit scale of temperature. On this scale, T i = 491.8°
abs F.
For the sake of definiteness, let us suppose that 1 mole of an ideal gas
is carried through the Carnot cycle of Figure 19-5. When the thermodynamic path is an isotherm, such as ab, or cd, its temperature, and therefore its internal energy, remains constant. The heat Ql delivered to the gas
in its expansion from a to b must be equal to the work )f'l done in this
expansion. From Equation (16-14) we have
Ql =)f'l =

Vb
RT1ln-·
Va

Similarly, in the isothermal compression in the path cd, we have
Q2 =)f'2 =

V

C

RT2 In-·
Vd

Dividing the first of these equations by the second, we find

In Vb
Ql

T1

Q2

T 2 In V c
Vd

Va
-=--.

The equations describing the isothermal and adiabatic processes of an
ideal gas in the changes of state in the Carnot cycle are PaVa = PbV b;
PbV;; = pcVJ; PcV c = PdVd; PdVJ = PaV~, Multiplying the left-hand
sides of these equations together, and setting this equal to the product
of the right-hand sides of the equations, we find, on factoring the product
PaPbPcPd,
VaV;;VcVJ = VbVJVdV~,
(VbVd)'y-l = (V cV arr-l,
or
from which

Vb
Va

Vc
Vd

-=-.
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Substituting this result into the above expression for the ratio of the heat
absorbed and emitted over the isothermal portions of the cycle, we find
Ql

T1
Tz

~=-,

Qz

in agreement with Equation (19-4). Thus we see that the definition of
temperature based upon the properties of an ideal gas is exactly equal to
the definition of temperature on the Carnot cycle.
The Kelvin temperature scale represents a remarkable achievement in
terms of the abstract ideas involved in the concept of temperature. Heretofore the concept of temperature was intimately bound up with the
properties of matter. The very conception of the existence of an absolute
zero was based upon experiments on the expansion properties of real gases
at ordinary temperatures. Such a concept proved to be useless at very
low temperatures where all gases liquefied. Although the practical measurement of temperature is still based upon the properties of matter, the
meaning of temperature has become significantly different as the result
of the absolute thermodynamic temperature scale, for now we see
that temperature is intimately related to the efficiency of an ideal heat
engine, the Carnot engine. We see that temperature is a measure of the
quality of heat, for the success of any attempt to convert a given quantity
of heat to mechanical energy depends upon the temperature at which that
heat is available, in relation to the ambient temperature, the temperature of
the surroundings. This, in turn, tells us a great deal about the quality of
a fuel or of a combustion process. Two different fuels having the same
heat of combustion do not generally produce the same amount of mechanical
work. The fuel which burns at the higher temperature produces heat of
higher quality, for that heat can be converted more efficiently into mechanical work.
19-5

The Second Law of Thermodynamics

It is a matter of general experience that heat always flows from a hotter to
a colder substance, unless some external device is employed. So general
is this observation that we could phrase a tentative hypothesis, that heat
of its own accord, will always flow from a higher to a lower temperature. We
might even extend this idea to assert the impossibility of constructing a
device which, of itself, would move heat from a colder to a hotter substance.
There are many devices which move heat from colder to hotter substances
in everyday use, such as household refrigerators, but these are connected
to the outside world through an electrical outlet. If the household refrigerator is unplugged from the power line, it no longer is able to remove
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heat from the freezer compartment at low temperature and deliver it to
the kitchen at higher temperature.
There are many ways to formulate this second fundamental principle
of thermodynamics, and they are all equivalent to each other. One form
of the second law of thermodynamics is:
It is impossible to construct an engine, which, operating in a cycle, will
produce no effect other than the extraction of heat from a reservoir and the
performance of an equivalent amount of work.
This statement implies that every engine operating in a cycle which
takes in heat from some source or reservoir must deliver some of this heat
to a reservoir at a lower temperature. From the discussion of the preceding
paragraph, the definition of the absolute zero is based upon the Carnot
engine. The absolute zero is thus the temperature of a reservoir to which
no heat will be delivered by a Carnot engine operating between some heat
reservoir at a higher temperature and the reservoir at the absolute zero.
But the statement of the second law of thermodynamics asserts the impossibility of constructing an engine which will eject no heat to a lowtemperature reservoir. Thus we may assert that it will be impossible to
achieve the absolute zero. Devices may be constructed which will come
close to the absolute zero of temperature, but no device can be constructed
which can achieve this temperature.
Many would-be inventors have sought to construct perpetual-motion
machines in violation of both the first and the second laws of thermodynamics. Perpetual-motion machines, intended to deliver more energy
than they receive, are examples of attempts to violate the first law. An
inventor who succeeded in circumventing the second law, that is, design a
perpetual-motion machine of the second kind, would be able, for example,
to drive a ship across the ocean by extracting heat from the ocean's water
and converting it to mechanical energy. He could operate electrical
generating stations by extracting heat from the earth, or he could propel
an airplane by extracting heat from the air. If our inventor could have a
reservoir at the absolute zero at his disposal, he might appear to be able
to achieve his goal, for his engine would expel no heat to his reservoir, so
that there should be little difficulty about keeping the reservoir at the
absolute zero once it had been cooled to that temperature. Unfortunately,
the reservoir at absolute zero is unattainable.
19-6

The Refrigerator

In principle, a refrigerator may be thought of as a heat engine operated
in reverse. As shown schematically in Figure 19-6, heat Q2 is taken from
some source or sources at a low temperature, work JY is done on the engine
by means of some outside agency such as an electric motor, and a quantity
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of heat Ql is delivered to a source at a higher temperature. The source
from which heat is extracted is usually the food in the refrigerator. The
source which received the heat Ql is usually the air surrounding the refrigerator. In the electrically operated refrigerator, the electric motor runs a
compressor which consists essentially of a cylinder, a piston, and two valves

Reservoir of heat at
high temperature T1

Fig. 19-6 Schematic diagram of
the operation of a refrigerator.

>-

Reservoir of heat at
low temperature T2
just like the cylinder of a steam engine. The working substance used is
called the refrigerant and may be ammonia, sulphur dioxide, or any other
substance whose boiling point is fairly low. The refrigerant is taken through
a cycle of operations which is described below, and at the end of this cycle
its internal energy remains unchanged. For the first law of thermodynamics
as applied to the refrigerator, we can write
Ql - Q2

or

=

Jf',
(19-7)

that is, the heat delivered to the air in the kitchen is greater than that taken
from the food.
A typical cycle of operations for the refrigerant is as follows: suppose
we start with the refrigerant, say ammonia, as a liquid, at high pressure
and at room temperature, and allow some of it to pass through a valve or
throttle into a region of lower pressure (see Figure 19-7). This process is
called a throttling process (see Section 17-5). During this process the
temperature also drops, and some of the ammonia is vaporized. This
mixture is now led into the evaporation chamber in which the remaining
liquid is vaporized at this low temperature and pressure. It is during this
process of vaporization that heat is extracted from the food and water in
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the refrigerator and is used to vaporize the ammonia. The ammonia vapor
is now taken into the compressor and is compressed adiabatically to a high
pressure and a temperature slightly above room temperature. This compressed fluid is then sent through pipes which are cooled by the circulating
air around them. It is during this process that the heat Ql is given out by
the refrigerant and the refrigerant is brought back to its initial state.
Reservoir of heat at
high temperature T]

~

High pressure region

Compressor

X

liquid
storage

Throttling X
valve

low pressure region

t

Valve

t

~--...,--./

Reservoir of heat at
low temperature T2

Fig. 19-7 Schematic diagram outlining the processes which occur in a refrigerator
using ammonia as the refrigerant.

What is desired in a refrigerator is the extraction of an amount of heat
Q2 from the cold source with the performance of as little work )f' as possible.
Instead of talking about the efficiency of a refrigerator, engineers use the
term coefficient of performance of a refrigerator, defined as
(19-8)

where K is the coefficient of performance. In most practical refrigerators K
has the value of 5 or 6. The smaller the amount of work needed to extract
a given amount of heat, the greater is the coefficient of performance. For
example, if 1,000 cal of heat are extracted from the food in the refrigerator
and the motor which operates the compressor performs an amount of work
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equivalent to 200 cal, then the coefficient of performance of this refrigerator
is 5. The heat Ql delivered to the air in the kitchen is 1,200 cal.
19-7

Practical Heat Engines

The Carnot engine and the Carnot refrigerator are imaginary devices.
Noone has yet built an operating Carnot engine, and it is extremely unlikely that such a device will ever be built. Yet the Carnot engine is of
very great practical value, for the imaginary experiments we have conducted with the Carnot engine have enabled us to establish the meaning of
temperature more clearly than before and to set limits on the efficiency of
real engines, without regard for practical problems such as minimizing
friction or achieving perfect fit between piston and cylinder. In fact, we
may assert that no reversible engine operating between two given heat reservoirs
at different temperatures can be more efficient than a Carnot engine, for this
would constitute a violation of the second law of thermodynamics. Let us
suppose that there were an engine more efficient than the Carnot engine.
We shall imagine that the second engine is operated in reverse, as a refrigerator between the two temperature reservoirs, and is driven by the Carnot
engine, operating between the same two reservoirs. The two devices
together would constitute a single self-acting device which would pump
heat from the reservoir at low temperature to the reservoir at high temperature and would produce no other effect, which is in clear violation of the
second law.
The steam engine, the gasoline engine, the diesel engine, the turbine,
the jet engine, and the rocket engine are all primarily heat engines. Some
of these are external-combustion engines, in which the fuel is burned in a
combustion chamber and the heat is transferred to the engine proper, while
others are internal-combustion engines in which the combustion of the fuel
takes place within the engine itself. In all of these engines, it is the heat
liberated in combustion rather than any explosion of the fuel which is
converted to mechanical work. For this reason the efficiency of all these
engines is fundamentally limited by the efficiency of a Carnot engine.
Modern engine designers, seeking increased efficiency, are limited by the
properties of materials at high temperatures, for only by operation at high
temperatures can the efficiency of present-day engines be significantly
improved. Much of the effort of metallurgical and ceramic research is
concentrated in the study and development of materials suited to the construction of more efficient engines.
19-8

A Heat Pump

The analysis of the refrigeration cycle shows that, by the performance of a
certain amount of work Jf', a quantity of heat Q2 is taken from a reservoir
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at a low temperature T 2 , and a larger quantity of heat Ql is delivered to a
reservoir at a higher temperature T 1 . Lord Kelvin, in 1852, suggested
that this is just what is desired in the operation of a heat pump. It took
about 75 years for the first practical heat pump to be put into operation; they
are coming into more common use now for heating homes in the winter and
cooling them in the summer. A schematic diagram showing the operation

Atmosphere

T2
Q2

'-:,...--"'----{

~'------\

Fig. 19-8 Schematic diagram of the operation of a heat pump which takes a quantity
of heat Q2 from the atmosphere at a low temperature T2 and pumps a quantity of heat
Q, into the room at a higher temperature T , when an amount of work Jr is done on it.

of a heat pump is sketched in Figure 19-8. This heat pump will take heat
Q2 from the atmosphere and pump heat Ql into the room at the higher
temperature T 1 with the performance of work )Y on the compressor of the
heat pump. The quantity of heat Ql that is delivered to the room is given

by

although the energy that is paid for on the electric bill is represented by the
work )Y which is done by the electric motor in operating the compressor.
By reversing the flow of the refrigerant in the heat pump, the temperature of the room can be kept below that of the atmosphere, a very desirable
feature on hot summer days. In this case a quantity of heat Q2 will be
taken from the room at a low temperature T 2 , a quantity of work)y will be
done on the compressor to accomplish this task, and a quantity of heat
Ql = )Y + Q2 will be delivered to the outside.
19-9

Entropy

We have seen that in a Carnot cycle the· quotient of the quantity of heat Q
absorbed from or given out to a reservoir divided by the temperature T of

§19-9

ENTROPY

363

the reservoir is a constant, for
QI

Q2

TI

T2

-=-.

(19-4)

If we regard Q as an algebraic quantity which is positive for heat absorbed
by a body and negative for heat given out by a body, we may write
QI

+ Q2

= 0

TI

T2

'

'" T
Qi = 0 •

or

L..

i

If we write!:1Q for the (algebraic) quantity of heat transferred to the
engine at the temperature T over a small increment in the thermodynamic
path, we have
!:1Q

LT=O.

(19-9)

!:1S = !:1Q
T

(19-10)

The quantity

is called the change in entropy !:1S. Thus the entropy change in the working
substance in a cycle of operation of a Carnot engine is zero.
Let us consider the change in entropy of the universe associated with
the flow of a quantity of heat Q from a reservoir at high temperature T I
to a reservoir at low temperature T 2 • Since heat has flowed out of the
high-temperature reservoir, we call the heat change of the reservoir negative, and the entropy change of the high-temperature reservoir !:1S I is
!:1S I

!:1Q
T!

= --,

while the change in entropy of the low-temperature reservoir !:1S2 is
!:1S2 =

!:1Q
+-.
T
2

The total change in entropy of the universe is
!:1S = !:1S I

+ !:1S2

!:1Q

=-

T2

!:1Q

- -,
TI

and, since T I is greater than T 2 ,
!:1S

> O.

Similarly, we may consider the change in entropy of the universe when
work !:1)f' is converted to heat by friction against the surface of a reservoir
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at temperature T. The work is converted to heat t:>.Q = t:>.JY (in appropriate
units), and the entropy change of the reservoir is
t:>.S = t:>.Q.
T

Since no heat has passed into or out of the agent doing the work, t:>.S represents the entropy change of the universe, and again t:>.S is a positive quantity.
Experience shows that in every thermodynamic process the change of
entropy of the universe is equal to or greater than zero, and, in fact, natural
thermodynamic processes move in such a direction as to increase the
entropy of the universe. This may be written mathematically as
(19-11)

Further analysis of the concept of entropy of a substance indicates
that the entropy is a measure of the statistical probability for the arrangement of molecules of the substance in a particular state. A state of perfect
order might be represented as one of zero entropy. In this sense the
tendency for the entropy of the universe to increase might be described a~
a tendency for the universe to proceed from a highly organized to a completely disorganized state, a tendency for the universe to run down. In
this very general way the concept of entropy has been used to explain the
tendency of isolated organic matter to decompose, and to explain that life
processes which seem to increase the degree of organization of nature can
only take place if an even greater disorganization is taking place elsewhere
in the universe, as in the sun. If a quantity of heat t:>.Q is transferred by
radiation from the sun at temperature T s to a solar furnace at temperature
T j, the change in entropy of the sun is - t:>.Q , while the change in entropy

of the furnace is t:>.Q. The change in entro;; of the universe in the transfer

Tf

of heat energy must be greater than or equal to zero, according to Equation
(19-11).
Hence

t:>.S = t:>.Q _ t:>.Q ~ O.
Tf
Ts -

Thus the temperature of the furnace cannot exceed the temperature of the
sun.
Problems

19-1. (a) Determine the thermal efficiency of a Carnot engme which operates
between the temperatures of 100°C and O°C. If 1,000 cal of heat are supplied to
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it, (b) how much work is done, and (c) how much heat is rejected to the lowtemperature reservoir?
19-2. (a) Determine the thermal efficiency of a Carnot engine which operates
between two reservoirs whose temperatures are 300°C and O°C. If 1,000 cal of
heat are supplied to it, (b) how much work is done, and (c) how much heat is
rejected to the low-temperature reservoir?
19-3. Superheated steam at a temperature of 520°F is supplied to a steam
engine which exhausts the steam to a condenser kept at a temperature of 60°F.
Determine the maximum thermal efficiency of this steam engine.
19-4. Steam at a temperature of 227°C is supplied to a steam turbine which
exhausts it to a condenser kept at a temperature of 13°C. Determine the maximum thermal efficiency of this steam turbine.
19-5. The coefficient of performance of a refrigerator is 4. It takes 3,000 cal
out of a quantity of food. (a) How much work is done by the electric motor which
operates this refrigerator? (b) How much heat is supplied to the surrounding air?
19-6. A tray containing 2,500 gm of water at 20°C is placed in a refrigerator
whose coefficient of performance is 6. The water is changed to ice at -lOoC.
Determine (a) how much heat is removed from the water in converting it to ice,
(b) the work done by the electric motor which operates the refrigerator, and (c)
the amount of heat supplied to the surrounding air.
19-7. A two-stage turbine operates at an initial temperature of 327°C.
Steam at the upper temperature is passed through the first stage and is expelled
to a second stage at 227°C. The steam undergoes a further expansion in the
second stage and is expelled to the atmosphere at a temperature of 127°C. Find
the maximum theoretical efficiency of the turbine.
19-8. In a two-stage engine a quantity of heat Ql is absorbed at a temperature Tl, work Jr 1 is done, and heat Q2 is expelled at a lower temperature T 2•
The second stage takes the heat expelled by the first, does work Jr 2, and expels
a quantity of heat Q3 at a lower temperature T 3• Show that the efficiency of the
combination is given by (T 1 - T 3)/T 1 •
19-9. A Carnot refrigerator removes 100 cal of heat from a low-temperature
reservoir at -23°C and expels 150 cal to a high-temperature reservoir. What
is the temperature of that reservoir?
19-10. A refrigerator delivers heat into a room at 27°C at a rate of 1,200
watts. (a) What is the rate of extracting heat, in watts, from a low-temperature
reservoir at -23°C? (b) What is the rating of the motor (in horsepower) required
to operate this refrigerator?
19-11. A real engine absorbs 1,000 cal from a high-temperature reservoir at
127°C and expels 800 cal to a low-temperature reservoir at 27°C in each cycle.
What is the efficiency of this engine?
19-12. One end of a copper rod is in thermal contact with a heat reservoir
at a temperature of lOO°C, and the other end of the rod is in contact with a heat
reservoir at a temperature of O°C. Determine the change in entropy (a) of the
hot reservoir, (b) of the cold reservoir, (c) of the copper rod, and (d) of the universe when 1,500 cal of heat are transmitted through the rod.
19-13. Referring to Problem 19-1, determine the change in entropy (a) of
the hot reservoir, (b) of the cold reservoir, and (c) of the universe. (d) What is
the change in entropy of the working substance in a cycle of operation?
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19-14. Referring to Problem 19-2, determine the change in entropy (a) of
the hot reservoir, (b) of the cold reservoir, and (c) of the universe. (d) What is
the change in entropy of the working substance in a cycle of operation?
19-15. A Carnot engine using helium as a working substance operates
between temperatures of 27°C and 127°C. The engine does 0.1 joule of work in
each cycle. Referring to Figure 19-5, determine the change in the entropy of the
working substance (a) in the isothermal expansion ab, (b) in the adiabatic expansion be, (c) in the isothermal compression cd, (d) in the adiabatic compression da,
and (e) in the entire cycle.
19-16. A blunt drill is driven against a block of hardened steel by a i
horsepower motor. Assuming that all of the energy delivered to the motor is
converted into heat, find the change in entropy of the universe in 3 minutes,
assuming that the block remains at a constant temperature of 27°C.

Part Three
WAVE MOTION AND SOUND

20
Wave Motion

20·]

Vibrating Bodies and Wave Motion

Wave motion is an important method of transferring energy from one place
to another without involving the actual transfer of matter. When a pebble
is dropped into a still pool, some of the kinetic energy of the pebble is used
to generate the ripples which spread out in all directions over the surface
of the pool. When the ripples pass by a floating object, such as a bit of
cork, the cork bobs up and down, having acquired its kinetic energy of
vibration from the ripple system. The ripples thus serve to deliver some
of the energy of the pebble to the distant cork. Although the ripple system
is seen to move, there is no net flow of the water, for the cork simply bobs
up and down and does not move in the direction of the ripples. Since the
cork merely provides visible evidence of the behavior of the water, we may
infer that the motion of the water is one of vertical oscillation, while the
motion of the wave is horizontal; that is, the oscillations of the water are
transverse to the direction of propagation of the wave. A wave motion in which
the vibrations of the medium are perpendicular to the direction of propagation is called a transverse wave. The waves set up in a taut string when
one end of the string is vibrated in simple harmonic motion are transverse
waves.
A second type of wave motion may be demonstrated by the use of a
long helical spring. If such a spring is suspended with its axis vertical, and
one end of the spring is caused to oscillate in the vertical direction, these
oscillations are transmitted down the spring as a succession of compressions
and rarefactions of the spring. The direction of oscillation of any part of
the spring is parallel to its axis and therefore parallel to the direction of
propagation of the disturbance. A wave motion in which the oscillations
of the medium are parallel to the direction of propagation of the wave is
called a longitudinal wave.
367
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Both transverse and longitudinal waves may be propagated within a
continuous medium, provided that the medium has appropriate elastic
properties. For the transmission of a longitudinal wave, a displacement
of one element of the medium in the direction of propagation must be
capable of exerting a force on an adjacent element. In a solid, this type
of stress-strain relationship is described by Young's modulus of elasticity,
while in a fluid medium the bulk modulus is the means through which the
displacement of one volume element generates a force on an adjacent
element. Thus both solids and liquids may transmit longitudinal waves.
The transmission of a transverse wave in a continuous medium requires
the existence of a shear modulus, for the displacement of one part of the
medium in a direction perpendicular to the direction of propagation must
generate a force on an adjacent element which is transverse to the direction
of propagation. Gases are not capable of exerting shearing forces, hence
they cannot transmit transverse waves. Since sound is a wave motion
generated by a vibrating body and transmitted through air, we must infer
that sound waves are longitudinal waves.
20-2

Equation of Wave Propagation

When a wave is propagated in an elastic medium, each particle of the
medium vibrates in simple harmonic motion. The frequency f of each
vibrating particle is the same as the frequency of the source of vibration.
Just as in the case of simple harmonic motion, it is sometimes convenient
to describe this oscillation by its period T, or its angular frequency w. If
we examine the appearance of the wave in space at anyone instant of time,
the displacements of the particles of the medium from their equilibrium
positions follow a sine or cosine function of the space coordinates. The
adjacent particles of the medium are out of phase with each other. The
wavelength Ais the distance between two successive crests, or two successive
troughs, or between any two successive particles whose simple harmonic
motion is at the same phase angle. We may relate the velocity v at which
the wave is propagated to the wavelength Aand the period T by observing
that in the time of one period the wave has advanced by a distance of one
wavelength. Thus
(20-1 )

for the frequency is the reciprocal of the period: f = liT.
When a wave moves to the right a small distance ~x in a time ~t, as
shown in Figure 20-1, a point P may be displaced upward to a new position
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pi, while a second point Q is displaced downward to a new position Q'.
The particles at P and Q are therefore clearly out of phase with each other.
The general equation of simple harmonic motion was given in Chapter
12 as
y = A sin (wt
cf»,

+

y

r\
I

I

\
\

Amplitude

\

\~/

~i

\

x

v

:>

Fig. 20-1 When a wave moves to the right a distance I1X, the point Q of the medium is
displaced downward to Q', while the point P is displaced upward to P'.

where A is the amplitude of the motion, and the angular frequency w is
given by
27r
W = 27rf = - .
T
Substituting for w, we find
. (27rt
y=Asm
T+cf> )

(20-2)

as another form of the general equation of simple harmonic motion; that is,
this equation describes the simple harmonic motion of anyone particle
when suitable values are inserted for the parameters A, T, and cf>. As we
have seen, the phase of a particle along a wave depends upon its position.
The phase changes at a regular rate with displacement along the wave,
and in a distance of one wavelength the phase changes in amount by 27r.
For a wave which is moving to the right, we may set
27rX
A

cf> = - -

in Equation (20-2) to obtain

. (tT - x) .

y = A sm 27r

~

(20-3)
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For a particular instant of time t, fixed in value, we observe that the displacement y of a particle from its equilibrium position is given by a sine
curve of amplitude A. The displacement of a point at any position along
the wave is repeated a distance A farther along. If the position x is held
fixed, the value of the displacement y at this point in space varies periodically, repeating its motion after a time interval T; this is the period of its
motion.
Let us consider the direction in which the wave described by Equation
(20-3) is propagated. When we watch the motion of a system of ripples
we can tell which way the wave is going by noting the translational motion
of a particular high light of one of the ripples of the system. At the position
of the high light, the displacement of the water from its equilibrium position
is always the same. Thus the high light is a position of constant phase
angle. In Equation (20-3) a constant phase angle is represented by a
constant value of the quantity within the parentheses. Thus Equation
(20-3) must describe a wave of amplitude A which moves in the direction
of increasing x; that is, the wave must move to the right. If, instead of
the minus sign in the parentheses, we had written a plus sign, it would have
been necessary for x to decrease as t increased in order to keep the value
of the parentheses constant. The wave would then have moved to the left.
The speed of the wave represented by Equation (20-3) may be obtained
by noting that, if t is increased by one period T, the wave need have moved
a distance of one wavelength A in that time for the parentheses to remain
at constant value. Thus the speed of the wave is given by Equation (20-1).
The speed v represented by the equation v = A/T is called the phase velocity
of the wave, for it represents the speed of points of constant phase.
Equation (20-3) is a general equation of wave motion and is used much
as one uses the general equation for a straight line in analytic geometry.
Specific cases of wave motion are described by substituting appropriate
numbers for A, A, and T into the general equation.
Illustrative Example. A sine wave of amplitude 1 m and of wavelength 4 m
is moving to the right with a speed of 2 m/sec. Find the displacement of a point
25 em to the left of the origin when t = 1.5 sec.
A sine wave moving to the right is described by the equation
y

= A

sin 21r

(~ - ~) .

As indicated in the problem, A = 1 m, A = 4 m; T may be obtained from the
equation
A
v =-,
T
so that

T

=~= __4_m_
v
2 m/sec

=

2 sec.
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We wish to find y when x = -0.25 m and t = 1.5 sec. Substituting into the
equation, we have
. 271" (1.5
y=lmXsm
- -sec
- - -0.25
2 sec
4m

= 1 m X sin 271"

m)

G:)

1 m X sin 292 0
= -O.93m.
=

20-3

Huygens' Principle

When a source of waves is placed in a uniform continuous medium, waves
spread out from the source in all directions. The locus of points of constant
phase is a spherical surface, just as the locus of points of constant phase in
a two-dimensional ripple is a circle. Such a wave in a continuous medium

c

C'

o

0'

-0

Fig. 20-2 Huygens'
construction
for determining the position of wave
front AB after a time interval !it.
A'B' is the new position of the wave
front.

Fig. 20-3 Huygens'
construction
for determining C'D', the new
position of the plane wave front
which started at CD at a time !it
earlier.

is called a spherical wave. We may restrict the spherical wave from a
distant source by means of appropriate apertures so that only a very small
portion of the wave passes through the aperture. In this case we may
approximate the wave front by a plane surface. Such a wave is referred
to as a plane wave.
The progress of a wave under a variety of conditions can be predicted
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with the aid of a principle first enunciated by the Dutch physicist Christian
Huygens (1629-1695). According to Huygens' principle, each point in a
wave front can be considered as a source of waves, and the new position that
the wave front will occupy after the lapse of a small time interval t::..t can
be found by drawing the envelope to all of the small waves from all of the
individual points on the initial wave front at the beginning of this time
interval. To illustrate the use of Huygens' principle, let us consider the
progress of a spherical wave front from a point source 0, as shown in Figure
20-2. If the arc of circle AB represents the position of a section of the wave
front at a certain time t, each point on the wave front is imagined to emit
spherical waves which are of radius v t::..t at time t
t::..t. The new wave
front A'B' is the envelope of all these small spheres. The same type of
construction can be used to find the subsequent position of any type of
wave front. Figure 20-3 shows a plane wave front CD progressing with
speed v. The new position of the wave front after a short time interval
t::..t is C' D', the envelope of all the small waves, each of radius v t::..t emitted
by each of the points on the wave front CD.

+

20-4

Reflection of a Wave

When a wave which is traveling in one medium reaches the surface of a
second medium, part of the wave is reflected back into the first medium, and
the rest penetrates into the second medium and is said to be refracted into
the second medium. Let us suppose
that a plane surface S separates twa
media I and II in which the velocitie~
of propagation of the wave are VI and
V2
respectively, as shown in Fig,
ure
20-4.
I
The position of the reflected
s
wave and the direction of its motion
relative to that of the incident wave
II
can be found with the aid of Huygens'
principle. The angle that each inciFig. 20-4 Reflection and refraction of
dent wave front makes with the sura plane wave at a surface separating
face is called the angle of incidence i,
two media.
while the angle each reflected wave
front makes with the surface is the angle of reflection r. A line drawn in the
direction of motion of the wave is called a ray; a ray is perpendicular to a
wave front. A line drawn perpendicular to the interface between the two
media is called a normal. Thus the angle of incidence is equal to the angle
between the incident ray and the normal, while the angle of reflection is
the angle between the reflected ray and the normal. Figure 20-5 shows
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the plane wave advancing toward the surface S at an angle of incidence i.
Let us consider the plane wave front represented by the line AB such that
the point A has just reached the surface S, while B is still moving toward
it; The angle between AB and the surface S is the angle i. If the surface
had not been there, the wave front AB would have advanced to the position
A'C in a time t:..t. But as the different parts of the wave front reach the
surface, each point on the surface, such as A, e, f, g, h, ... C, becomes a
source of waves. By the time the point B on the incident wave front
reaches the position C on the surface S, the Huygens wavelet which started

s

c

Fig. 20-5 Huygens' construction for determining the position and direction of motion
of the wave front reflected by surface S. AB is the incident wave front and CD is the
reflected wave front.

from A has grown to radius AD. Similarly, the wavelet initiated at point e
when the incident wave front struck the surface has grown to radius ee',
and so on. The envelope De'f'g'h'C tangent to these spherical wave fronts
is the plane wave front reflected by the surface. The angle of reflection r
is the angle between CD and the surface S. Since the velocity of propagation is a property of the medium and is the same for the incident and
reflected waves, we see from the construction that the angle of incidence is
equal to the angle of reflection. The direction of the reflected wave is indicated by the arrows on the rays AD, ee', and so on. The reflected waves
appear to originate somewhere behind the reflecting surface.
If a wave from some point source P strikes a flat surface and is reflected from it, the reflected wave will appear to come from a point P'
behind the surface. This point P' is the image of P and is located directly
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behind the surface so that the surface is the perpendicular bisector of the
line pp', as shown in Figure 20-6. An observer in the region QQ' who
wishes to determine the source of the waves does so by extending the direction of the rays reaching him in the
backward direction until they interQ
sect in a point. The direct rays PQ
and PQ' thus appear to originate at
point P, while the reflected rays CQ
and C'Q' appear to originate at the
p
point P', the image point. It may
be readily shown from the construction that the distance op is equal to
the distance Op' by making use of
the fact that the angle of incidence
o ,.//, , v
is equal to the angle of reflection.
I
/
The walls of a room usually act
/ //
I
I /
as mirrors for the sounds produced
1/
I /
in the room. In rooms of average
/I
1/
size these reflections add to the
1/
p' /
intensity of the sounds. In a large
auditorium the reflected sound may
reach the hearer a considerable time
Fig. 20-6 Image formation by a plane
mirror; P' is the image of P.
after he has received the directly
transmitted sound. In the case of
speech this effect may be very objectionable; in the case of music the overlapping of different sounds may be pleasing to the ear.
If a taut string is struck a blow near one end, a single pulse is formed
which travels down the string toward the other end, as shown in Figure
20-7(a). When the pulse strikes the wall at the end of the string, it is reflected so that both the direction of propagation and the direction of the
deflection are opposite to that of the original pulse as shown in Figure
20-7(b). If we regard the upward deflection of the string as positive, the
downward deflection of the reflected pulse is negative, and we may describe
the alteration in the sense of the pulse by saying that a phase change of
180 0 occurs on reflection.

Another way of viewing the phenomenon of reflection is to imagine
that the surface from which a wave is reflected is truly a mirror, as in
Figure 20-7(c), and that all events which occur in fact on the left-hand side
are reproduced in the opposite sense on the right-hand, or image, side.
Thus if an upward pulse is initiated at the point P of a real string, a downward pulse is initiated at the image point P' of the image string. Both
pulses may be imagined to move toward and through the wall at the same
speed. When the two pulses reach the wall, the two opposite deflections
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cancel, and there is no deflection of the string, in agreement with the physical restriction that the string is tied to the wall. We may imagine that the
image pulse then passes through the wall and becomes visible as a real
reflected pulse, as in Figure 20-7(d).

(b)

(c)

--!f---i
~

p'

.-----------::-;~-,

P

,

"

/

(d)

I

\J

20-5

I

--:-,-I---f\--------"
,

Fig. 20-7

I

~

Change of phase of a pulse on reflection from a wall.

Standing Waves

When a particle is simultaneously subjected to two vector displacements,
its resultant displacement is the vector sum of the two individual displacements. At a point in a medium where the paths of two waves intersect, the
medium is simultaneously displaced by the two waves, so that its resultant
displacement is the vector sum of the individual displacements. This is
known as the principle of superposition. We have already utilized the concept of superposition in the last paragraph of the preceding section.
When a wave strikes a reflecting surface normally, that is, at zero
angle of incidence, the wave is reflected back at the same angle, and consequently along the same line. If a continuous wave is propagated in this
medium, the incident and reflected waves will interfere with each other.
If the two waves traveling in opposite directions through the medium have
the same wavelength and the same amplitude, their effect is to set up steady
vibrations, called standing waves.
The existence of standing waves may be demonstrated analytically by
use of the general equation of wave motion. Two waves of the same wavelength, velocity, and amplitude, moving in opposite directions, may be
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represented by the equations

. (tT + x)
~

Yl = A sm 211"

for the wave moving to the left, and
Y2

= A sin 211" (~ -

~)

for the wave moving to the right. The resultant displacement y of the
medium by the simultaneous application of these two waves is the sum of
the deflections due to the individual waves. Thus
y = Yl

+ Y2·

From trigonometry we recall that
sin (x ± y) = sin x cos Y ± cos x sin y.
Applying this formula to the equations for Yl and Y2, and adding to find y,
we obtain
x.
t
Y = 2A cos 211" - sm 211" - .
(20-4)

T

A

Unlike Equation (20-3), the above equation no longer displays a wave in
motion, for there is no longer a moving point of constant phase. Instead
we see that the amplitude of vibration of a point in the medium of co-

t

ordinate x is given by the factor multiplying sin 211" T and is given by
2A cos 211" ::.
A

The amplitude of vibration varies from place to place on the

string, and, at positions separated by half a wavelength, the amplitude of
the vibration is zero. Points of zero vibration are called nodes. Midway
between two nodes the vibration is a maximum, at points called loops or
antinodes. From the above equation we note that two successive nodes are
separated by a distance of half a wavelength.
If two wave motions are simultaneously imposed on a string by attaching identical tuning forks to its opposite ends, or, more simply, by attaching
a vibrating tuning fork to one end of the string 'while the other end is
attached to a rigid reflecting wall, the conditions for the generation of
standing waves are fulfilled. If the string is properly adjusted, it appears
to vibrate in segments. Since the eye cannot follow the vibrations with
sufficient rapidity, an observer sees the string clearly where it is moving
slowly and sees a blur where it is moving rapidly. Consequently, the
observer sees only the envelope within which all vibrations take place,
described by the function
x
Y = ± 2A cos 211" - .
A
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The addition of two waves of
equal amplitude and wavelength
traveling in opposite directions
is illustrated graphically in Figure 20-8. The dashed lines indicate the individual waves
moving in opposite directions,
while the heavy lines show the
sum of the two waves.
If a source of sound of
constant frequency and intensity is operated in a room, the
walls, floor, and ceiling of the
room are reflectors of sound
waves, and standing waves are
set up in the room. At some
positions in the room, the

Fig. 20-8 Method of adding two waves
of equal wavelengths and equal amplitudes traveling in opposite directions to
produce a stationary wave.

Fig. 20-9

pattern
plate.

Standing wave
of a vibrating

sound intensity is a minimum; these are the nodes of the standing wave
pattern. At other positions in the room, the intensity is a maximum;
these are the positions of the antinodes.
The vibrations of tuning forks, of strings in musical instruments, of
air columns such as those in organ pipes, and of bars and plates can all be
analyzed into sets of standing waves in the substance. To detect the
standing waves on a vibrating plate, sand or fine powder is sprinkled onto
the plate. The standing wave pattern obtained on a horizontal plate under
one specific set of conditions is shown in Figure 20-9. Each particular
standing wave pattern is called a mode of vibration and is excited at a
particular frequency. If a structure, or part of a structure, is subjected to
vibration at its own resonant frequency, a standing wave pattern is generated. At the position of an antinode, the structure is subjected to alter-
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nating strains; it experiences large alternating stresses, and is likely to
crack. This process is known as fatigue failure. Cracks which develop in
strange places in old automobile fenders can often be explained by this
mechanism.
20-6

Diffraction of Waves

Many common phenomena, such as the bending of sound waves around
obstacles and the spreading of sound waves after passing through a small
aperture, are examples of the diffraction of waves. We use the term "diffraction" to describe wave phenomena in which the wave front is limited,
as by a barrier or an aperture. Diffraction phenomena occur with all types
of wave motion and may be most readily understood through the applica-
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Fig.20-10 Shallow rectangular tank
for demonstrating wave phenomena.
Side view showing source of light S
under the glass bottom of the tank,
for projection of wave phenomena.
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tion of Huygens' principle. When the size of a barrier is small compared
to the incident wavelength, the wave bends around the barrier. If the
barrier is large compared to the wavelength, the barrier seems to cast a
sharp shadow. Thus sound waves, whose length ranges from a few centimeters to many meters, may be heard in all parts of a room when sound
comes in through an open window. Light coming through the same
window directly illuminates only a small part of a room, for the wavelength
of light is in the neighborhood of 5 X 10-5 cm. We may infer that man's
physical size determines his use of sound as a communication medium and
light as a means of localizing objects in space, for sound waves bend easily
around man-sized objects, while light waves cast sharp shadows of these
objects. The ability to produce diffraction effects is one of the criteria
used to determine whether we are dealing with a wave phenomenon.
A simple method for demonstrating the diffraction of waves is illustrated in Figure 20-10. A shallow glass tank containing water to a depth
of about 1 in. is illuminated from a light source S below the tank. Waves,
in the form of ripples, may be generated in the tank by an oscillating source,
which forms circular ripples when the source is a small rod, while plane
waves are generated by a flat stick. The progress of a wave can be followed
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by viewing its image on a screen. Photographs obtained with such a ripple
tank are shown in Figure 20-11. The photograph is brightest where the
layer of water is thinnest, as in the trough of a ripple, while the darkest
regions correspond to the crest of a ripple. The distance between two
successive bright bands is the wavelength. In Figure 20-11(a) a plane wave
is shown incident upon an aperture of nearly the same width as the wave-

(a)

(b)

Fig. 20-11 (a) Diffraction of plane waves through an aperture (8-10 mm) in a metal
barrier. (b) Diffraction of plane waves round an obstacle about 20 mm wide and
production of diffraction fringes. (Courtesy the Ealing Corporation.)

length of the ripples. The waves are diffracted into the shadow area beyond
the aperture. In Figure 20-11(b) the waves are diffracted into the shadow
area behind a barrier. If we think of each point on the wave front of the
incident plane wave as a source of circular wavelets, whose effects must be
added in accordance with their phase relationships by the principle of
superposition, we may account for these diffraction phenomena. We will
consider diffraction effects in a quantitative way in Chapter 40, Light as
a Wave Motion.
20-7

Refraction of a Wave

When a wave traveling in a medium I, in which its velocity is VI, reaches
an interfac~ S between the first medium and a second in which the wave
velocity is V2, part of the wave enters the second medium at an angle r',
called the angle of refraction. We may determine the relationship between
the angle of incidence i and the angle of refraction r' with the aid of Huygens' principle, as illustrated in Figure 20-12. Suppose that the incident
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wave is a plane wave, and that a portion of a wave front is represented by
the line AB. The point A on the wave front has just reached the surface S.
The position of the wave front in medium II, after a time interval At when
the part of the wave front at B has reached the interface at C, may be found
from Huygens' construction. From A as center we draw a spherical wave
front of radius V2 At. Carrying out this construction for all points on the

I
S

II

Fig. 20-12 Huygens' construction for determining the position and direction of motion
of a plane wave front after refraction from medium I into medium II. AB is the incident
wave front; EC is the refracted wave front.

incident wave front, we find the refracted wave front to be along the line
Ee, and the direction of propagation of the refracted plane wave front is
normal to the wave front, or along the direction ff'. If the speed of the
wave V2 in medium II is greater than the speed of the wave VI in medium I,
then the transmitted part of the wave will be bent away from the normal.
From the figure we find
BC = VI At,
AE =

V2

At,

sini = BCjAC,
sin r' = AEjAC,
from which

VI
sin i
n r = -.--, = - ;
sIn r
V2

(20-5)

that is, the ratio of the sine of the angle of incidence to the sine of the angle
of refraction is constant for all plane waves transmitted from ~edium I to
medium II. This constant is represented by the symbol n" called the
relative index of refraction of the two media.
If a wave is refracted into a medium in which its speed V2 is less than
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the speed VI in the first medium, the wave will be bent toward the normal:
that is, the angle r' will be smaller than the angle of incidence i, according
to Equation (20-5).
20-8

Surface Waves on Water

The speed of surface waves on water depends upon the depth and the wavelength. Where the wavelength is very short and the water is deep compared
to the wavelength, the waves are called ripples and are propagated by a
combination of surface tension and the force of gravity with a velocity v
given by
V =

(YA
27r

+ 27rT)% ,
AP

(20-6)

where Y is the acceleration of gravity, A is the wavelength, T is the surface
tension, and p is the density of the liquid. Equation (20-6) is sometime:;
used to determine the surface tension of a liquid of known density by mea:;uring the speed of propagation of ripples.
When the wavelength is long, the surface tension may be neglected in
comparison with the effect of gravity. The speed of propagation then
depends on the wavelength and the depth and is given by
V

YA

27rD)

= ( -tanh-27r
A

%

,

(20-7)

where D is the depth of the water and the symbol tanh means hyperbolic'
tangent and is a symbol for the expression

Equation (20-7) may be approximated for short waves in deep water,
when the depth is greater than half a wavelength, by the expression
v =

(~:)% ,

(20-8)

so that the speed depends directly on the square root of the wavelength.
The appropriate approximation to Equation (20-7) for long waves in
shallow water, where the wavelength is greater than about 25 times the
depth, is
(20.9)

Equation (20-9) is of great interest in determining the depth and the
character of beaches, and it accounts for the riffled nature of the water
above a reef. As a wave passes from one medium to a second in which it
travels with a lower speed, the wave is refracted, and, in addition, its wave-
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length is changed in accordance with Equation (20-1), the frequency
remaining constant. Since the water is shallow over a reef, the wave velocity, and therefore the wavelength, is reduced. In the invasion of North
Africa in Wodd War II, the nature of the shore line and the location of
invasion beaches was determined by measurement of the wave velocity of
water waves along the coast line by observation from the air.
The motion of water waves is complex and cannot be adequately
covered here. The motion of small volume elements of the water is circular
or elliptical rather than purely longitudinal or transverse, and extends in
depth beneath the surface, but at a depth of one wavelength the amplitude
is less than 1/500 of the amplitude at the surface. Generally speaking,
there is no translational motion of the water in a water wave. When the
depth of water is too shallow for wave propagation, the energy of the waves
is converted into translational energy of water, giving rise to the familiar
breakers and surf along the shore line.
Ocean waves are generated by winds and storms at sea. Since the
waves travel at much greater speed than the storm, wave observation
stations have been set up along the coasts of Britain to determine the
direction from which the waves come and the amplitude with which
waves reach the coast. By comparing data from several stations, the
progress of storms at sea can be followed, and useful weather information
can be transmitted to ships at sea.
20-9

Transverse Waves

The waves transmitted down a string are transverse waves. If a slotted
board is passed over a vibrating string, the slot will permit passage of the
waves when it is parallel to the direction of vibration of an element of the
string, but it will prevent passage of the waves when it is perpendicular to
the direction of vibration. A transverse wave motion in which all of the
vibrations of the medium are in the same direction is said to be polarized.
From an experimental point of view, a wave is said to be polarized if a slit
or slitlike device can be found which will permit passage of the wave in one
orientation, but which will forbid passage of the wave in a second orientation at right angles to the first. Since a longitudinal wave will pass through
a slit, however oriented, longitudinal waves are not polarized. The wave
propagation in air, which we call sound, must be a longitudinal wave
motion, by virtue of the fact that air does not possess a shear modulus.
Sound waves in air are not polarized and are not polarizable.
If a wire is given an impulsive blow, the deflection of the wire is transmitted as a single pulse down the wire, with a speed v, and the pulse may
be assumed to retain its shape as it moves. Any short section of the deflected part of the wire may be approximated by the arc of a circle. To
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analyze the motion we imagine that the deflected portion of the wire is
stationary, and that the wire moves past a template of the form of the
pulse in a direction opposite to the motion of the pulse with a speed v, as
shown in Figure 20-13(a). If the mass per unit length of the wire is m, the
mass of a short section of the wire, whose arc is of radius r and which sub-

(0)

---~-5

5

Direction of pulse with speed v
:>
-<
Direction of imagined motion
of wire with speed v

25 ..1e
2

(b)
Fig. 20-13

tends an angle !:J.(J at the center of its circle of curvature, is mr !:J.(J. The
centripetal force F required to keep this element of wire moving in a
circular arc is
F

=

mr !:J.(Jv

2

r

From Figure 20-13(b) the required centripetal force is supplied by the
radial components of the tension 8 in the wire at both ends of the circular
arc. For small angles these are given by
!:J.(J

F = 28- = 8M.
2

Thus we have
or

2

m Mv = 8 M,
v

=

(8/m)~.

(20-10)

Illustrative Example. A long steel wire under a tension of 10 5 dynes has
one end attached to a prong of a tuning fork which vibrates with a frequency
of 128 vib/sec. The linear density of the wire is 0.03 gm/cm. Determine (a) the
speed of the transverse wave in the wire and (b) the wavelength of this wave.
The speed of the wave in the wire can be obtained from Equation (20-10),
which yields
10 5 dynes
v=
= 1,830 em/sec.
0.03 gm/em
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Solving Equation (20-1) for A, we get

A =~,

f

from which

20-10

A = 1,830 em
128

=

14.3 em.

Longitudinal Waves

Waves can he set up in any elastic body by producing some disturbance
at a point in the body. For example, consider a helical spring stretched
hetween two fixed points A and B, as shown in Figure 20-14, and suppose
that we compress a small section of the spring near the bottom by taking
one of its coils and pushing it down. When this coil is released, it will be

Fig.20-14 Setting up a longitudinal wave in a coiled spring stretched
between two points A and B. (a)
Portion of spring C near the bottom
is compressed. (b) Compression C
has moved up the spring and is
followed by an extension E below
it. (c) and (d) Compressions C and
extensions E moving up the spring.

(c)

(d)

pulled up by the coil above it and pushed up by the coil below. The displaced coil will move up to its equilibrium position and will continue on
upward because of its inertia. Thus the compressed region of the spring
will be displaced upward, and an extension will appear in the part of the
spring which formerly was in compression. While the compressions and
extensions of a coil spring move along the spring, the individual coils
vibrate up and down with simple harmonic motion; the vibration is parallel
to the direction of propagation of the wave, so that the wave is longitudinal.
The wave motion in air is also a longitudinal wave. Let us consider
the wave in air produced by the vibratory motion of a stick, as shown in
Figure 20-15. When the end of the stick moves to the right, the air next
to it is compressed; this, in turn, produces a compression in the next layer
of air, and so on, so that a compression travels out from the vibrating stick.
While the compression is moving out to the right, the end of the stick starts
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moving back, leaving a rarefaction, or region of reduced pressure, on its
right. The adjacent layer of air starts moving back, so that the rarefaction
travels out from the vibrating stick. This succession of compressions and
rarefactions traveling out from the stick constitutes a longitudinal wave in
air. The layers of air vibrate with the same frequency as the stick.

(a)
(b)
(e)
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Fig.20-15 (a) Compression in the air produced by the motion of the end of the rod
to the right, followed by (b) a rarefaction produced by the motion of the end of the rod
to the left. (c) Longitudinal wave in air consists of a series of compressions and rarefactions moving outward with velocity v.

The changes in pressure which occur during the compressions and
rarefactions are generally very small in comparison with the atmospheric
pressure. A graphical method for representing the wave is shown in

I

Representation of
a longitudinal wave.
Fig. 20-16

I
I
I

Rarefaction

1

I
I

tc:::

k=__:;?
I
I

1..-

Compression

Wavelength

I

I

I

~I
I
>1

Figure 20-16, in which the change in pressure from normal atmospheric
pressure is plotted along the vertical axis, and the position where this
pressure difference exists is plotted along the horizontal axis. The section
of the curve below the axis represents the rarefaction, while the section
above the axis represents the compression.
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It may be shown that the speed of propagation of a longitudinal wave
within a fluid medium is given by the equation
v = (Bjp)%,

(20-11)

where B is the bulk modulus of the fluid and p is its density. Although
there is a temperature gradient between a compression and a rarefaction,
the conductivity of a gas is so low, and the distance between them, which
is a half wavelength, is so long, that very little heat can be transmitted in
the available time of half a period. The processes of compression and
rarefaction in a sound wave are practically adiabatic at audio frequencies.
Hence we must use the value for the adiabatic bulk modulus in Equation
(20-11). This is given by
(20-12)
B(adiabatic) = 'Y P ,
where "I is the ratio of the specific heats of the gas and P is its pressure.
Thus the speed of propagation of longitudinal waves in gases is given by
(20-13)

From the general gas law
PV = nRT,

where n is the number of moles of the gas, and R is the gas constant per
mole. If a mass m of a gas of molecular weight M is enclosed in a container,
the number of moles of gas within the container is given by
m

n=-·
M
If we substitute this expression into the gas law and rearrange terms, we
find that
P
RT

--=-,
mjV

M

and, since the term on the left-hand side of the above equation is equal to
P j p, we may substitute this result into Equation (20-13) to obtain
V -_

('Y RT)%.
M

(20-14)

Thus the velocity of sound in a gas depends upon the absolute temperature
T, but is independent of the pressure of the gas. The velocities of propagation of longitudinal waves in several substances are given in Table 20-1.
A longitudinal wave is transmitted in a wire or rod with a speed
given by
v = (Yjp)%,
(20-15)

PROBLEMS
TABLE 20-1

Substance
Air
Hydrogen
Carbon dioxide
Water
Sea water
Glass
Steel
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Temperature in °C

o
o
o
15
13

o

Speed in meters per sec
331.46
1,262
258.0
1,447
1,492
5,500
4,700-5,200

where Y is Young's modulus. In many problems in engineering design, it
is important to know Young's modulus for a particular substance at
elevated and reduced temperatures. One of the simplest methods for
making this determination is to measure the velocity of propagation of a
longitudinal wave in the substance at the desired temperature, and to
apply Equation (20-15) to this measurement.
Problems

20-1. A steel wire is stretched between two pegs 80 cm apart under a tension
of 10 6 dynes. The linear density of the wire is 0.25 gm/cm. Determine the
speed of a transverse wave in this wire.
20-2. One end of a horizontal string is attached to a prong of an electrically
driven tuning fork which is vibrating with a frequency of 256 vib/sec, while the
other end passes over a pulley and has a weight of 61b attached to it. The weight
of 1 ft of string is 0.02 lb. (a) Determine the speed of transverse waves in the
string. (b) Determine the wavelength of the waves set up in the string.
20-3. A copper wire 2 m long whose mass is 8 gm has one end attached to a
fixed post and the other end attached to a prong of a tuning fork which vibrates
with a frequency of 1,000 cycles/sec. A standing wave is set up in the wire, and
the distance between the nodes is 8.0 cm. Determine (a) the wavelength of the
transverse wave in the wire, (b) the speed of the wave, and (c) the tension in
the wire.
20-4. A stone is dropped in a well, and the sound of the stone's splash is
heard 4.0 sec later. How deep is the well?
20-5. A steel pipe 200 ft long is struck at one end. A person at the other
end hears the sound that traveled through the pipe and also the sound that
traveled through the air. Determine the time interval between the two sounds.
20-6. (a) Determine the index of refraction of hydrogen with respect to air
for a sound wave. (b) Determine the index of refraction of glass with respect to
air for a sound wave. A glass partition 0.5 cm thick separates a volume of air
from a volume of hydrogen, each at atmospheric pressure. A sound wave from
the air strikes the glass surface at an angle of 3° with respect to the normal.
Determine the angle at which the sound wave is refracted (c) into the glass and
(d) into the hydrogen.
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20-7. Derive an equation similar to Equation (20-4) which displays the
existence of standing waves by beginning with the cosine representation of a wave
y = A cos 27r

(~ - ~) .

20-8. Show that Equation (20-3) satisfies an equation of the form

a2y

1

a2y

-=
--,
ax 2 v2 at 2
which is called the wave equation.
20-9. A standing wave is set up in a string. The distance between the nodes
is 50 cm, and the measured width of the vibration at the antinodes is 10 cm. The
standing wave pattern is set up by a tuning fork which vibrates at a frequency
of 100 cycles/sec. (a) Rewrite Equation (20-4), substituting appropriate numerical values. (b) Find the width of the vibration pattern in the string at a distance
of 20 cm from a node.
20-10. A transverse wave in a string is represented by the equation
x = 5 cos (30t - 15y),

where all dimensions are in cgs units. Find (a) the direction of propagation of
the wave, (b) the wavelength, (c) the frequency, and (d) the velocity.
20-11. A wind blows from the north at a speed of 50 ft/sec. In what direction should a beamed source of sound be pointed for the sound to travel due east?
20-12. Assume a ship to have vertical sides near the water line. (a) Find the
natural frequency of vibration of a ship of cross-sectional area A and mass M
when floating in water of density p. (b) When the ship is at anchor in deep water,
""hat is the wavelength of ocean waves which will excite the ship to resonance?
20-13. A plane wave of length 25 cm, velocity 100 cm/sec, and having an
amplitude of 5 cm, is propagated in the -x direction. At time t = 0, a point at
the origin of coordinates experiences its maximum positive displacement. (a)
Find the displacement of a point whose coordinates are (0,5 cm) when t = 5 sec.
(b) Find the displacement of a point whose coordinates are (+5 em, -3 cm)
when t = 8 sec.
20-14. A wave motion is described by the equation

. ( 2t-5x+ 57r)
y=lOsm
6

.

(a) In which direction and along which coordinate axis is the wave moving?
(b) Is the wave longitudinal or transverse? (c) What is the frequency? (d) The
wavelength? (e) the velocity? (f) At t = 0 what is the displacement and the
direction of motion of a point located at x = O?
20-15. The motion of a vibrating string is given by
Y

=

27r .
3 cos - x sm 7rt.
5

Find the velocity of the segment of the string located at x = 2.5 when t = 0.5 sec.

21
Vibrations and Sound

21-1

Sound

There are two aspects of sound: one is the physical aspect which involves
the physics of the production, propagation, reception, and detection of
sound; the other, which is the sensation of sound as perceived by the
individual, depends upon physiological and psychological effects. It is
not desirable to separate the two aspects of sound completely, but the main
emphasis in this book must necessarily be on the physical aspect. In this
chapter we shall consider mostly musical sounds. A vocabulary has been
developed to describe the sensation experienced when a musical sound is
heard. Such terms as the pitch of a sound, its loudness, and its tone quality
or timbre are used to describe the musical sound. The physicist, on the
other hand, speaks of the frequency of the sound, its intensity, and the number
and intensities of the overtones present in a musical sound. Unfortunately,
there is not a one-to-one correspondence between the terms used by the
physicist and the terms used by the musician. A great deal of progress
has been made in recent years as a result of tests involving thousands of
persons which attempt to correlate the sensation of sound with the physical
properties of sound. Some of these results will be mentioned at appropriate
places in this chapter.
21-2

Frequency of a Musical Tone

A musical tone is regarded as a pleasing sound, while a noise is usually
thought of as disagreeable; there are some sounds which are difficult to
classify. A musical sound, for example, can be produced by a series of
regular blasts of air, while a noise results when these blasts occur at irregular
intervals. This can be demonstrated by means of a disk containing five
concentric rings of circular holes, as shown in Figure 21-1. In the innermost
ring these holes are irregularly spaced; the next four rings have circular
holes which are regularly spaced. There are 40, 50, 60, and 80 holes in
389
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these rings, respectively. When this disk is rotated at uniform angular
speed and a stream of air is directed at the innermost ring of holes, an
unpleasant noise will be heard. But when the stream of air is directed
against any of the other rings, a pleasant musical tone will be heard. When
the stream of air is directed against the four outer rings from the second to
the fifth in sequence, the pitch of the sound coming from the third ring will
be higher than that from the second
ring of holes; the pitch of the sound
from the fifth ring will be heard as
an octave higher than that from
the second ring. The physicist's
method of describing these tones is
in terms of the frequency of the
sound produced. For example, if
the disk is rotating at the rate of 10
rps, the frequency of the sound produced by the ring with 40 holes in
it is 400 vib/sec; the next ring produces 500 vib/sec; the one after
that, 600 vib/sec; and the last one,
800
vib/sec. To a first approximafig. 21·1 Construction of a wheel for
tion
we can say that the pitch of
showing the difference between musical
a tone depends upon its frequency,
tones and a noise.
the tone with the higher pitch having the higher frequency. Two tones an octave apart have a frequency
ratio of 2: 1, for example. A musician will recognize these tones, which
have frequencies in the ratios 4: 5: 6: 8, as the tones comprising a major
chord.

21-3

Resonance

An interesting phenomenon occurs when a body which is capable of
vibrating at a definite frequency receives small impulses of the same frequency. These impulses set the body into vibration, with each succeeding
impulse building up the amplitude of the vibration. This phenomenon,
known as resonance, has been discussed in Section 12-7. A simple way of
demonstrating resonance is to take two tuning forks having the same
natural frequency and place them a short distance apart. One tuning fork
is set vibrating by a hammer blow. After a short time interval, it will be
found that the other tuning fork is vibrating and emits sound. The compressions and rarefactions produced in the air by the first tuning fork set
the second tuning fork vibrating. Since the sound wave and the tuning
fork have the same frequency, the impulses on the tuning fork are properly
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timed to build up its amplitude of vibration. A steady state is reached
when the energy radiated by the second tuning fork is equal to the energy
it receives from the first one.
Resonance can occur between any two bodies which can vibrate with
the same natural frequency. An interesting
example is shown in Figure 21-2, which illustrates resonance between a tuning fork and an
air column. A hollow cylindrical glass tube is
inserted in a jar of water. The vibrating system is the air in the hollow tube; the length
of the air column can be varied by moving the
tube up or down in the water. The air column
ends at the surface of the water. If a tuning
fork vibrating at a known frequency is held over
--- ------- -the open end of the hollow tube and the hollmv
tube is raised, there will be a marked increase
in loudness of the sound at some position.. At
-- ------this position, the air column in the tube is set
into vibration with the same frequency as the
tuning fork; the two are in resonance. We may Fig.21-2 Resonance bethink of the process of changing the length of tween an air column and a
the air column as "tuning" it to the frequency tuning fork.
of the wave incident upon it. This may be
compared to the tuning of a radio circuit to the same frequency as the
incident electromagnetic wave.
A tuning fork which vibrates with a frequency f emits a wave of length
A given by
v = fX,

==~

where V is the speed of sound in air. When an air column which is closed
at one end is set into vibration, standing waves are produced in the air with
a node at the closed end and an antinode at the other end. Since the distance between two successive nodes is half a wavelength, the distance
between a node and the adjacent antinode is a quarter of a wavelength.
Thus the shortest length of tube L in which the air can be in resonance with
a wavelength A is
(21-1)

If the tube is long enough, it will be found that resonance will occur again
when the length of the tube is three quarters of a wavelength, for this length
of air column will also have a node at the closed end and an antinode at the
open end.
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Tuning forks are often mounted on boxes whose air columns are in
resonance with the sounds emitted by these forks. More energy is radiated
per second from this system than from the tuning fork alone.
21-4

Beats

When two bodies having slightly different natural frequencies are set into
vibration, the two waves emitted by them will interfere with each other. At
some instant the two waves will be in the same phase, and there will be a
reinforcement of the waves, resulting in a wave of increased amplitude. At
f,
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Fig. 21-3 Beats produced by the interference of two waves of slightly different
frequencies.

some other instant the two waves will be completely out of phase; that is, a
compression and a rarefaction will meet, resulting in a decreased amplitude
producing a sound of very low intensity. The addition of two waves of
slightly different frequency is illustrated in Figure 21-3. If one wave has a
frequency fl and the other a frequency f2, the number of times that these
waves will get out of phase in a unit time can be shown to be II - f2; this
is called the number of beats per unit time. If the two frequencies differ
slightly, a series of beats will be heard; that is, the loudness of the sound
will decrease noticeably II - f2 times in 1 sec. For example, if one tuning
fork is emitting 256 vib/sec and another is emitting 260 vib/sec, 4 beats
will be heard each second.
The phenomenon of beats is frequently used in tuning two sources of
sound to the same pitch. This is a very accurate method of tuning, since
the ear can perceive beats which occur only once in about 10 sec. When
there are only a few beats per second, the sound produces an unpleasant
effect. When the difference in frequencies is large, no beats can be distinguished in the sound produced.
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Doppler Effect

In the previous discussions it was tacitly assumed that the source of sound
and the observer were at rest with respect to each other. But when the
source of sound is moving with respect to the observer, the pitch of the
sound appears to be different from that when the two are stationary with
respect to each other. There are two distinct cases to be considered: one
in which the source is moving and the observer is at rest, and the other in
which the observer is moving and the source is stationary. In both cases
the frame of reference is fixed in the air.

v

The sound waves which are
emitted in unit time by the source as it
moves from S to S' with speed v toward
the observer at 0 are contained in the
distance S'O.
Fig. 21-4

5'

5

•

I

v

...

v-v

.o
•

Suppose that an observer is stationary at 0, as shown in Figure 21-4,
and that the source of sound is stationary at S. If the source emitsfvib/sec,
the length of the wave 'X emitted by it will be
V
'X = -,

f

where V is the velocity of the sound. For simplicity, let us choose S to be at
a distance from 0 equal to the distance traveled by sound in 1 sec; that is,
SO = V X 1 sec, where V is the speed of sound. Then when the source and
the observer are both stationary, there will be f waves in the distance SO,
each of length 'X.
Let us now suppose that the source is moving with speed v toward O.
At the end of 1 sec the source will have moved to S', where SS' = v X 1 sec.
During this time the source has emitted f vibrations; the first one has
already reached the observer at 0, and the last one has just left the source
at S'. These f vibrations are therefore located in the region S'O, whose
length is
S'O = (V - v) X 1 sec.
Since f waves have been emitted in this second, the length of these waves is
'X

,

V - v

=

~f~·

(21-2)

These waves travel with the velocity of sound V, and the frequency l' with
which they reach the ear is therefore

r't..'

=

V.

(21-3)
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Eliminating X' from Equations (21-2) and (21-3) yields

~S--fV
f

=f~'

V -

(21-4)

V

In other words, more waves will now reach the ear per second than reach
it when the source is stationary. This will be interpreted as a sound of
higher pitch. The change in pitch produced by the relative motion of
source and observer is known as the Doppler effect.
The same reasoning can be applied to show that when the source is
moving away from the observer with a velocity v, the frequency f' of the
sound reaching the observer is given by

If'~

VV
+v

II

(21-5)

The pitch of the sound in this case is lower than the pitch of the sound when
the source is stationary.
It is instructive to analyze the Doppler effect in terms of the waves
emitted by the moving source. Let us assume that the source emits spherical waves which, in Figure 21-5, are drawn as circles with successive positions of the source as centers. These successive positions are shown at
time intervals equal to T, the period of the vibrations emitted by the
source. In the figure, 8 is the present position of the source, 8 1 is the
position of the source at a time T earlier than 8, 8 2 the position at a time
2T earlier, and 8 3 the position at a time 3T earlier. The wave emitted when
the source was at 8 1 has traveled a distance VT, where V is the speed of
sound; hence this wave is represented by a circle of radius VT. Similarly,
the wave emitted when the source was at 8 2 is drawn as a circle of radius
2VT, that emitted from 8 3 is drawn as a circle of radius 3VT. The source
of sound is moving toward the right with a speed v less than V.
An observer in front of the moving source will receive more waves per
second than if the source had been at rest. Conversely, an observer behind
the moving object will receive fewer waves per second than if the source
had been at rest. The observer in front of the moving source will hear a
higher pitched sound than the observer behind the source. When the
moving source passes the observer, he will always note a drop in the pitch
of the sound.
The frequency of the sound f' received by the observer in front of the
source is given by Equation (21-4) and can be derived very simply by
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referring to Figure 21-5. The distance between successive wave fronts
which reach this observer is (V - v)T and is therefore the length of the
wave X' perceived by the observer, that is,
X' = (V - v)T,

but, for the source,

Fig.21-5

Therefore

1

T =-.

f

Waves emitted by source moving to the right with speed v.

,
X

V - v

=--,

f

and since these waves travel with speed V in the air, the frequency f' of these
waves is given by

lx' =
so that

V,

(21-3)

,
V
f =f V - v

(21-4)

follows immediately.
Equation (21-5) can be derived in a similar manner.
Figure 21-5 can be used to determine the pitch of the sound heard by
a stationary observer who is not in the line of motion of the source. The
distance between wave fronts increases from the smallest value (V - v)T
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for an observer in front of the source to its largest value (V + v)T for an
observer behind the source. To an observer at right angles to the line of
motion, the distance between wave fronts is simply VT or A; that is, it is
exactly the same as if the source were stationary.
When the source is stationary and the observer is moving toward the
source with a velocity v, the pitch is higher than that heard when the
observer is stationary, but the actual value of the new frequency is slightly
different from that given by Equation (21-4). The wavelength of the sound
in air remains unchanged, but as the observer moves toward the source, he
receives more waves per second than he receives when standing still. If he
moves toward the source with a velocity v, he will receive viA additional
waves per second, or a total of
,
V
v

f

=

i + X'

or

f'

=

V

Now since

fA

we get

+ v.
A

=

V,

,
V+v
-~~~
f
-V-f,
=

(21-6)

which gives the new frequency of the sound heard by the observer.
In a similar manner, if the observer is moving away from the source of
sound, it can be shown that the frequency .r' of the sound heard by the
observer is given by

~
~-v-f,

(21-7)

which is a sound of lower pitch than that heard by the observer when
stationary.
It must be emphasized that, in anyone of these cases, the observer
hears only one tone; he does not hear a change in pitch. Only when the
motion is changed can he hear a change in pitch. Such a change in pitch
can be observed when a train which is sounding its whistle passes an
observer; the observer will hear a drop in pitch as the train passes him.
An interesting combination of the Doppler effect and the phenomenon
of beats can be produced by moving a tuning fork rapidly toward a wall.
A stationary observer will receive two sounds, one directly from the tuning
fork and one reflected from the wall. The apparent source of sound of the

:§21-6

VELOCITY OF SOURCE GREATER THAN VELOCITY OF SOUND

397

reflected wave is the image of the tuning fork formed by the wall acting as a
plane mirror. While the tuning fork is moving away from the observer,
its image is moving toward him. The direct wave from the tuning fork will
have a lower pitch than the wave coming from its image, and the observer
will hear beats.
Illustrative Example. The siren of a fire truck is emitting a tone whose
frequency is 1,200 vib/sec. The fire truck is traveling with a speed of 60 mi/hr.
A man in the street notices a drop in pitch as the truck passes him. Determine
the change in frequency of the tone heard by this observer.
While the fire truck was moving toward the observer at a speed of 88 ft/sec,
he heard a tone whose frequency was higher than 1,200 vib/sec. This frequency
.f~ can be determined from Equation (21-4),

f~

=

f~

=

f~

1,200 X

=

V - v

1,100
vib,
1,100 - 88 sec

1,304 vib .
sec

As the fire truck passed the observer, it moved away from him with a speed of
88 ft/sec, and the tone he heard had a frequency lower than 1,200 vib/sec. This
frequency can be determined from Equation (21-5),

f~

=

f~

=

f~l_'_
V +v

=

1200
1,100
vib,
'
1, 100 + 88 sec

1,111 vib .
sec

Hence the drop in pitch of the tone heard by the observer was due to a change
in frequency of
"
vib
fl - f2 = 193 - .
sec
21-6

Velocity of Source Greater than Velocity of Sound

When a body such as a projectile, a jet plane, or a rocket moves with a
velocity v greater than the velocity of sound V in the medium, it sets up a
compressional wave, as shown in Figure 21-6. The wave front, sometimes
called a shock wave, is a cone, with the moving body at its apex 8. The cone
inside which the sound waves travel can be constructed by drawing spherical
waves which originated at various positions of the source during its motion.
In Figure 21-6 8 is the present position of the source, 8 1 its position at a
time t earlier, 8 2 its position at a time 2t earlier, and 8 3 its position at a time
3t earlier, where t is an arbitrary time interval; let us call it one unit of time.
With 8 1 as a center we draw a circle of radius V X 1, with 8 2 as a center
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we draw a circle of radius V X 2, and so forth. These circles represent the
present positions of the compressions which started from S1, S2, and S3. The
wave front is the tangent to these circles. In a three-dimensional diagram
this wave front would be a cone whose elements were tangent to spheres

s

Fig.21-6

v

Waves emitted by source moving with speed v = 1.5 V.

of radii V, 2V, and 3V, respectively. In the unit of time that the wave
progresses a distance V, the source moves a distance v, as shown in the
figure. The angle IJ that an element of the cone makes with the direction
of motion of the source is

~

~I

(21-8)

since V is at right angles to the element of the cone and v is the hypotenuse
of the right triangle.
The cone of sound moves through the medium with the speed v of the
source. Outside the cone, no sound can be heard.
When an airplane wing moves through the air, it produces a change in
the pressure, or a pressure pulse, which travels through the air with the
speed of sound. If the speed of the airplane is less than the speed of sound,
the pressure pulse travels ahead of the wing and, in effect, sets up the flow
pattern of the air ahead of it (see Figure 9-9). When the speed of the airplane is greater than the speed of sound through the air, the wing meets the
air head on, producing a shock wave which travels across the wing. This
shock wave increases the drag on the wing and also sets up great stresses
in it. In aircraft engineering the ratio of the speed v of a plane to the speed
V of sound in air through which it is traveling is called the Mach number.
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Thus the Mach number chosen for Figure 21-6 is 1.5. The bow wave, or
the wake from a speedboat, is a similar phenomenon.
21-7

Intensity and Loudness

The intensity of a wave at any point in space is defined as the amount of
energy passing perpendicularly through a unit area at this point in unit time.
The intensity can be expressed in ergs per cm 2 per sec or in watts/cm 2 . The
intensity of the sound received from any source depends upon the rate at
which the source emits energy, upon the distance of the observer from the
source, and upon the reflections which the waves undergo from the walls,
ceiling, floor, and objects in the room. If the size of the source is small in
comparison with its distance from the observer, and if no reflection or
absorption takes place, the intensity of the sound at any place will vary
inversely as the square of its distance from the source, but this is rarely the
case with sound waves. In terms of the sound wave which reaches the
observer, it can be shown that the intensity depends upon the square of the
amplitude of vibration of the particles in the wave and upon the square of its
frequency.
The loudness of a sound is a sensation experienced by the observer, and
although loudness is related to the intensity of the sound, the relationship
between the two is not a simple one. Waves in air may be detected by the
normal human ear if their frequencies lie between about 20 cycles/sec and
20,000 cycles/sec and if their intensities are within a certain range; the
range of intensities audible to the ear also depends on the frequency of the
wave. Those waves which can be heard are called sound waves. Figure
21-7 shows the range of frequencies and their intensities which are perceived
as sound by the normal human ear; the intensity of the wave is plotted
along the y axis, while the frequency of the wave is plotted along the x axis.
Because of the wide range of intensities, these are plotted not on a uniform
scale but on a logarithmic scale. One scale shows the intensities in
watts/cm 2 . Another scale shows the intensities in terms of the pressure
changes in the wave which strikes the eardrum; since the pressure in a wave
varies sinusoidally, the effective or root mean square (abbreviated rms)
values of the pressure changes are used. The lower curve represents the
threshold of audibility. A point on this curve represents the smallest intensity of a sound of given frequency which is just audible to the average
ear. The ear is most sensitive to sounds of about 3,000 cycles/sec. At a
certain intensity, known as the threshold of feeling, the sound is not heard
but is felt by the ear as a tickling sensation. Above the threshold of feeling
the intensity may be so great as to be painful. The region between the
two curves represents the range of hearing. The range of intensities to
which the ear is sensitive is about a millionfold. Because of this large
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range of intensities, a logarithmic scale has been adopted for expressing
the level of intensities of sound, taking the zero level at about the limit
of audibility of sound. The intensity level B of a sound is defined as
1
10

B = 10 log-,

(21-9)

where 1 is the intensity of the sound and 1 0 is the zero level of intensity
which is taken arbitrarily to be equal to 10-16 watt/cm 2 or 10-12 watt/m 2 .
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Fig. 21-7 Range of frequencies and their intensities which are perceived by the human
ear. (After H. Fletcher, Reviews of Modern Physics, January, 1940.)

The intensity level B is expressed in decibels (db). Thus if a sound has an
intensity 1 = 1014 watt/cm 2 , its intensity level is
10-14
B = 10 log 10-16 db,

or

B = 10 log 100 db,

from which

B

=

20 db.

Sound levels have been measured at various places under a variety of
conditions. For example, inside some noisy subway cars the sound level
is about 100 db, while the threshold of feeling (or pain) is about 120 db;
the sound level of a whisper is about 15 db.
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The shape of Figure 21-7 is of interest in connection with the highfidelity reproduction of music. It is common experience that a radio or
phonograph sounds better when played at high volume, for at low volume
a significant range of frequencies is reproduced below the threshold of
audibility. It is unreasonable to expect reproduced sound to have the
fullness of orchestral music unless the intensity of sound in the home is
equal to that of the concert hall. In modern high-fidelity phonographs an
attempt has been made to compensate for the response of the ear by introducing a contoured volume control which decreases the intensity at
both high and low frequencies at a lesser rate than the middle frequencies,
as the volume control is turned down.
21-8

The Ear

Figure 21-8 is a diagram showing the essentials of the structure of the
human ear. Sound waves enter the ear through the auditory canal and
strike the eardrum. The pressure variations of the sound wave are transAuditory
nerve

Fig. 21-8

Semidiagrammatic section of the right ear.

mitted from the eardrum by a system of three small bones, the hammer,
anvil, and stirrup, to the oval window of the inner ear. The latter is filled
with a liquid. The cochlea, a spiral-shaped part of the inner ear, contains
the basilar membrane which runs along its entire length and divides it into
two sections. The nerve endings of the auditory nerve are attached to one
edge of the membrane. The entire length of the basilar membrane is about
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30 mm (about 1.2 in.), and there are about 30,000 nerve endings attached
to it. The vibrations which are transmitted to the liquid of the inner ear
set the basilar membrane into vibrations, different tones affecting different
sections of the membrane. These vibrations stimulate the nerve endings
attached to it, and these transmit the signal along the auditory nerve to
the brain.
The sense of balance is associated with the semicircular canal, and it
is interesting that there are three of these natural "carpenter" levels in
each ear, approximately at right angles to each other. In this way nature
has apparently recognized the independence of the three rectangular components of a force, or the three mutually perpendicular directions of space.
Another aspect of the design of the ear which is of interest is the length
of the ear canal. If we consider the ear canal as a pipe, closed at one end,
we find that its resonant wavelength is given by Equation (21-1) as
A

= 4L.

(21-1)

The length of the ear canal is about 3.3 cm. Taking the velocity of sound
as approximately 330 m/sec, we find the resonant frequency of the ear
canal as

v

f= -

A

3.3 X 104 cm/sec
4 X 3.3 cm

= 2,500 cycles/sec,
in good agreement with Figure 21-7.
If we assume that the hearing mechanism of most animals is similar
to that of man, that the length of the ear canal is roughly proportional to
the size of the animal, and that animals speak at frequencies appropriate
to their organs of hearing, we may infer that large animals will speak in
bass voices while smaller animals will utter sounds of higher frequencies.

21-9

Quality of a Musical Sound

When two tones of the same pitch and same loudness are produced by two
different musical instruments, such as a violin and a clarinet, the sensations
produced by them are decidedly different. We recognize this difference
because of the difference in quality or timbre between these two musical
sounds. One of the main reasons for this difference in quality is that each
sound produced by an instrument is not a tone of a single frequency but is a
complex sound consisting of several different frequencies. Another reason
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for the difference in quality is the manner in which the human ear responds
to tones of different frequencies and different loudness. In this section we
shall consider only the effect produced by the complexity of the sound on
the quality of a tone emitted by vibrating bodies.
As shown previously, the vibrations in a body can be analyzed in terms
of stationary waves which are set up in it by the interference of two waves
traveling in opposite directions. The fundamental mode of vibration of a
body corresponds to the longest wave, or wave of lowest frequency, which
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Fig. 21-9

Modes of vibration of a string which is fastened at both ends.

can be set up in the body. For example, in the case of a string which is
fastened at both ends, the fundamental mode of vibration is one in which
the string vibrates as a whole, as shown in Figure 21-9. Since the two ends
are fastened, the standing wave must have nodes at these points, while the
antinode is midway between them. The length of the string L is thus half
the wavelength Aj2 of the transverse wave traveling in the string. The
pitch of the sound emitted by the string when vibrating as a whole is called
the fundamental tone of the string. The string can also vibrate in two parts,
with a node in the center; the frequency of this sound is twice that of the
fundamental tone. When vibrating in this manner, the pitch of the tone
will be an octave higher than the fundamental. Other modes of vibration
of the string are shown in the figure. When a string is set into vibration by
plucking it or bowing it, several of these modes of vibration will be set up
simultaneously; in addition to the fundamental tone, some of the higher
pitched tones or overtones will be emitted by the string. The quality of the
tone will depend upon the number of overtones produced and their relative
intensities.
The same thing is true of other vibrating bodies; the quality of the
sound depends upon the number and relative intensities of the overtones
produced. Although, in the case of string instruments and wind instruments, the frequencies of the overtones are whole multiples of the frequency
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of the fundamental tone, this is not generally true of other musical instruments such as bells, chimes, and drums.
Another effect which helps to determine the quality of a musical tone
is its transient character. A note sounded by a musical instrument is
rarely sustained at constant volume for more than a moment or two. In a
percussion instrument such as the piano, the intensity of the note diminishes
rapidly after the note is struck. It is interesting to listen to the recording
of a single piano note played backward. With modern tape-recording
techniques it is possible to playa simple tune on the piano, to snip out each
note, and then to paste them together so that each note is played backward but in the correct order. Each note increases in intensity and then
abruptly ends. The effect is quite unrecognizable as a piano piece.
It is perhaps the transient nature of the typical musical instrument's.
sound which makes many electronic musical instruments seem rather unsatisfactory and lifeless, for, while an electronic instrument may generate
the correct frequencies and even the correct distribution of harmonics, it
is difficult to simulate the correct transient response as well.
21-10

Vibrations of Strings

The frequencies of the various modes of vibration of a string are in the
ratios of whole numbers; such vibrations form a harmonic series with the
fundamental vibration as the first harmonic, the overtone of twice this
frequency as the second harmonic, and so forth. Any wavelength A and
its associated frequency f of a wave in a vibrating string are related by the
equation
v = fA,
where V is the speed of the transverse wave in the string.
given by

V =

This speed is

~,

(20-10)

where m is the linear density of the string, that is, its mass per unit length,
and S is the tension in the string. Now the length of the wave in the fundamental mode of vibration is twice the length £ of the string, that is,
A = 2£;

(21-10)

therefore the frequency !I of the fundamental or first harmonic is

V

!I =
from which

2£'

!I=~ IS,
2£

~;

(21-11)

(21-12)
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The frequency of vibration and hence the pitch of a string can be
varied by changing its length or its tension. Increasing the tension four
times will double the frequency of vibration or produce a tone an octave
higher. Decreasing the length of the string-for example, by pressing the
string against a board with the finger-will increase the frequency or pitch
of the tone emitted. Two strings of the same length and under the same
tension, but of different linear densities, will have different frequencies for
their fundamental tones.
The number of overtones set up in a string can be controlled to some
extent by the method of bowing or plucking the string. For example, if the
string is plucked in the center, those modes of vibration will be most intense
which have antinodes at this point; the overtones will consist of the odd
harmonics. If the string is plucked at a distance of about one seventh of its
length from one end, the seventh harmonic will be absent, but most of the
even harmonics will be present; the quality of this tone will be noticeably
different from that heard when the string is plucked at the center, even
though in each case the pitch heard is that of the fundamental tone.
The presence of overtones in a vibrating string can be shown very
easily by plucking the string at one quarter of its length from one end and
then placing a finger lightly on the center of the string; this will stop the
fundamental mode of vibration, but the second harmonic can continue to
vibrate, since it has a node at the center. When the finger is placed at the
center, the fundamental tone will no longer be heard, but its octave will be
heard, showing that the second harmonic is present.
Another method for demonstrating the presence of overtones in a
vibrating string is illustrated in Figure 21-10. A steel wire is stretched
between two posts A and B on a board, and these two points are connected
to the primary coil of a step-up transformer. The secondary coil of this
transformer is connected to an amplifier and a loud-speaker. Several
U-shaped magnets are placed on the board so that the wire can vibrate
freely between the poles of these magnets. Suppose that these magnets
are so placed that their north poles are all on one side of the wire and their
south poles are on the opposite side, as shown in Figure 21-1O(a). When the
string is plucked near the center, an induced electromotive force (emf) will
be set up in the wire. This will be amplified, and the fundamental tone will
be heard coming from the speaker.
To show the presence of the second harmonic, we use only two magnets,
each placed at a distance of about one quarter of the length of the string
from the ends A and B, but with opposite poles on the same side, as shown
in Figure 21-1O(b). The magnets are placed in this position because the
string vibrates in two parts, with the portions of the string on either side of
the central node moving in opposite directions. If the string is now plucked
at a point near one of the magnets, a tone twice the frequency of the funda-
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mental will be heard. If, while the string is still vibrating, one of the
magnets is reversed so that like poles are on the same side, the fundamental
tone will be heard. If the magnet is again reversed, the octave will be heard.
This clearly demonstrates that both the fundamental tone and the first
overtone are present at the same time.

(a)
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(b)
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Fig.21-10 Method for demonstrating the presence of overtones in a vibrating wire.
The ends of the string AB are connected to the primary of a transformer whose secondary coil is connected to an amplifier and loud-speaker. Nand S represent those poles
of the magnets which are in front of the wire.

To show the presence of the second overtone, or third harmonic, three
magnets are used, as shown in Figure 21-1O(c). If the string is plucked
at a point near one of the end magnets, the third harmonic will be heard
clearly. If, while the string is still vibrating, the center magnet is reversed,
the fundamental tone will be heard, thus showing that the first and third
harmonics are both present. This method can be extended to show the
presence of several of the other harmonics.
The amount of energy transferred directly from the vibrating string
to the air is very small. To permit a greater transfer of energy, the strings
are mounted on various types of solid boards, called sounding boards, usually
made of metal or wood. These sounding boards are set into forced vibration
by the vibrating string; the vibrations of these boards set larger quantities
of air into motion, thus producing a more intense sound. In some string
instruments of the violin type, there are air columns in the instrument which
also vibrate. All of these vibrating systems make their contribution to the
quality of the sound emitted by the instrument.
Illustrative Example. One of the steel strings of a piano is 50 em long and
has a linear density of 0.60 gm/cm. When struck with the hammer, it emits a
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tone whose fundamental frequency is 520 vib/sec. Determine (a) the tension in
the string and (b) the frequencies of the first and second overtones of this string.
The tension in the string can be determined from Equation (21-12). Solving
this equation for S, we get
S

=

4£2j2m.

Substituting the numerical values, we get
S

=

4 X 2,500 X 270,000 X 0.60 dyne

=

16.2 X 108 dynes.

The first overtone of a string is its second harmonic, and the second overtone is
its third harmonic, therefore their frequencies are

and
21-11

f2

=

1,040 vib/sec,

fa

=

1,560 vib/sec.

Vibrating Air Columns

Wind instruments such as the clarinet, the trumpet, and the pipe organ
all have vibrating air columns to reinforce some of the sounds produced by
the source of sound. In this discussion we shall consider only cylindrical
pipes such as those commonly used in pipe organs. There are two general
classes of such pipes, the open pipe, that is, a pipe open at both ends; and
a closed pipe, th8~t is, a pipe closed at one end; the end containing the source
of vibrations is always considered an open end. The vibrations can be
produced in one of several ways, such as blowing air against a reed and
setting it vibrating, or blowing a thin sheet of air against a thin lip at one
end and setting the air into vibration. Whatever the method of setting up
the vibrations, the column of air in the pipe will reinforce those modes of
vibration corresponding to the standing waves which can be set up in this
column.
Figure 21-11(a) shows several modes of vibration which can be set up
in a closed organ pipe. The method for determining these modes of vibration depends upon the fact that only those vibrations can exist in the air
column which have a node at the closed end and an antinode at the open
end. It can be seen that the fundamental mode of vibration corresponds
to a wavelength Awhich is four times the length L of the air column. The
first overtone possible in this case is one whose wavelength A is four thirds
of the length L of the air column. The frequency of the first overtone is
therefore three times the frequency of the fundamental tone. The frequency and the wavelength are related by the usual equation

v = fA,
where V is the speed of sound in air.
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An examination of all other possible modes of vibration of an air column
in a closed pipe shows that all the overtones are odd harmonics; their
frequencies are in the ratios of 1: 3: 5: 7: ... and so on.
A pipe open at both ends must have antinodes at these ends. The
fundamental mode of vibration of the air in an open pipe is shown in Figure
21-1l(b); its wavelength A is twice the length of the pipe. The first overtone has a wavelength A which is equal to the length L of the pipe; its
frequency is therefore twice that of the fundamental. An examination of
the other possible modes of vibration shows that all the harmonics may be
set up in this air column.
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Fig. 21-11 (a) Modes of vibration of an air column closed at one end. (b) Modes of
vibration of an air column open at both ends. The nodes are at the positions marked N,
and the antinodes are at the positions marked A.

In practice, small corrections need to be applied to the actual length
of a pipe to yield an effective length. We shall ignore these corrections in
this and subsequent discussions.
A simple comparison of the open and closed pipes will show that if two
such pipes of the same length are emitting their fundamental tones, the
open pipe will emit a tone an octave higher than the closed pipe.
The pitch of a sound produced by an air column can be varied without
varying the length of the air column. For example, when the air is blown
harder against the reed, one of the overtones produced in the air column
may have a greater intensity than the fundamental, and the pitch of the
sound will correspond to this overtone. A bugle, for example, has a fixed
length, but different tones can be obtained from it by changing the tension
of the lips and the manner of blowing the air through them.
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Acoustical Problems

From our discussion of the natural frequency of organ pipes and of the
phenomenon of resonance, we see that any open pipe has a natural frequency of vibration, and that such a pipe will be excited to large amplitudes
only when it is excited at its natural frequency. In many engineering
problems it is necessary to maintain a free flow of air, while at the same
time it is desired to prevent the passage of sound. The air-intake section
of an aircraft wind tunnel is a typical illustration. If the propellers which
drive the air of the wind tunnel are maintained at a fixed rotational speed,
it is possible to admit air to the wind tunnel through a nest of tubes whose
dimensions are chosen so that their natural frequencies are far from the
frequency of the sound generated by the propellers. Such a nest of tubes
constitutes an acoustic filter which discriminates against sound waves of
certain frequencies. Other examples of sound filters in common use are the
mufflers of automobiles and guns. The familiar effect produced by shouting
into a barrel is an example of acoustic filtering.
Let us consider the effect of the size of a room on the sound produced
within the room by a musical instrument. As a first approximation we may
consider the room to be broken up into an imaginary nest of tubes whose
length is the longest dimension of the room. Since these tubes are closed
at both ends, the resonant wavelength of each tube will be
i\

= 2£,

where £ is the length of the room. A typical living room about 22 ft long
will have a resonant frequency of about 50 cycles/sec. It should not be
expected that a recorded organ recital will be reproduced with the same
tonal balance in such a living room as it was originally performed in a
cathedral.
Another aspect of auditorium acoustics which is of great importance
is called the reverberation time, which is arbitrarily defined as the time required for the sound intensity to fall to one millionth of its original intensity. The persistence of sound in a room depends upon the absorption of
sound at the walls at each reflection. In a room covered with heavy
draperies, the reverberation time may be too short, and the sound seems
dull. In general, the desirable reverberation time ranges from about 1 sec
for a large room to about 2 sec for a large auditorium. An empty, untreated auditorium may have a reverberation time as long as 6 or 7 sec.
If the reverberation time is too long, sounds reaching the listener from a
speaker by a direct path and by reflected paths are of comparable intensity,
and a meaningless garble results.
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The term supersonic is often used to designate speeds greater than the
velocity of sound. The so-called "sound barrier" to aircraft flight has
nothing basically to do with sound but rather is associated with the velocity
of propagation of a disturbance in air, which we call the velocity of sound.
When an aircraft moves through air at speeds higher than the velocity of
sound, shock waves, which are regions of considerable turbulence, are
developed. The flow is no longer streamline, and control surfaces on the
airplane no longer respond in a normal fashion.
The term ultrasonic is used to describe sound waves of frequencies
greater than the human ear can hear, generally greater than about 20,000
cycles/sec. Such frequencies may be produced by a vibrating quartz
crystal plate of appropriate size and shape. The plate is excited electrically
through the piezoelectric effect, in which a dimensional change in the quartz
is produced by electrical excitation. Ultrasonic frequencies may also be
generated by the vibrations of a rod of magnetic material which is excited
magnetically by magnetostriction, in which a change of dimension is produced magnetically.
Sound waves of ultrasonic frequencies have been found to disperse
colloids and to produce various biological effects, such as the destruction of
microorganisms, and have been used to sterilize and homogenize milk.
Because of their short wavelength, such waves tend to move more nearly
in a straight-line path and may cast sound shadows and be reflected from
small obstacles. Thus ultrasonic waves have been used to detect flaws of
suitable dimensions in opaque objects. Sound is reflected from cracks and
other discontinuities, and their presence may be readily detected.
By listening for the echo, bats determine the presence of obstacles and
insects by the reflection of ultrasonic sound which they emit. In order to
obtain good reflections, the wavelength of the sound must not be appreciably greater than the dimensions of the obstacle. Bats feed upon beetles
and moths and can sense the presence of ropes strung in a cave. They do
not detect gnats and smaller insects and will fly into fine wires strung across
a cave, for the dimensions of these objects are appreciably smaller than the
wavelength of the ultrasonic wave the bat emits. The highest frequency
a bat can utter is about 100,000 cycles per second, corresponding to a
wavelength of about 0.13 in.
Problems
[NOTE: The speed of sound in air at room temperature may be taken as 1,100
ft/sec or as 330 m/sec.]

21-1. A siren wheel has 20 uniformly spaced holes near its rim and is rotated
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by means of a stream of air. (a) What is the frequency of the sound emitted
when its speed is 44 rps? (b) What is the wavelength of the sound wave in air?
21-2. An air column closed at one end is in resonance with a sound wave
whose frequency is 128 vib/sec. Determine the length of this air column.
21-3. What is the lowest-frequency note that can be produced by an organ
pipe 12 ft. long which is closed at one end?
21-4. A metal tube 4 ft long has a piston placed in it near one end; the position of this piston is adjustable. A vibrating tuning fork whose frequency of
vibration is 440 vib/sec is held near the open end of the tube. At what distances
from the open end must the piston be placed to produce resonance?
21-5. A siren on a fire-engine truck emits a sound whose frequency is 1,000
vib/sec. What will be the frequency of the tone heard by a spectator (a) when
the truck is moving toward him with a speed of 45 mi/hr and (b) when it is
moving away from him with a speed of 45 mi/hr?
21-6. A fire siren in a village is emitting a sound whose frequency is 880
vib/sec. What is the frequency of the tone heard by the firemen approaching
this source at a speed of 60 mi/hr?
21-7. A loud-speaker is hung from a cord attached to the ceiling of a lecture
room and is connected by flexible wire to a 1,000-cycle oscillator. While emitting
this note, the loud-speaker is swung toward the front wall with a speed of 3 ft/sec.
(a) What is the frequency of the tone coming from the loud-speaker as heard by
a student sitting in the rear of the room? (b) What is the frequency of the tone
coming from the image of this loud-speaker as heard by this student? (c) How
many beats per second will this student hear?
21-8. A string 100 cm long has a linear density of 0.04 gm/cm. When
vibrating transversely with a node at each end, it has a frequency of 200 vib/sec.
Determine (a) the speed of the wave in the string and (b) the tension in the string.
21-9. Two tuning forks are vibrating simultaneously, one with a frequency
of 512 vib/sec and the other with a frequency of 516 vib/sec. How many beats
are produced?
21-10. Two tuning forks A and B are observed to produce beats at the rate
of 5 per second. Fork A has a frequency of 440 vib/sec. If fork B is loaded with
a bit of putty, the number of beats increases to 8 per second. What is the frequency of vibration of fork B when it is not loaded?
21-11. An open organ pipe sounds the note A whose frequency is 440 vib/sec.
(a) What is the length of the air column? (b) What are the frequencies of the first
and second overtones produced by this air column?
21-12. A closed organ pipe sounds the note A whose frequency is 440 vib/sec.
(a) What is the length of the air column? (b) What a;'e the frequencies of the first
and second overtones produced by this air column?
21-13. A steel wire 80 cm long is fastened at the ends. The mass of the wire
is 2.5 gm. When plucked, it emits a tone whose fundamental frequency is 520
vib/sec. (a) Determine the tension in the wire. (b) What are the frequencies
of the first and second overtones of this string?
21-14. A steel wire 3 ft long is rigidly fastened to two posts. The wire weighs
0.02 lb. When bowed, it emits a tone whose fundamental frequency is 110 vib/
sec. (a) Determine the tension in the wire. (b) What are the frequencies of the
first and second overtones produced by this string?
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21-15. A bullet is fired with a velocity of 2,700 ft/sec. Determine (a) its
Mach number and (b) the angle that the shock wave makes with the line of
motion of the bullet.
21-16. A siren mounted on a car emits a note whose frequency is 500 vib/sec.
(a) Determine the frequency of the sound heard by a stationary observer when
the car approaches him with a speed of 70 ft/sec. (b) Determine the frequency
heard by an observer moving toward the car with a speed of 70 ft/sec while the
car remains stationary.
21-17. Assuming that the ear can detect sounds whose frequencies range
from 20 vib/sec to 20,000 vib/sec, determine the range of wavelengths that the
ear can detect.

Part Four
ELECTRICITY AND MAGNETISM

22
Electrostatics

22-1

Introduction

One simple phenomenon of electricity was known to the ancients: that
when a piece of amber was rubbed, it acquired the property of attracting
small pieces of paper and other light particles. Records show that Thales
of Miletus (circa sixth century B.C.) knew of this property of amber; the
Greek word for amber is elektron, hence the name electricity. There was
practically no further development of this subject until about the seventeenth century. Otto von Guericke (1602-1686) of Magdeburg built a
large sulphur sphere, which, when rotated about an axis and rubbed with
his hand, gave off electric sparks. In the eighteenth century it was found
that there were two kinds of electricity, one similar to the kind acquired
by amber when rubbed with wool, and the other similar to that acquired
by glass when rubbed with silk, called resinous and vitreous electricity,
respectively. They are now known as negative and positive electricity,
names first introduced by Benjamin Franklin (1706-1790). Franklin made
many important contributions to the subject, experimentally and philosophically. He showed the electrical character of lightning and designed
lightning rods for the protection of buildings. The subject of electricity
was put on a firm mathematical foundation as a result of the experiments of
Coulomb (1785) on the law of force between electrically charged bodies.
22-2

Electrified or Charged Bodies

Any substance, when rubbed, becomes electrified or charged electrically.
If a glass rod is rubbed with a piece of silk, both the rod and the silk become
electrified or charged. It is now known that the purpose of rubbing two
substances together is to bring parts of their surfaces into sufficiently close
contact so that electrically charged particles, called electrons, can be trans413
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ferred from one body to the other. The process of charging bodies by
rubbing them together used to be called frictional electrification; it is now
more properly called electrification by contact or charging by contact.
In order to study the behavior of electrically charged bodies, let us
suspend a glass rod A by means of a string and then charge the rod electrically by rubbing it with a piece of silk.
Suppose we take another glass rod B,
which has been rubbed with a piece of
silk, and bring it near the first rod A, as
shown in Figure 22-1. We shall find
that there is a force of repulsion between
them. If we perform a similar experiment with two rubber rods, each of which
has been rubbed with a piece of fur or
Fig. 22-1 Two glass rods, charged
wool,
we shall find that there is a force of
in the same manner, repel each
repulsion between the two charged rubber
other.
rods. If we now take one of the charged
rubber rods and bring it near the charged glass rod A, we shall find that
there is a force of attraction between them. From this set of simple experiments we can conclude, first, that there are two kinds of electric charges;
and second, that like charges repel each other and unlike charges attract each
other.
We can use the charged glass rod and the charged rubber rod as our
standards and compare all other charged bodies with them. We shall find
that there are only two kinds of charges: those which are similar to the
charge on the glass rod and are repelled by it, and those which are similar
to the charge on the rubber rod and are repelled by it. To distinguish
between these two kinds of charges, the charge carried by the glass rod
which has been rubbed with silk is arbitrarily called a positive charge, and
the charge on the rubber rod which has been rubbed with wool or fur, a
negative charge. The ultimate test of the nature of the charge on any body
is to bring this charge near a properly charged glass rod or rubber rod. If
the charged body is repelled by the positively charged glass rod, its charge
is positive. If it is not repelled by the charged glass rod, it may be brought
near the negatively charged rubber rod; if it is repelled by the charged
rubber rod, the body carries a negative charge.

~

A~

22-3

Insulators and Conductors

We have seen that all bodies can be charged electrically by being rubbed.
But if a metal sphere is held in the hand and rubbed with a piece of fur
and then tested, it will be found to be uncharged. However, if the metal
sphere is mounted on a hard-rubber stand or a glass stand and then rubbed
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with a piece of fur, it will be found to be charged. The reason for this
behavior is that metals are good conductors of electricity while rubber and
glass are nonconductors or insulators. The human body is also a conductor
of electricity, and so is the ground. When the metal sphere was held in the
hand, the charge produced on it by rubbing was conducted away by the
hand through the body to the ground. But when the sphere was placed on
an insulator, the charge produced by rubbing remained on the sphere.
Materials can generally be classified as either conductors or insulators
with some degree of accuracy, although there are many borderline cases,
including a class of materials called semiconductors which have recently
assumed considerable importance in electronics. The quantitative measurement of the conductivity of substances will be considered in a later chapter.
For the present, it will be sufficient to give a qualitative discussion of conductivity. All metals in the solid state have been found to be good conductors of electricity and are also fairly good conductors in the liquid state.
Some nonmetals, such as carbon and selenium, are also good conductors.
Solids such as glass, rubber, amber, and most plastic materials are good
insulators. All gases, under ordinary conditions, are poor conductors of
electricity. Certain liquid solutions of materials, which in chemistry are
known as acids, bases, and salts, are conductors of electricity, while oils,
liquid solutions of organic substances such as sugar, and pure water arenonconductors.
22-4

The Electrical Theory of Matter

During the past half century a great deal of information has been obtained
concerning the structure of matter and its behavior under the action of
various external forces. It will be worth while at this point to outline
briefly the electrical theory of matter to aid us in understanding the
phenomena to be discussed later. The fact that all bodies can be charged
electrically suggests that electric charges are common to all matter. Since,
under normal conditions, a body is electrically neutral, that is, uncharged,
such a body must contain equal amounts of positive and negative electricity
so arranged that no electrical effects can be observed outside the body.
From investigations of the structure of the atom, it is now known that each
atom consists of a small positively charged massive nucleus made up of positively charged protons and uncharged neutrons, surrounded by groups of small
negatively charged particles called electrons. The mass of an electron is
very small in comparison with that of the nucleus, it is about Ijl,840th
mass of a single proton. The force of attraction between the nucleus and
any electron in the atom depends upon the position of the electron with
respect to the nucleus; the force on an outer electron is much smaller than
that on an inner electron. The charges which can be removed from the
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atom most readily are the outermost negative electrons. We may think of
the process of rubbing two bodies together as bringing electrical forces into
play during the time of contact between the two surfaces. These forces
produce a displacement of the negative electrons from one body to the other.
The body from which electrons have been removed becomes positively
charged, while the one to which electrons have been added becomes negatively charged.
When atoms are brought close together, as they are in liquids and
solids, the electric charges exert forces on each other, causing some rearrangement among the charges, particularly among the outermost electrons. In the case of metals this rearrangement is such that some of the
outermost electrons in each atom can move freely from atom to atom.
These are sometimes referred to as the free electrons of the metal. In the
case of insulators the electrons are tightly bound to the atoms and can be
moved from atom to atom only by the application of a comparatively large
force.
22-5

Charging by Induction

If a negatively charged rubber rod is brought near an insulated metal
sphere A, as shown in Figure 22-2, the electrons in the metal will be repelled;
the farther side of the sphere will become negatively charged, and the side
near the rubber rod will become positively charged. If the experimenter

Fig. 22-2 Method of charging a metal sphere by induction.

touches the sphere with his hand for a short time, some electrons will be
repelled through him into the ground, thus leaving the sphere with a net
positive charge when the hand and rod are removed successively. This
method of charging a body by bringing it close to a charged body, without
making actual contact, is called charging by induction. The fact that the
sphere is positively charged can be verified by bringing it near a positively
charged glass rod and noting the force of repulsion between them. Grounding of the sphere can also be done by connecting a wire directly from the
ground to the sphere. If the insulated positively charged sphere is removed
from the neighborhood of other charged bodies and then again connected
to ground, electrons will be attracted up from the ground until the sphere
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is neutral. In this case we say that the sphere has been discharged by
connecting it to ground.
To charge a metal sphere negatively by induction, we can bring a
positively charged body near the sphere. Some of the electrons will be
attracted toward the positively charged
body and will go to the surface nearest
it, leaving the rest of the surface posiCharged
tively charged. If the sphere is momenrod
tarily connected to ground, electrons
will be attracted up from the ground
during the time of contact; the sphere is
Fig. 22-3 Charging two metal
now negatively charged. If the original
spheres by induction.
positively charged body is now removed,
the excess electrons will redistribute themselves uniformly over the surface
of the sphere because of the forces of repulsion between them.
An interesting variation of this experiment which does not involve the
use of a ground connection is illustrated in Figure 22-3. Two metal spheres
A and B, each on an insulated stand, are brought together so that their
surfaces touch each other. If a negatively charged body is now brought
near A, electrons will be repelled from it to B. If the spheres are now
separated, A will be positively charged and B will be negatively charged.
Since the total charge on the two bodies was originally zero, the negative
charge on B must be numerically equal to the positive charge on A.
22-6

The Electroscope

The electroscope is a simple and sensitive electrical instrument which can
be put to a variety of uses. It consists essentially of a metal rod to which
two pieces of very thin, light, gold or aluminum foil are attached. The rod
is passed into the case through an insulating bushing. The two pieces of
foil, or leaves, as they are usually called, are enclosed in a container made
either of glass or of metal, provided with glass windows, as shown in Figure
22-4. Part of the metal rod projects outside the case so that contact can be
made with it. The rod may be provided with any kind of top such as a
metal sphere or a flat metal plate. The electroscope can be charged by
contact between the rod AB and a charged body. The charge distributes
itself over the top, the rod, and the leaves. Since the two leaves acquire
like charges, they repel each other and diverge until equilibrium is established. The angle of divergence can be used as a measure of the force
between the leaves and also as a measure of the charge on them.
The electroscope can also be charged by induction. Let us suppose
that a positively charged body is brought close to the rod of the electroscope. Some of free electrons of the rod-leaf assembly will be attracted to
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the rod by the positively charged body, with the result that the leaves will
be positively charged. The leaves will diverge. By touching the hand, or
a ground connection, to the electroscope rod, additional negative charge is
attracted to the leaves, and the leaves will
collapse. If the hand is removed from the
rod, and then the positively charged body
is removed, the leaves of the electroscope will diverge again. The entire
leaf-rod assembly has now been negatively charged by induction.
A charged electroscope is very convenient for determining the sign of the
charge on any body brought near it.
Suppose that the electroscope is positively
charged and that the leaves diverge
through
a definite angle. If a positively
,
charged
body is brought near the elec'Glass
"7 Ground
window
troscope, the leaves will diverge still
fig. 22-4 A gold-leaf electroscope.
more. The reason for this is that negative
electrons will be attracted up from the
leaves by the positively charged body, thus increasing the positive charge on
the leaves. Of course if a negatively charged body is brought near the
positively charged electroscope, the angle of divergence of its leaves will be
decreased.
22-7

The Electrophorus

The process of charging by induction is the basis for the design and construction of many electrostatic machines used for supplying electricity for
certain special needs. The electrophorus is a simple type of electrostatic
machine. It consists of a flat disk made of some insulating material such as
hard rubber, sealing wax, or resin, and a metal disk with an insulating
handle. The disk A, made of insulating material, is first charged by rubbing
it with wool or fur; this gives the disk a negative charge. The metal disk B
is now brought very close to the charged disk A. (In actual practice, B is
placed on A, but because of the roughness of its surface, contact is made at
very few points; the charge transferred at these points is negligibly small.)
The electrons in the metal disk are repelled to its upper surface, leaving the
lower surface positively charged (see Figure 22-5). The plate B is now
grounded momentarily by touching it with the hand or with a grounded
wire; the electrons will go to ground, leaving the plate B positively charged.
As long as this plate is close to the charged disk A, the positive charge will
remain on the lower surface of B, but if this metal disk is removed far
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enough from the plate A, the charges in the metal disk will redistribute
themselves so that both upper and lower surfaces are positively charged.
This positive charge is now available for use in any manner we please. For
example, the plate can be discharged through a tube containing neon so
that it causes the emission of light characteristic of neon.
If we examine the operation of the electrophorus once again, we note
first that practically no charge has been removed from the original charged
disk A; hence this plate can be used
over and over again. Second, in removing the disk B from the vicinity
of disk A, we had to work against the
forces of attraction between the
I:
charges on the two disks. I t was be(8):,1
cause of this work that there was
~
energy available to operate the neon
lamp or any other appropriate deVICe. This process can be repeated
I'
I'

"

++++++++ B

I'--Fig.22-5

IA
The electrophorus.

Fig. 22-6 Coulomb type torsion
balance for determining the force
between two charged bodies.

indefinitely and as often as desired, the work being supplied by the person
who separates the charges.
22-8

Coulomb's Law of Force between Charges

The first quantitative measurement of the force between charged bodies
was made in 1785 by Charles Augustin de Coulomb (1736-1806) using an
apparatus similar to that used by Cavendish for the determination of the
gravitational constant Go (Section 6-15). A rod with a small charged
sphere at one end was suspended in a horizontal position from an elastic
fiber, and another small charged sphere was brought near it, as shown in
Figure 22-6. The force between the two charged bodies was measured by
noting the amount of twist in the fiber supporting the rod.
Coulomb found that the force between two small spheres charged with
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electricity was inversely proportional to the square of the distance between
them; that is,
1

FIX. -,
?

(22-1)

where F was the magnitude of the force exerted by each charged body upon
the other when the two were separated by a distance r. Although Coulomb's determinations were made with equipment which could be considered crude by modern standards, more recent attempts to determine the
law of force between charged particles have shown that the exponent of r
in Equation (22-1) does not differ from 2 by more than 1 part in 1 billion.
Experiments on the scattering of alpha particles from nuclei have shown
that the inverse square law of force between charged particles is correct at
distances of the order of 10-12 em. This is of the order of the diameter of
the nucleus.
Further research on the law of force between small charged bodies in
vacuum showed that the force was proportional to the magnitudes of the
charges as well. This can be put in the form of an equation

(22-2)

where q1 is the magnitude of the charge on the first body, q2 is the magnitude
of the charge on the second body, and k is some constant of proportionality
which depends upon the system of units used. The force is directed along
the line joining the two bodies and is repulsive if the bodies are of like charge
but is attractive if the bodies are of unlike charge. While Equation (22-2)
is rigorously true only for vacuum, it is very nearly correct for air at atmospheric conditions.
Equation (22-2), which is known as Coulomb's law, is in exactly the
same form as the law of universal gravitation, as stated in Equation (6-17).
There is one important difference between the law of gravitation and
Coulomb's law. The constant Go of Equation (6-17) relates quantities
which had been previously related and defined through Newton's second
law. In Equation (22-2) both the constant k and the unit of charge remain
to be defined and evaluated. We must decide whether to assign arbitrarily
some value to k and thus let Equation (22-2) provide the basis for a definition of a unit of charge, or whether to define arbitrarily a unit of charge and
use Equation (22-2) to provide the value of k. In practice, both methods
are used.
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The CGS Electrostatic Unit of Charge

In the cgs electrostatic system of units, the constant k of Coulomb's law
is arbitrarily set equal to 1 for a vacuum; it is a dimensionless quantity.
The unit of electric charge is defined as one which, when placed one centimeter
from a like equal charge in vacuum, will repel it with a force of one dyne. The
unit of charge is called the statcoulomb (stcoul), and is sometimes also
referred to as the esu of charge, as an abbreviation of "electrostatic unit."
The esu of charge, or the statcoulomb, is widely used in the older literature
of physics and engineering and is currently used in atomic and nuclear
physics, but it is too small in magnitude for practical purposes. In the cgs
electrostatic system of units, Coulomb's law is written as
(22-2a)

where F is expressed in dynes, q is expressed in statcoulombs, and r is
expressed in centimeters.
The unit of charge which has been universally adopted for practical
application is called the coulomb (coul) which may be defined for our
present purposes as approximately 3 X 109 stcoul. More exactly,
1 coul = 2.998 X 109 stcoul.
The number of statcoulombs in a coulomb has been chosen as numerically
equal to one tenth the velocity of light in free space, expressed in centimeters per second.
Illustrative Example. A small body carrying a charge of +20 stcoul is
placed 6 cm from another small body carrying a charge of +30 stcoul. Both
bodies are in vacuum. Determine the force acting on each body.
Since the physical quantities are stated in cgs units, we apply Coulomb's law
in the form of Equation (22-2a)
F

=

20 stcoul X 30 stcoul
36 cm 2

=

16.7 dynes.

The force on the 20-stcoul charge is 16.7 dynes and is directed away from the
30-stcoul charge along the line joining the two charges. The force acting on the
30-stcoul charge is equal in magnitude but is opposite in direction.

22-10

Rationalized MKS System of Units

We have already seen that the mks system of units incorporates units
of practical size to a far greater extent than does the cgs system of units.
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The mks system of units has been extended to include electrical quantities
by incorporation of the coulomb as a unit of charge of practical size. The
arbitrary choice of a unit of charge implies that the choice of the constant
k in Equation (22-2) can no longer be arbitrary but must be determined
experimentally. Both the magnitude of k and its dimensions are involved.
When the charge is given in coulombs, the value of k is no longer unity but
ntm 2
is found to be approximately 9 X 109 --1-2 ' More exactly,
cou
ntm 2
cou

= 8.987 X 109 --12 •

k

In practical engineering computations, equations which are developed
from Coulomb's law are used much more frequently than is Coulomb's law
itself. In order to simplify these equations, it is convenient to incorporate
a factor 0(411" into Coulomb's law in order that this factor may be eliminated
from many other equations used in routine computation. For this reason
the proportionality factor k in Coulomb's law has been redefined in terms
of a new constant EO (epsilon zero) as
1

k=--,
411"

so that

EO

=-

1

411"k

(22-3)

EO

12

cou1 2
nt m

= 8.85 X 10- - - 2.

Coulomb's law in mks units is therefore written as

F __
1_

QlQ2,

- 411" EO r2

where F is expressed in newtons,
pressed in meters. The constant

Q
EO

(22-2b)

is expressed in coulombs, and r is exis called the permittivity of vacuum.

1
A system of units in which the factor - appears in Coulomb's law is
411"
called a rationalized system of units. The system of units introduced in this
section is generally known as the rationalized mks system of units. The
units of EO are sometimes stated in terms of other electrical units than those
.
coulomb 2
coulomb 2
gIven above, but these all reduce to
2 ' as, for example, .
1
.
nt m
JOu e m

Illustrative Example. Two equally charged spheres, each having a mass of
1 gm, are suspended from a common point by silk threads 1 m long, as shown in
Figure 22-7(a). Find the charge on each sphere if the angle between the threads
is 10°,
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The forces acting on each sphere are its weight mg, the tension in the string T,
and the electrical repulsive force Fe, as shown in Figure 22-7(b). Since each
sphere is in equilibrium under the action of these forces, their vector sum is zero,
thus the vector diagram is a triangle. From Figure 22-7(c) we see that
()

Fe=mgtan-·
.
2

T
T

%
s
Fe

mg

Fe
a

(b)

k-r~

(c)

mg

(a)

Fig. 22-7 (a) Electrified spheres hung from a common point. (b) Forces on the sphere
at a. (c) The vector sum of the forces is zero so the vectors form a triangle.

Putting in numerical values, we get

Fe

=

m

0.001 kg X 9.8 - 2 X 0.087
sec

Now

=

85 X 10- 5 nt.

r = 28 sin 5°
=

2 X 1 m X 0.087

=

0.174 m.

From Coulomb's law

so that
Therefore

q2

=

1.11 X 10- 10 couP X 85 X lO- o nt X (0.174)2 m 2.
nt m 2
q = 5.3 X 10- 8 coul.
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Vector Form of Coulomb's Law

The formulas displayed thus far as statements of Coulomb's law have indicated only the magnitude of the force between two charged bodies in
vacuo. For this reason numerical values without sign have been substituted
for q in the illustrative examples. The direction of the force was given by
statements not included in the formula itself.
To develop a self-contained vector statement of Coulomb's equation,
we must first define a unit vector. If r is the vector drawn from an origin
located at the charge q1 to the
charge q2, as shown in Figure
22-8, the unit vector iT may be
defined by the relationship
r

iT = - .
r

(22-4)

The unit vector iT is a vector of
unit length which is directed from
q1 to q2·
Coulomb's law may be expressed in vector form as
q1q2

F 2 = k - 2 - 1"
The unit vector 1, is a vector
of unit length directed from q, to q,.

r

(22-5)

Fig. 22-8

where F 2 is the force acting on
the charge q2 as a result of the
presence of charge q1. Since Equation (22-5) is a vector equation, it is necessary to write both the magnitude and the sign of the charge when substituting values into it. Thus, if q1 a~d q2 are of the same sign, the force F2
is parallel to the unit vector iT, while if the charges are of opposite sign,
the force is in the direction of -iT, or oppositely directed to iT.
22-12

Atomicity of Charge; Conservation of Charge

Measurements made on a macroscopic scale seem to indicate that the
electric charge on a body may have any arbitrary value. However, careful
measurements of the electric charges on small droplets show that every
electric charge consists of an integral multiple of a certain quantity of
charge called the charge oj an electron and designated by the letter e. The
numerical value of this charge is
e = 4.802 X 10- 10 stcoul

= 1.602 X 10-19 coul.
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No charge smaller than this has ever been found. All charged particles,
both positive and negative, no matter how large or small, have always been
found to have electric charges which are integral multiples of e.
According to present theory, all matter is composed of one or more
elements; a few more than 100 elements are now known (see Table of
Elements in the Appendix). Each element is composed of atoms which
have certain common properties. The atoms of anyone element have the
same number of protons; this number is called the atomic number of the
element and is designated by the letter Z. These Z protons are in a very
small volume of the entire atom known as the nucleus. The charge of a
proton is positive and equal to e; thus the nucleus has a charge Ze. In an
electrically neutral atom there are Z electrons outside the nucleus. These
electrons extend to distances from the nucleus equal to about 10,000 or
100,000 times the nuclear radius. The nucleus, in: spite of its small size,
also contains neutral particles, called neutrons; the only exception to this
is the nucleus of the ordinary hydrogen atom, which is simply the proton.
Atoms of anyone element may differ in the number of neutrons in the
nucleus. The neutron is slightly more massive than the proton.
Nuclei heavier than hydrogen are assembled out of the building blocks
of protons and neutrons. The mass of the final nucleus is less than the
mass of the appropriate number of unassembled neutrons and protons, but
the charge of the nucleus is simply the summed charge of all the constituent
protons. Although mass is converted into other forms of energy in the
process of assembling the nucleus, the electric charge is conserved.
It is a fundamental concept of electricity that the total charge of the
universe is constant; that charge is neither created nor destroyed. This
may be called the principle of conservation of charge. No violation of this
principle has ever been observed.
The principle of conservation of charge can be applied to any closed
system. If some object inside this system acquires an excess of one kind
of charge, another object or objects in this system must acquire an equal
and opposite charge.
When we speak of a substance as being electrically neutral, we mean
that the total number of positive charges is equal to the total number of
negative charges. Since electrons are comparatively far from the nucleus,
it is easier to remove electrons from an atom than it is to remove protons.
When a body is charged positively, for example, it generally is done by
removing electrons from it; if it is charged negatively, electrons are usually
added to it. In annihilation reactions studied in nuclear physics (see
Chapter 46), an electron and positron are observed to disappear simultaneously. Their mass is converted to radiant energy, called annihilation
radiation. But the total charge of the universe remains constant, for the
total charge of the electron-positron pair is zero before and after the event.
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The process inverse to annihilation is known as pair production, in which
electromagnetic radiation may be converted into mass by the conversion
of the radiant energy into an electron-positron pair. Once again, charge is
conserved. No event has been observed in which a single charged particle
has either been annihilated or has materialized, and we may assert with
some confidence that no such event will be observed in violation of the
principle of conservation of charge.
Problems
[NOTE:

1 microcoulomb (abbreviated j.lcoul)

=

10- 6 coulomb.]

22-1. Two small spheres have charges of +600 stcoul and +300 stcoul and
are 4 cm apart. Determine the magnitude and direction of the force exerted by
the 300-stcoul charge on the 600-stcoul charge.
22-2. Two small spheres have charges of +200 j.lcoulombs and -50 j.lcoul
and are 50 cm apart. Determine the magnitude and direction of the force
exerted by the - 50-j.lcoul charge on the 200-j.lcoul charge.
22-3. Determine the force, in newtons, exerted by the proton on the electron
of the hydrogen atom if each has a charge of 1.60 X 10- 19 coul and their separation is 0.53 X 10- 8 cm.
22-4. In the Bohr model of the hydrogen atom, the electron is supposed to
rotate about the proton in a circular orbit. Assuming that the centripetal force
required for the circular motion is supplied by the force of electrostatic attraction,
find (a) the frequency of rotation and (b) the linear speed of the electron in its
orbit. Use the constants given in Problem 22-9.
22-5. Three point charges of 3, 4, and 5 stcoul, respectively, are located at
the corners of an equilateral triangle of sides 10 cm long. Find the magnitude
and direction of the force on the 5-stcoul charge. Place the 5-stcoul charge at
the origin, and locate the 4-stcoul charge at coordinates (10, 0).
22-6. Two small spheres of mass 0.1 gm are hung from a common point on
silk threads 50 cm long. When the spheres are equally charged, the angle between
the threads is 15°. Find the charge on each sphere.
22-7. Two small spheres of equal mass are hung from threads 1 m long. The
points of support of the threads are separated by a distance of 10 cm. When the
charge on each sphere is 1 j.lcoul, the angle between the threads is 30°. Determine
the mass of each sphere.
22-8. A point charge of 10 stcoul is located at the origin and a second charge
of -40 stcoul is located at a point along the x axis 2 cm to the right of the first
charge. (a) What is the force on a third charge of magnitude 1 stcoul which is
located at coordinates (0, 4 cm)? (b) Where along the x axis may this third
charge be placed so that the force acting on it is zero?
22-9. In the Bohr model of the hydrogen atom, an electron of mass 9.107 X
10- 28 gm and of charge -4.803 X 10- 10 stcoul is located at a distance of 0.529 X
10- 8 cm from a proton of mass 1.672 X 10- 24 gm and charge +4.803 X 10- 10
stcou!. Determine the ratio of the gravitational force of attraction to the electrical force of attraction between the two particles
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The Electric Field

We have previously described the gravitational field as one way of thinking
about gravitational forces (Section 6-16). If an object of mass m at rest
at a point P experienced a force, we could attribute that force to the presence of the gravitational field. In a similar way we may attribute the force
experienced by an electric charge at rest at a point P to the presence of an
electric field at that point. From the preceding chapter we recognize that
the existence of a force ,on a charged particle is due to the presence of other
charged particles in the vicinity, but for many purposes it is unnecessary
to have a precise knowledge of the positions of these charges or their
magnitudes. In the same way we have utilized a knowledge of the gravitational field intensity g to analyze the trajectories of projectiles without
detailed knowledge of the mass distribution which gave rise to g.
We can use a very small body containing a small charge q as a means
of exploring the electric field in any region of space. If the charge q experiences a force F at a given point, the electric field intensity E at this point is
defined by the equation

I

IE ~ q I
I

(23-1)

The electric field intensity at a point in an electric field is the force per unicharge at this point. The test charge or probe charge q should be sufficiently small so that it will not change the distribution of charge that gives
rise to the field to be measured. Ideally, one can take smaller and smaller
test charges q, measure the force on each test charge at the given point, and
take the limit of the ratio of F jq as q gets smaller as the electric field intensity at the point.
The electric field intensity is a vector quantity; it is the result of divid427
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ing foree, a vector, by charge, a scalar. Equation (23-1) is analogous to
Equation (6-18), which has been used to define the gravitational field. In
using Equation (23-1) we must remember to substitute the sign of q as well
as its numerical value to get the correct directional relationship between
the veetor quantities E and F. The direction of the electric field is opposite
to the direction of the force on a negatively charged partiele. The units of
electric field intensity in the mks system may be expressed as newtons per
coulomb.
As we have seen in Chapter 22, the equations relating electrical quantities take on different appearances in the cgs and mks systems of units.

y
5

E =1.6 X 10 -.!IL
caul

F= 2.4 X 10-3 nt

11(.

,.

x

z
Fig. 23-1 The electric field intensity is opposite in direction to the force on a negatively
charged particle.

In order to avoid complication in the body of the chapter, the equations in
this and subsequent chapters will be developed using mks units. Discussions relating the two systems of units will be in smaller type to distinguish
them from the principal development. The principal equations of the
chapter are repeated in both systems of units in Table 23-1, and the
relationships between the units of the two systems are stated in Table 23-2,
at the end of the chapter.
In defining the intensity of the electric field, we must emphasize that
the test body used to probe the field is at rest. We shall see in a subsequent
chapter that a moving charged partiele may experience a force proportional
to its speed. Such a force is due to the presence of a magnetic field. The
magnetic field does not exert a force on a charged partiele at rest. The
electric field may therefore be defined by the force on a stationary partiele.
Once the electric field intensity is known, it may be used to compute the
force on a charged partiele without regard to whether the partiele is at
rest or in motion. The force on a charged partiele at a given point due to
the electric field is determined from Equation (23-1) as
F

= Eq

and is independent of the speed of the particle.

(23-1a)
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Illustrative Example. A small particle having a charge of -15 X 10- 9
coulomb experiences a force of 2.4 X 10- 3 nt in the positive x direction, as shown
in Figure 23-1. Find the electric field intensity at that point.
The magnitude of the electric field intensity is
E =

!:. =
q

=

3

2.4 X 10- nt
15 X 10- 9 coul

nt
1.6 X 10 5 - .
coul

The electric field is in the negative x direction, opposite to the direction of the
force on a negatively charged particle. If we write lx for a unit vector in the
positive x direction, the electric field intensity may be written as
E

23-2

=

·-1.6 X 10 5 X lx

~.
coul

Electric Charge as the Source of Electric Field

In the mks system of units, the vector form of Coulomb's law may be
written as

We may consider the charge q2 as a probe charge used to explore the electric
field. The electric field intensity E at the point where the charge q2 is
located may be found by dividing both sides of the above equation by q2Thus
F2
ql
E = - = --21"
q2
41l"Eor
and, dropping the subscript 1 from q1J the electric field intensity at a distance r from a point charge q, in vacuum, is given by the equation

(23-2)

The unit vector 1, is directed from the charge q which generates the field
to the point P where we imagine the test charge to be located, as shown
in Figure 23-2.
Illustrative Example. A point charge of -10 !lcoul is located at the origin.
Find the electric field intensity at a point in the x-y plane whose coordinates are
(3 m, 4 m).
The location of the charge and the field point P are shown in Figure 23-3.
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The unit vector 1 r is shown directed from the charge q at the origin to the point
P. Substituting into Equation (23-2), we find
E

-_10_X_1_0-_6_co---:u_I

=

41r X 8.85 X

E

10- 12

_

X 1r ,

couF X 25 m 2
nt m 2

3 nt
-3.6 X 10 X 1r •
coul

=

y

p

q '---'---,---r---,--X:-:Fig. 23-2

Fig. 23-3

Thus the magnitude of E is given by

E

=

nt
3.6 X 10 3 - ,
coul

and its direction is in the direction of -1,., that is, toward the origin along a line
making an angle of 53° with the positive x axis, as shown in the figure.

23-3

Electric Field Due to a Collection of Point Charges

A probe charge q placed at a point P in the neighborhood of any number
of point charges qr, q2, q3,' .. will experience a force which is the vector sum
of the forces produced by the individual charges on it. Thus

F = F 1 + F2 + F3 + "',
where F is the resultant force on charge q and F 1 is the force on it produced
by the charge qr, F 2 the force produced by charge q2, and so forth.
~oo

F F 1 F2
F3
E=-=-+-+-+
q

q

q

q
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COLLECTION OF POINT CHARGES

E

therefore

E1

=

+ E 2 + E3 + ... .

(23-3)

Hence the electric field intensity at any point P produced by a set of point
charges in its neighborhood is the vector sum of the electric field intensities
produced by the individual charges at the same point.
Illustrative Example. Two point charges q1 = 5 J,LCoul and q2 = -5 J,.!coul
are separated by a distance of 0.08 m, as shown in Figure 23-4. Find the electric
field intensity (a) at point a located on the line joining the two charges at a dis-

+y
~

E2
II(

(b)

(Q)
/

E1

~

E

2cm

/a

q1

q2

+5)lcou/

-5)lcoul

+x

.Lj'IE1)y
E2
(E1)x

(C)

Fig.23-4 (a) Location of charges and field points. (b) The fields E 1 due to charge qi
and E 2 due to charge q2 at the point a. (c) The field at b due to qI, to q2, and their
resultant field Eb.

tance 10 cm from q1 and 2 cm from q2 and (b) at point b located at the vertex of a
right triangle at a distance of 10 cm from q1 and 6 cm from q2.
(a) The electric field at a due to q1 is
E =
1

5 X 10- 6 caul

12

4'11" X 8.85 X 10- 12 cou X (0.10 m)2
ntm 2
= 4.5 X 10 6 X

1
x

lx~'
caul

The electric field at point a due to q2 is
E2

_

- 5 X 10- 6 caul

1
x

-

4'11" X 8.85 X 10- 12 couF X (0.02 m)2
ntm 2

-112.5 X 10 6 X

lx~'
coul
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The resultant electric field is therefore

E

E

+E

=

El

=

(4.5 - 112.5) X 10 6 X 1 x

=

-108 X 10 6 X

2

~,
coul

1x~'
coul

(b) The electric field at b due to charge ql is

E1

5 X 10- 6 coul

_
-

41l' X 8.85 X 10-12 couP X (0.10 m)2
nt m 2
=

4,.'5 X

106~,
coul

and the x and y components of this field are

(El)x = 3.6 X 10 6

~.
coul

(El)y = E l X sinO = 4.5 X

106~

coul

X T\;

The electric intensity at b due to q2 is
-5 X 10- 6 c o u l l .

E =
2

12

41l' X 8.85 X 10- 12 cou X (0.06 m)2
nt m 2
nt
E 2 = -12.5 X 10 6 X l y •
coul

v.

The components of the resultant electric intensity are therefore given by
Ex
Ev

=

(El)v

=

(El)x

+ (E
Ey

2

)v

=

=

nt
3.6 X 10 6 _ .
coul

nt
(2.7 - 12.5) X 10 6 X ;
coul
nt
-9.8 X 10 6 _ .
coul

=

The resultant field may be expressed as the vector sum of its x and y components
as
nt
E = (3.6 X 10 6 X 1x - 9.8 X 10 6 X 1v ) -1·
cou
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Electric Field Due to a Continuous-Charge Distribution

When the electric field is established by a continuous distribution of charge
rather than by a collection of point charges, we may compute the electric
field intensity by imagining the charge distribution to be cut up into small
volume elements in which the entire charge of an element is considered to
be concentrated at some point of the volume element, say its center. The
electric intensity may then be computed by applying Equation (23-3) to
this collection of charges. More generally, we apply the methods of the
calculus and replace the sum by an integral in the limit of an extremely
fine subdivision.
If dE is the contribution to the electric intensity at the point P from a
volume element whose charge is dq, located at a distance r from the point
P, we may write
(23-4)

where 1 r is the unit vector directed from the element of charge dq to the
point P. Let us define the charge density p of a continuous-charge distribution as the quantity of charge per unit volume. The charge dq in a volume
element dv is then given by

=

dq

p

dv,

and Equation (23-4) becomes

E =

I

pdv

- 42 1r .
1l"Eor

(23-4a)

In Equations (23-4) the integration must be carried out over the entire
charge distribution. These equations are useful for symbolic purposes
only. In order to carry out the integration, it is necessary to replace them
by equations which yield the components of the electric intensity at the
point P. Thus

Ex

=

IdEx,

and so on.
Illustrative Example. Calculate the electric intensity at a point on the axis
of a uniformly charged narrow ring of charge.
Let us locate the ring, of radius a, in the x-y plane. The axis of the ring is
along the z coordinate axis. Let the charge of the ring be q. Its linear charge
density is therefore

....!L. The electric field intensity dE, contributed by an ele21l"a
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ment of the ring to a point P located at (0, 0, z), is shown in Figure 23-5. The
element subtends an angle dO and has a charge dq given by
dq

=

adO. -'L
271"a

=

qdO.
271"

The intensity dE is given by
q dO
dE

271"

=

471"~o( a 2

+ Z2)

Since the electric intensity contributed by each element of the ring is in a different
direction in space, we cannot integrate without first finding components along
the coordinate axes. The z component of dE is given by

z

dE z = dE cos cf> = dE

z

(a 2

+ Z2) ~

=_l_iL
z
dO
471"~o 271" (a 2
Z2)%
•

+

Since a, the radius of the ring, and z, the
coordinate of the field point, are fixed, we
may integrate over the entire region of
charge by integrating dO over the range
to 271" to obtain

°

Because of the symmetry of the figure with respect to the z axis, the components of the electric intensity in a
direction perpendicular to the z axis at the
x
point P must sum to zero. For every
Fig. 23-5
element of the ring which contributes a
component to the electric intensity parallel to the x-y plane, there is an equal
element across the diameter of the ring which contributes a component in the
opposite direction. Thus the electric intensity at all points on the axis of the
ring is parallel to the axis of the ring and is given by the above formula.
In making the computation, we have followed the procedure outlined in the
preceding paragraph, by integrating the components of the electric intensity
vector. This must be done in integrating any vector quantity, for the reason
that the process of integration is essentially the process of computing the limit
of an algebraic sum.

Y

23-5

Lines of Force

To visualize the direction and magnitude of the electric field in space, it is
convenient to make use of the concept of lines of force, which was first
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introduced in Section 6-16 to represent the gravitational field. The electric
lines of force are drawn so that a tangent to the line at any point will give the
direction of the electric field intensity at that point. The magnitude of the
electric intensity is given by the number of lines passing perpendicularly
through a unit area centered at the point, as shown in Figure 23-6. No two
lines of force may cross each other, for this would infer that the force on a
unit positive charge had two directions at the point of crossing.

'.:.:

E

~....
f-'\

Fig. 23-6 Representation of the electric
field intensity at P by the number of electric lines of force passing perpendicularly
through a unit area at P.

Fig. 23-7 The electric field around
a small positive charge is radial and
directed away from the charge.

Let us consider the appearance of the lines of force about a positive
charge. Since the electric field is directed radially away from a positive
charge, as shown in Figure 23-7, the lines of force are also directed away
from the positive charge. The lines of force surrounding a negative charge
are directed radially toward the negative charge. Thus, in vacuum, a line
of force begins on positive charge and terminates on negative charge.
According to Equation (23-2), the electric intensity about a charged body
in vacuum is

The total number of lines of force passing through a sphere of radius r
concentric with q is N, the product of the electric intensity, or the number
of lines per unit area, by the area of the sphere, or

N = 47r1' 2 E,
so that

(23-5)
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Thus the total number of lines of force radiating from a positively charged
body in vacuum is given by the charge of the body divided by ~o. The
number of lines of force terminating on a negatively charged body is given
by the same quotient.
23-6

Gauss's Theorem

The lines of force radiating from a positive charge must terminate on an
equal and opposite negative charge somewhere in the universe. In dealing
with an isolated charged body, as shown in Figure 23-7, we think of the
lines of force as terminating on negative charges at infinity. Suppose we
enclose a region of charge-free space with a sphere, or with some other
simple closed surface which can be reshaped into a sphere. Let us count
the total number of lines of force coming out of the surface, tallying those
leaving the surface as positive, and those entering the surface as negative.
Since there is no charge within the closed surface, no lines of force originate
or terminate within the surface. Any line of force which enters the surface
at one point must leave the surface at some other point. There can be no
net lines of force leaving or entering a volume that does not enclose a
charge; that is, there are as many lines entering the closed surface as there
are leaving it.
If there are several charges or a charge distribution within the closed
surface, each coulomb of positive charge generates l/~o lines of force, and
the same number of lines of force must terminate on each coulomb of
negative charge. The net number N of lines of force leaving the surface
must be given by
N =

L:q.

(23-Sa)

~o

To determine the relationship between the electric intensity and the
number of lines of force, let us consider an element of area of a closed surface
of magnitude AA. If the lines of force are perpendicular to this surface
element, the electric intensity E is given by the number of lines AN leaving
the volume through this surface element, divided by the area AA, in accordance with the convention we have chosen for representing the electric field
by lines of force. In the form of an equation
AN

E=-·
AA
N ow suppose the surface makes some angle with the lines of force, as shown
in Figure 23-8. If the outward drawn normal to the surface makes an
angle 0 with the lines of force, the component of the element of area which
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is perpendieular to the lines of force is given by

~A

~N

E =

~A

or

N = E

cos

f),
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so that

,

cos f)

~A

cos f).

If we consider ~A as a vector quantity, as indicated in Section 8-2,
whose magnitude is given by the area ~A and whose direction is given by

Fig. 23-8

the outward drawn normal to the surface, we can apply the definition of a
scalar product given in Section 7-3, to write
~N

=

E·~A.

To find the total number of lines of force leaving the surface, we imagine
that the element of area ~A becomes very small, and in the limit we replace
the symbol ~ by the symbol d, and integrate dN over the entire surface.
This process may be represented symbolically as

N = JdN = JE.dA.

(23-6)

On substituting for N its value in terms of the charge contained within the
closed surface, we find

(23-7)
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Equation (23-7) is a very important equation in electrostatics, and is known
as Gauss's theorem. The theorem states that the integral of the normal
component of the electric field intensity over a closed surface is equal to the
algebraic sum of the charge contained within that surface divided by EO.
Gauss's theorem is of great usefulness in computing the electric field
intensity E of symmetric charge distributions, in which it is possible to
have some knowledge about the symmetry of E itself from observing the

E

(b)
(0)
Fig. 23-9 Gaussian sphere of radius r concentric with charged sphere of radius a.
(a) Gaussian sphere outside the charged sphere; (b) Gaussian sphere inside the charged
sphere.

symmetry of the charge distribution. Let us consider the electric intensity
associated with a sphere having a charge q distributed uniformly throughout its volume. To compute the electric intensity by subdividing the
sphere into small volume elements and integrating, in the manner indicated
in Section 23-4, is a tedious job. It is far simpler to observe that the value
of E must be the same on all points of a second spherical surface, concentric
with the first, because of the symmetry of the charge distribution. Let us
draw such a surface of radius r, called a Gaussian surface, as shown in
Figure 23-9. The radius of the uniformly charged sphere is a.
Since the direction of E is everywhere radial, the angle made by E with
the normal to the surface of the Gaussian sphere is everywhere 0°. The
quantity E·dA in Equation (23-7) reduces to the product of the magnitudes
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of these two quantities, and we have

f

EdA =!I.
~o

Since E is everywhere constant over the surface of the Gaussian sphere,
the quantity E may be taken outside the integral. The integral then
represents the surface area of the Gaussian sphere, 47l"r 2 • Thus we have
47l"r 2 E

= !I,
~o

which leads to

(23-8)

for the magnitude of the electric field, whose direction is specified by the
fact that it is everywhere radial. Notice that the electric intensity everywhere
outside a uniformly charged sphere is as though the charge were all concentrated
at the center of the sphere. Since the law of universal gravitation is of the
same form as Coulomb's law, the above result is also valid for the gravitational field about a uniform spherical mass distribution. It was for this
reason that we could treat the earth as though its mass were concentrated
at its center. The same result obviously applies to a uniformly charged
spherical shell and, in fact, to any distribution of charge having spherical
symmetry. Thus any distribution of charge having spherical symmetry
generates an electric field outside the charge distribution which is as though
the entire charge were concentrated at the center of the sphere.
If we wish to find the electric intensity inside the charge distribution
we draw a Gaussian sphere of radius r < a concentric with the charged
sphere, and again we observe that the electric field intensity must be
radially directed and must be of equal magnitude at all points of the
Gaussian sphere, from considerations of symmetry. Applying Gauss's
theorem, we find

1(4

2
47l"rE=-

~o

3 )
-7l"rp,

3

where p is the density of charge within the sphere and is given by
q
p

=

-.!.7l"a3
3

3q

=

47l"a 3 •

Thus we have
E

pr

qr

= 3~o = 47l"a3~O

•

(23-9)

Comparing the results of Equations (23-8) and (23-9), ,ve see that both
equations lead to the same result at the surface of the charged sphere where
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a, namely
(23-10)

The results of Equations (23-8) and (23-9) have been plotted in
Figure 23-10. The electric intensity has a maximum value at the surface
of the charged sphere and diminishes to zero at the center of the sphere and
at infinity. These results are of some interest in practical problems, as,
for example, in the electrical effects associated with the flight of an airplane

E

q
Fig. 23-10 Electric field intensity
of a uniformly charged sphere of
radius a as a function of the distance r from the center of the
sphere.

a

r

through a thundercloud. These results are also of interest in atomic
physics, where the electric intensity at the position of an outer-valence
electron is made up of the field contributed by the central nucleus, which
follows Coulomb's law, and the field of the inner electrons, which may be
approximated by a uniformly charged sphere. The field experienced by
the outer electron no longer follows an inverse square law when this electron
penetrates the charged cloud, and this, in turn, serves to determine some
important properties of atoms.
23-7

Conductors

By the term electrostatics we mean the study of the properties of electric
charge at rest. Within the framework of electrostatics, there can be no
electric field within a conductor, for by the word conductor we imply that
electric charge is free to move. If there were an electric field within a conductor, there would be a force on the free electrons of that conductor; these
electrons would be accelerated; hence they would not be at rest. Thus,
simply as a matter of the consistency of our definitions, we must conclude
that, for distributions of charge which are in static equilibrium, the electric
intensity within a conductor is zero. In making such a statement we are
speaking of an idealized conductor, for any material object is made up of
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nuclei and electrons which are held together by electric forces. There are
intense electric fields on a submicroscopic level of examination. In the
present approximation of a conductor, we imagine the conductor to be
made up of a completely homogeneous material which may be subdivided
into infinitesimal parts without altering its properties. This approximation
has been found experimentally valid as long as the smallest subdivision we
permit ourselves to examine is one which contains hundreds of atoms. For
practical purposes this is still a very small volume element.
Since the electric field within a conductor is zero, we know from
Gauss's theorem that the electric charge within any portion of a conductor
must be zero. There must be an equal quantity of positive and negative
charge within any subvolume of the conductor. Hence, all the charge on a
charged conductor must reside on its surface. If a hole is made within the
body of a conductor, the electric intensity within that hole must be zero.
Much electrical equipment is built so that all the working parts are
contained within a metallic box, generally built of sheet copper or aluminum, and called an electrostatic shield. Electric charges outside that box
cannot produce any electric field within the box, and consequently cannot
affect the operation of equipment within the box. The box therefore provides a shield against outside electrical disturbances. This effect may be
demonstrated by placing an electroscope in the vicinity of an electrostatic
generator or a highly charged rod. If the rod is positively charged, some
negative charge is attracted to the ball of the electroscope, with the result
that the leaves become positively charged and repel each other, as shown
in Figure 23-1l(a). If a metallic cap is placed over the electroscope, the
electroscope is shielded, and no matter how great the charge on the rod,

,

'Ii·'
., ~.'

.

~Glass

---Metallic
cover

(a)

(b)

// window

--Metal

Fig. 23-11 (a) Leaves of an electroscope diverge when a charged rod is brought near
it. (b) When an electroscope is shielded by a metallic cover, the charged rod does not
affert the electroscope.
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the leaves remain vertical, as shown in Figure 23-11 (b). The metallic braid
woven over the insulation of wires used in many electronic circuits IS
another illustration of the practical use of electrostatic shielding.
23-8

Field Outside the Surface of a Conductor

The electric field intensity immediately outside the surface of a conductor
must be directed perpendicularly to the surface of the conductor. To
understand this, we observe that if the electric field were oblique to the
surface, it could be resolved into components parallel and perpendicular to
the surface. Once again, our argument is based upon the definition of
electrostatics. If there were a component of the electric intensity parallel
to the conducting surface, the free electrons on the surface of the conductor
would be accelerated and would no longer be at rest.
Let us suppose that there is an electric field in the vicinity of a conducting surface. Some of the lines of force associated with that field will
go toward the conducting surface and terminate abruptly on it, perpendicular to the surface; other lines of force will originate from the surface
and leave it perpendicularly. There are no lines within the conductor. We
have already seen that lines of force begin or end on electric charges. Thus,
if there is an electric field normal to the surface of the conductor, the con-

Fig. 23-12

ductor must be charged. We may apply Gauss's theorem to evaluate the
relationship between the electric field at the surface of a conductor and the
surface charge on that conductor.
Let us suppose that the electric charge on the surface of the conductor
is of charge density (J" units of positive charge per unit area. The electric
field intensity normal to the surface of the conductor is E. To find the
relationship between (J" and E, we make use of a Gaussian surface in the
shape of a pillbox, with cylindrical walls normal to the conducting surface,
and plane top and bottom faces parallel to the conducting surface. One
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face of the pillbox is imagined to be within the conducting material, while
the other face is just outside the conducting surface, as shown in Figure
23-12. If the area of the face of the pillbox is ~A, the charge contained
within the pillbox is (T ~A.
The electric intensity within the conductor is zero. Furthermore,
since the electric field is normal to the surface, no lines of force pass through
the cylindrical walls of the pillbox. In applying Gauss's theorem in the
form of Equation (23-7), the only contribution to the integral of the normal
component of E is obtained from the face of the pillbox outside the conductor. Thus we have
(T~A

E~A = - - ,
EO

and

(23-11)

If we represent a unit vector normal to the surface of the conductor
and directed outward from the conductor as in, the electric intensity at the
surface of the conductor is related to the surface density of charge by the
equation

(T
E = -In.

(23-11a)

EO

Thus, if the charge on the surface of the conductor is positive, E is parallel
to in; hence E is outwardly directed. If the charge on the surface is negative, E is opposite in direction to in and is inwardly directed.
It is often desired to measure the electric field at the surface of a conductor, as, for example, at the belly of an airplane in flight or at the surface
of the earth. One means of doing this is to measure the charge on a unit
area of the surface of the conductor and to apply Equation (23-11) to
determine the electric field intensity from the surface density of charge.
A small section of the conducting surface of the airplane may be insulated
from the remainder of the surface and may be periodically removed from
the skin of the airplane, brought within the fuselage, and connected to an
electroscope to measure its charge. More practically, if an electrically
isolated segment of the airplane's skin is alternately covered and uncovered
by a rotating conducting plate which is electrically connected to the skin,
as shown in Figure 23-13, the isolated segment may be thought of as being
first on the surface of the airplane, then within the conducting shell, and
so on. It becomes electrically charged when it is on the surface and is discharged through a high resistance leading to the skin of the airplane when
it is covered by the rotating conductor. In such an arrangement the charge
which flows to and from the isolated segment through the resistor may be
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electronically amplified, and the electric field may be readily determined.
From such measurements it is known that the average fair-weather electric
field intensity at the surface of the earth is 100 nt/coul. The earth carries

Rotating cover

Airplane's skin

/

\

\
\

\

\

Fig.23-13 Schematic illustration of
electric field meter.

I

I

Isolated segment of skin of airplane
a negative charge whose total value is of the order of 500,000 coul, and
whose surface density is about 0.0009 coul/km2 • The electric field intensity
at the belly of an airplane in flight through a thunderstorm can be as much
as 340,000 nt/coul just prior to a lightning strike.
23-9

Dielectric Strength

Let us suppose that a gas is placed in an electric field, and that one of the
molecules of the gas has become ionized (or charged), say as a result of a
collision with another rapidly moving molecule. The charged ion is accelerated by the electric field. The force acting upon the ion is the product
of the electric field intensity E by the charge q of the ion. Suppose further
that the charged particle moves an average distance l before making a
collision with another molecule; l is called the mean free path. The work
done on the particle by the electric field is given by the product Eql. This
is the energy acquired by the charged particle in the interval between
collisions. If the energy delivered to the ion by the field is sufficiently
great so that the ion can disrupt a molecule with which it collides, at least
two additional ions result from the collision process, each of which may
be again accelerated by the field and may make subsequent collisions.
In this way a large number of ions may be created, and the gas then
becomes electrically conducting. The electric field at which a gas becomes
conducting is called the dielectric strength of the gas. Clearly, if there are
no gas molecules present, as in vacuum, the dielectric strength is infinite,
for there are no molecules present to become ionized. When only a very
few molecules are present, as within a vacuum tube, an ionized particle may
reach the electrodes of the tube without making a collision with another
gas molecule, so that the total charge transferred is small. Again, when
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the pressure is quite high, the mean free path of the molecules is reduced,
so that an ion cannot move far enough in the field to acquire the energy
required to disrupt another molecule. The dielectric strength of the gas is
high, for a large electric field intensity is required to generate secondary
ionization.
The dielectric strength of air at atmospheric pressure is about 3 X IO{j
nt/coul. When this is exceeded, the air becomes conducting; corona dis-

Fig.23-14

Antistatic antennae A and static dischargers B on an airplane.

charge may be observed as a bluish glow in the region of an intense electric
field, for the recombining ions give off some of their energy as light, and
the sharp smell of ozone may be distinguished.
When an airplane becomes electrically charged in flight through precipitation, or when a charge is induced on the surface of an airplane when
it flies near a thundercloud, corona discharge may take place from the
propellers, from the wingtips, and from the radio antennae. The discharge
from the antennae is particularly serious, for the erratic nature of the
discharge generates radio noise called precipitation static; this often drowns
out the signal from a radio station used by the pilot for communication and
navigation purposes. Static dischargers, shown in Figure 23-14, have been
placed upon the wingtips of many airplanes so that the electric charge
accumulating on the airplane may be discharged noiselessly to the air. At
the same time the wire radio antennae of the airplane have been insulated
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with an insulating material of high dielectric strength, and specially designed antenna fittings have been used to minimize the electric field
intensity at the terminations of the wires so that the corona discharge does
not take place from the antenna wire itself or from its associated fittings.
The dielectric strength of insulating materials is a technically important property of insulators. Their values range from about 106 to about
108 nt/coul. It is interesting that many solid insulating materials have a
dielectric strength which is not appreciably greater than air. Solid insulating material in electrical apparatus is used generally as a spacer, to keep
conductors from making contact with each other rather than to improve
upon the insulating properties of atmospheric air.
TABLE 23-1

PRINCIPAL EQUATIONS IN THE MKS AND CGS UNITS

Equation

I

MKS

CGS

(23-1)

I

E = Flq

Same as mks

(23-2)

E = ~-'L-1r
471"Eor 2

E = !I1 r

Field of a point charge

(23-5)

N=i

N = 471"q

Lines of force

Electric field

1'2

EO

(23-7)

fE.dA =

L:J

Gauss's theorem

f E·dA = 471"q

EO

E = ~ 1n

(23-11a)

E = 471"<T1 n

EO

TABLE 23-2

Quantity

Field outside a conductor

CONVERSION FACTORS RELATING MKS AND CGS UNITS

Symbol

MKS Unit

Charge

q

1 coul

=

3 X 10 9 stcoul

(esu)

Electric intensity

E

1~

=

1
dyne
3 X 10 4 stcoul

(esu)

Force

F

1 nt

=

10 5 dyne

Permittivity of free space:

CGS Unit

coul

8.85 X 10-12 couP ,
nt m 2

Eo

=

Eo

= ----

coul 2
3671" X 10 9 nt m 2
1

Problems

23-1. What is the intensity of the electric field at a distance of 20 cm from
a small sphere charged to +1,600 stcoul?
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23-2. What is the intensity of the electric field at a distance of 40 em from
a small body charged with -7,200 stcoul?
23-3. An electric charge of +15 stcoul is placed 25 em from one of -40
stcoul. Determine the magnitude and the direction of the electric field intensity
at the mid-point of a line joining them.
23-4. In Problem 23-3 determine the electric field intensity at a point in the
first quadrant 20 em from the + 15-stcoul charge and 15 em from the -40-stcoul
charge. The line connecting the two charges is along the x axis, and the 15-stcoul
charge is at the origin. State your answer in terms of x and y components of the
electric field intensity.
23-5. Two equal charges each of +2,500 stcoul are placed 24 cm apart, along
the y axis. Determine the electric field intensity at a point in the right-hand half
plane 15 cm from each charge. State your answer in terms of the unit vectors
1x and 1y •
23-6. The electric field intensity at a point P near a charge of 144 stcoul is
9 dynes/stcoul. Where must a charge of +324 stcoul be placed to reduce the
field intensity at P to zero? Give the position of P relative to each charge.
23-7. Two small charged bodies are placed 25 cm apart along the x axis.
One has a charge of +600 l.tCoul and the other has a charge of -1,800 ,ucoul.
Find the electric field intensity at a point 60 cm from the positive charge and 65
cm from the negative charge. State your answer in terms of unit vectors along
the x and y axes.
23-8. A small charge of + 12 stcoul is placed in a uniform electric field of
300 dynes/stcoul. Determine the force on this charge,
23-9. A body having a mass of 0.01 gm and a charge of 1 ,ucoul is placed in
a uniform electric field. What must be the magnitude and direction of the electric
field intensity if the body is to remain at rest under the influence of the electric
and gravitational fields.
23-10. How many lines of force emanate from a charge of +.5 ,ucoul (a) in
the mks system of units'? (b) In the cgs system of units?
23-11. A metallic sphere is charged to 10 ,ucoul, the charge being uniformly
distributed over the surface of the sphere. If the sphere is 1 m in diameter, find
the electric field intensity (a) at the surface of the sphere and (b) at the center of
the sphere.
23-12. A large metal sphere contains a surface charge of 2 ,ucoul/m 2. What
is the electric field intensity at the surface of the sphere?
23-13. A thin spherical shell of charge of radius 1 m has a total charge of ]
coul. (a) What is the electric field intensity at the center of the shell? (b) What
is the electric field intensity at a point 50 cm from the center of the shell? (c)
What is the electric field intensity 2 m from the center of the shell?
23-14. Derive a formula for the electric field intensity at distance r from
the center of a long uniformly charged cylinder of charge of radius a, of charge
density p per unit volume (a) when r is less than a and (b) when r is greater than
a. Check your results for these two cases by comparing them when r is equal to
a. Use a Gaussian surface composed of a cylinder of radius r concentric with the
charged cylinder and apply the consequences of cylindrical symmetry to Gauss's
theorem.

24
Potential

24-1

Potential Difference

A positive charge q situated at some point A in an electric field where the
intensity is E will experience a force F given by Equation (23-1a) as
F = Eq.
In general, if this charge q is moved to some other point B in the electric
field, an amount of work /::,.fr will have to be performed. The ratio of the
work done /::,.fr to charge q transferred from point A to point B is called the
difference of potential /::,.V between these points; thus

(24.1)

where V A is the potential at A, and VB is the potential at B.
The quantity of charge q should be so small that it does not disturb
the distribution of the charges which produce the electric field E. Or we
may imagine that successively smaller charges are used, and that the work
done in moving each such charge is determined. The limit of the ratio of
the work done to the charge transferred as the charge gets progressively
smaller is the potential difference between the two points A and B. Difference of potential is thus the work per unit charge that would be done in
transferring charge from one point to another. A difference of potential
can exist between two points even though no charge is actually transferred
between them.
Potential difference is a scalar quantity, since both work and charge
are scalar quantities. If a positive charge q is transferred from A to B, and
if the work is done by some outside agency against the forces of the electric
field, then point B is said to be at a higher potential than A; if the work is
448

§24-1

POTENTIAL DIFFERENCE

449

done by the electric field in moving a positive charge from A to B, then the
potential at A is higher than that at B.
The unit of potential difference in the mks system is the volt. From
Equation (24-1) we see that one volt is equal to one joule per coulomb.
In the cgs system of units, the unit of potential difference is the statvolt,
which is equal to one erg per statcoulomb. We may find the relationship between
the volt and the statvolt by following the usual unit conversion procedure. Thus
1 volt

=

1 jou~ X 10 7 ergs X
1 coul
1 coul
1 joule
3 X 109 stcoul
10 7 ergs
3 X 109 stcoul

.\flore exactly,

1 statvolt

=

= -

1

300

statvolt.

299.6 volts.

In the above discussion we have used the term potential at a point,
while the definition was in terms of the difference of potential between two
points. The term "potential at a point" can have meaning if we decide
upon some reference point as a point of zero potential. In practical work
this reference point or zero level of electrical potential is usually taken as
the earth or the ground, and the potential at any other point is measured
with respect to it. Electrical equipment is practically always connected
to earth or to ground at some point, and other potentials are spoken of as
being so many volts above or below ground potential. In many calculations in physics, in dealing with the properties of finite charge distributions,
without reference to their position with respect to the earth, it is convenient
to refer potentials to the potential of a point at infinity. In such calculations a point infinitely distant from the charge distribution is considered
as the zero of potential.
The assignment of a zero of electrical potential is thus somewhat
arbitrary and is analogous to the assignment of the position of zero potential
energy in dealing with a particle in the earth's gravitational field. Although
we did not develop the concept of gravitational potential in mechanics, the
gravitational potential difference may be defined in terms of the work per
unit mass in moving a mass between two points in the field. Since there is
no work done in moving a mass along a frictionless level surface in the
gravitational field, all points on a level surface have the same gravitational
potential. The work done in raising a mass m through a height h in a field
of gravitational intensity g is mgh, and, dividing by m, we see that the
gravitational potential difference is gh. Thus altitude is a measure of
gravitational potential, which is customarily referred to an arbitrary zero
of altitude at sea level.
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Potential Due to a Point Charge in Vacuum

An isolated point charge in vacuum generates an electric field which is
given by Equation (23-2) as

E =

q
--21r.

41l" Eo1'

\Ye recall that in this equation r is the distance from the charge q to the
point where the field is being evaluated, and the unit vector l r is directed
from the charge to the field point.
Let us place the charge q at the origin
of coordinates and calculate the work
which must be done by some outside
agency in moving a positive charge q'
from a point A in the electric field
at a distance 1' a from the origin, to a
point B in the field at a distance 1'b
from the origin, as shown in Figure 24-l.
Let us first show that the work
done does not depend upon the path
by which the charge q' is moved from
A to B. To do this we shall consider
two alternate routes. In the first of
these we shall move q' radially along
the line AC, and then along the arc
of a circle CB. In this path, work is
done only along the radial portion
of the path, for here the force which
must be exerted is equal and opposite
q
to the force experienced by q' due to
Fig. 24-1
the electric field of q. No work is
done by the agency displacing q'
along the circular portion of the path, for here the force exerted is radial
and is perpendicular to the displacement, which is tangential.
We may approximate the second route ADB as closely as we please
by a succession of radial and circular displacements. Again we see that
work is done only during a radial displacement, for in each of the circular
displacements the displacement is perpendicular to the force. Since the
magnitude of the electric intensity depends only upon the distance from
the origin and not upon the angular position, we see that the force exerted
by the outside agency, and therefore the work done in a displacement
between radial coordinates 1'2 and 1'1, is the same whether this radial dis-
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placement takes place along the path ACB or along the path ADB, or along
any other path between A and B.
The work done in carrying the charge q' between two points in the field
of a point charge q is therefore independent of the path. The potential difference between the two points depends only on their position with respect to
the charge q. To simplify the calculation of the potential difference
between the points A and B, we choose the path ACB of Figure 24-],
where, as we have already seen, it is only necessary to calculate the work
done along the radial portion of the path, AC. The force F which must
be exerted by an external agency is equal and opposite to the force exerted
by the electric field on this charge. The force on a positive charge q' is
given by

,

F = -Eq' = - ~ 1r •
41rEor

(24-2)

The mechanical work t..Jr done by the force F which is exerted on the charge
q' in displacing it radially through a distance M toward the point charge q
is given by
t..Jr = F t..r = -

qq'
--2

41rEor

t..r.

(24-3)

To find the potential difference between the points A and B, we must sum
up the work done in transporting the charge q' over all the increments of
path. In the limit of small increments of displacement, the work done
MY is

remembering that

- -r1 + const,

we find

(24-4)

From the definition of the potential difference as the work done in transporting a test charge q' divided by the magnitude of that test charge, we
have
(24-5)

From Equation (24-1)

t..V = Vb - Va.
If the initial point A is taken at ra =

00,

it will be convenient to assign the
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value zero to its potential. The potential at point B will then be given by
the equation

Dropping the subscript b, we find that the potential V at a point located
at a distance r from a point charge q in vacuum is given by
(24-6)

Kote that in this expression V is an algebraic scalar quantity, which may
be either positive or negative. The distance r is always a positive number,
while the charge q must be replaced by a positive number for a positive
charge and by a negative number if the charge is negative.
24-3

Potential Due to a Distribution of Charge in Vacuum

The potential at a point P due to a single point charge is a scalar quantity
which represents the work per unit positive charge done in transporting
charge from infinity to the field point P. Let us suppose that the electric
field is generated by several point charges ql, q2, ..., and so on. In transporting the test charge from infinity, work must be done against the
electric field contributed by each of the charges ql, q2, and so on. The work
done against the field of each of these charges separately is given by Equation (24-6). Since work, and therefore potential, is a scalar quantity, the
total work done may be computed by finding the work done against the
field due to charge ql, the work done against the field of charge q2, and so on,
and then adding these algebraically. If the potential at P due to qi alone
is Vb the potential at P due to q2 alone is V 2, and so on, and the potential V
at P due to the entire charge distribution is

V = VI

+ V 2 + ....

Thus we have, for the potential of a collection of point charges,
(24-7)

where ri is the distance from the i'th charge qi to the field point P at which
the potential is being evaluated, and the summation is to be extended to
all the charges in the distribution.
Illustrative Example. Two point charges, ql = 5 j.LCoul and q2 = -5 JLcoul,
are separated by a distance of 8 cm, as shown in Figure 24-2. Find the potential
at points a and b of that figure.
Since only two charges generate the field, the summation of Equation (24-7)
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reduces to a sum of two terms.
potential Va at point a is

At point a, r1 = 0.1 m and r2 = 0.02 m.

+

5 X 10- 6 caul
Va = - - - - - - - - - - - couP
471" X R.S5 X 10- 12 - -2 X 0.1 m
nt m
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-5 X 10- 6 caul
couP
471" X R.85 X 10- 12 X 0.02 m
nt m 2

= 4.5 X 10 5 nt m _ 22.5 X 10 5 nt m

caul

=

caul

5

-18 X 10 volts.

b

Fig. 24-2

2em
f

t
Bem

+5)1couJ

a

-5)1couJ

At the point b we see from the figure that r1 = 0.1 m, while r2 = 0.06 m. Substitllting into Equation (24-7), we find

Vb

=

+

5 X 10- 6 caul
couP
471" X R.Hi)- X 10- 12 - - X 0.1 m
nt m 2

Vb

=

4~"

-5 X 10- 6 caul

X 8.81;u X 10- 12 couP X 0.06 m'
nt m 2

4.5 X 10 5 volts - 7.5 X 10 5 volts

= -3 X 10 5 volts.

In comparing this example to the corresponding illustrative example
of Section 23-3, we see that the calculation of the potential is far simpler
than the calculation of the electric intensity. This follows from the scalar
nature of the potential and the vector nature of the electric intensity.
In the event that we have a continuous distribution of charge rather
than a collection of discrete point charges, we may find the potential by
integration rather than by summation. Equation (24-7) becomes

v- -dq .

J

471"Eor

(24-8)

Illustrative Example. Calculate the potential at a point P on the axis of
the uniformly charged narrow ring of Section 23-4, illustrated in Figure 23-5.
Every element of charge dq is at the same distance
r = (a 2

+ Z2)~
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from the point P and contributes the same amount

to the potential at this point. Hence the potential at point P due to the entire
ring of charge q is

1

47rEo (a 2

24-4

q

+ Z2)~

Equipotential Surfaces

An equipotential surface is a surface along which a charged body may be
displaced without any work having been required in the process. The
equipotential surface is defined as a locus of points in space at a common
potential. In consequence, lines of force must intersect an equipotential
surface at right angles to the surface, for if there were any component of
the electric intensity parallel to an equipotential surface, work would be
required to displace a charged body along that surface, in contradiction
with our definition of an equipotential surface.
The surface of a conductor is an equipotential surface. The equipotential surfaces surrounding a point charge are concentric spherical
surfaces centered at that charge; the potential of each such surface is given
by Equation (24-6). The equipotential surfaces surrounding a uniformly
charged cylinder are coaxial cylinders, with their common axis as the axis
of the charged cylinder. In general, equipotential surfaces are drawn so
that equal increments in potential separate each pair of surfaces. A few of
the equipotential surfaces surrounding a point charge are shown in Figure
24-3, and some of the equipotential surfaces surrounding a charged metallic
sphere are shown in Figure 24-4.
The knowledge that equipotential surfaces and lines of force intersect
perpendicularly everywhere enables us to solve graphically many problems
in electrostatics to a good approximation, even when these problems are
too difficult for mathematical solution. Furthermore, any equipotential
surface may be replaced by a metallic surface which is maintained at the
appropriate potential without altering the electric field outside the conductor. Thus, for example, we may replace the appropriate imaginary
equipotential surface of Figure 24-3 by a real metallic sphere which is
maintained at the potential of that equipotential surface. If the charge
inside the spherical shell is removed, there can be no lines of force inside
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the conducting shell, and the inside of the shell is an equipotential volume.
The lines of force and the equipotential surfaces outside the shell are unaltered. vVe may find the complete set of equipotential surfaces and lines

Fig. 24-3 The
equipotential surfaces
around a point charge are concentric
spherical surfaces with the point charge
at the center.

Fig. 24-4 The
equipotential surfaces
outside a charged metallic sphere are
spherical surfaces concentric with the
charged sphere.

of force of the sphere simply by erasing the lines of force and the equipotential surfaces within the conducting shell, as in Figure 24-4.
Two equal and opposite point charges +q and -q separated by a
distance s constitute a dipole. The set of equipotential surfaces of a dipole
intersect the plane of the diagram in the dotted lines shown in Figure 24-5,
while the lines of force are shown as solid lines. At all points along a plane
perpendicular to the line joining the two charges at the mid-point of the
line, the potential is zero. At a field point P located in this plane the
potential is
-q
q

V=-+-=O.
41l'EoT

41l'EOT

This imaginary equipotential plane at zero potential may be replaced by
a conducting plane at zero potential (obtained by connecting the plane to
ground) without altering the field distribution. Thus if we are interested
in obtaining the potential distribution of a charge q located a distance s/2
to the right of a grounded conducting plane, we may compute this field by
finding the field and potential due to the dipole, and then erasing the lines
of force and equipotential surfaces which appear to the left of the conducting plane.
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Fig. 24-5 Lines of force (solid) and equipotentials (dotted) about a dipole.

24-5

Fig. 24-6

Potential Gradient

When a charge q is displaced an amount .:ls from point A to an adjacent
point B, as shown in Figure 24-6, the force which must be exerted on the
charge by an external agency is oppositely directed to the electric field and
is given by
F = -qE,
and the work done by this force is
Mt' = F·.:ls.

Substituting for F its value from the above equation, we find
.:l)f/

=

-qE·.:ls.

(24-9)

If we divide Equation (24-9) by the charge q, the quantity on the left-hand
side of the equation is equal to the potential difference .:l V between the
initial and final points of the displacement, giving
.:lV

=

-E·.:ls

=

-E.:ls cos cf>.

(24-10)

In the limit of small displacements, we may find the potential from the
electric field by integration. Symbolically, we write
.:l V

=

i

b
-

E· ds

=

i

b
-

E ds cos cf>,

(24-11)
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where ~ V represents the potential difference VB - V.{ between the points
A and B, and t:/> is the angle between ds and E.
If we divide Equation (24-10) by the magnitude of the displacement
~s, we obtain the result that

~V
~s

= -E.

(~s)
~s

= -E'L,

(24-12)

where 1. is a unit vector in the direction of the displacement. Thus the
rate of change of potential with distance in any direction, as specified by
the direction of the unit vector 1., is equal to the negative of the component
of the electric field intensity in that direction. If the direction of the unit
vector is along the line of force, the rate of change of potential is greatest.
At a given point the rate of change of the potential in the direction of most
rapid change is called the potential gradient at that point. When the unit
vector is directed along a line of force the angle t:/> between the unit vector
18 and the electric intensity E is zero, and we may write
~V

E= - - ,
~s

which may be rewritten as

E=

dV
ds

(24-13)

in the limit of small displacements.
The units of electric field intensity are therefore the same as the units
of potential gradient. In the mks system of units, we may use either
newtons per coulomb or volts per meter to represent either electric intensity
or potential gradient. As we have seen in Section 23-9, the dielectric
strength of air is approximately 3 X 106 nt/coul, or 3 X 106 volts/m.
After walking across a carpeted room in the wintertime when the air of the
room is quite dry, sparks as long as 5 em may be observed to jump from
one's knuckles to a doorknob. This implies that a difference of potential
of approximately 1.5 X 105 volts exists between the doorknob and the
knuckle.
If the potential is known as a function of the coordinates, we may find
the components of the electric field parallel to any of the coordinate axes
by imagining the displacement ~s to be parallel to that axis. Thus the
component of the electric field intensity in the x direction, Ex, is given by
the negative of the derivative of V with respect to x. In finding Ex by this
means, we would examine the variation in V with respect to x holding the
other coordinates constant. In the usual notation this is called a partial
derivative and is represented by the symbol a rather than the symbol d.
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Following this convention, we write

aV
E=-_o

(24-14a)

ax '

x

similarly,

Ey =

and

Ez =

aV,
-ay

(24-14b)

av
az

(24-14c)

The electric field intensity E may then be expressed in terms of its components and the unit vectors in the coordinate directions; thus
(24-15)

Illustrative Example. From the second example in Section 24-3, we have
shown that the potential generated by a uniform ring of charge at a point along
its axis is

Find the electric intensity at a point on the axis of the ring by application of
Equations (24-14).
First we note that the coordinates x and y do not appear in the expression
for the potential. Thus the derivative of V with respect to x is zero, and the
derivative of V with respect to y is zero. Hence there is no component of the
electric field in the x or the y direction. To find the component of the field in
the z direction, we apply Equation (24-14c).
Ez = -

av

a; =

-

a[ 1
az 47r€o

q

(a 2

+ Z2)~

]
°

Carrying out the indicated differentiation, we find

This result is identical with the formula obtained by direct integration in
the illustrative example of Section 23-4.

In general, the electric field intensity may be obtained by the methods
of Section 23-4. This requires three separate integrations to be performed,
one for each of the components of the electric intensity. It is often much
simpler to integrate once to find the potential, since this is a scalar quantity,
according to the procedure of Section 24-3, and then to differentiate this
result, following Equations (24-14) to find the electric field intensity.

PROBLEMS
TABLE 24-1

Equation

PRINCIPAL EQUATIONS IN MKS AND CGS UNITS

MKS

CGS

AV = AJf'
q

(24-1)

Same as mks

V =

(24-6)

V=-q-

(24-12)

AV
= -E·l.
As

(24-14a)

Ex = - -

47l"tor

Quantity

g

Potential difference
Point charge in vacuum

r

av
ax

TABLE 24-2
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Same as mks

Potential gradient

Same as mks

Potential gradient

CONVERSION FACTORS RELATING MKS AND CGS UNITS

I Symbol

Potential

V

Electric
intensity

E

Charge

q

Work

Jf'

MKS Unit
1 volt
1~
coul

=

CGS Unit
=

-

1

300

statvolt

(esu)

1 volt = _1_ dyne = _1_ statvolt (esu)
m
3 X 10 4 stcoul 3 X 10 4 cm

1 coul
1 joule

'"
!}ermlttlVlty
0 f f ree space: to

=

3 X 109 stcoul

=

10 7
=

(esu)

ergs

88
couF
. 5 X 10- 12 -.-•
Joule m

Problems

+

24-1. A small charge of 12 stcoul is placed in a uniform electric field whose
intensity is 5,000 dynes/stcou!.
(a) What is the force acting on this charge?
(b) How much work is done by the electric field in moving this charge a distance
of 4 cm in the direction of the field? (c) What is the difference in potential between its initial and final positions?
24-2. A small body carrying a charge of 72 flcoul is placed 0.60 m from
another small body fixed in position, carrying a charge of 180 flCOU!. If the
72-I.lCoul body moves to a place 0.90 m from the 180-flcoul body, what will be
its kinetic energy?
24-3. A small charged body of 1 flcoul is released from rest in a region of
space where the electric field intensity is 100 volts/m. What will its kinetic
energy be when it has been displaced a distance of 150 cm?
24-4. Two plane metallic plates are located a distance of 1 cm apart. If the
electric field between them is uniform, what must the potential difference between
these plates be if the force on a .5-flcoul charge between the plates is to be 10- 3 nt?
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24-5. Two equal charges, each of +250 stcoul, are placed 24 cm apart on the
x axis. Determine the potential at a point 15 cm from each charge.
24-6. An electric charge of + 15 stcoul is located at the origin, and a charge
of -40 stcoul is located at a point whose coordinates are (0, 20 cm). Find the
potential at the following points: (a) (0, -5 cm), (b) (15 cm, 0), (c) (-15 cm, 0).
24-7. A charge of -13 j.woul is located at a point whose coordinates are
(-5 m, 0) and a second charge of +30 JLcoul is located at a point whose coordinates are (+9 m, 0). (a) Find the potential at the origin and (b) at a point
whose coordinates are (0, +12 m). (c) How much work must be done by an
external agency to move a 5-JLcoul charge from the origin to the point (0, + 12 m)?
24-8. An isolated conducting hollow sphere of radius 50 cm is charged to a
potential of 100 statvolts. (a) What is the potential of the center of the sphere?
(b) What charge placed at the center of the sphere would give an identical electric
field distribution outside the sphere, if the conducting shell were removed?
(c) What is the charge on the conducting sphere?
24-9. A uniformly charged sphere of radius a and charge density p coul/m 3
gives rise to an electric field outside the sphere of charge which is identical to the
field generated by a point charge at the center of the sphere whose charge is
q = tll"a 3p. Inside the charged sphere the electric field intensity is given by
E = (p/3Eo)r. Find a formula for the potential at a point inside the charged
sphere a distance ro from the center of the sphere.
24-10. The electric field intensity from a uniformly charged rod is directed
radially and is given by the formula E = X/211"Eor, where X is the charge per unit
length and r is the distance from the center of the cylinder. Find the potential
difference between two points whose radial coordinates are ra and rb.
24-11. An electron volt (ev) is a unit of energy used in atomic and nuclear
physics. It represents the energy acquired by an electron in falling through a
potential difference of 1 volt. How many electron volts are there in 1 erg? The
charge of the electron is 1.60 X 10- 19 coul.
24-12. Two horizontal metallic plates are placed 1.5 cm apart, and a potential difference of 3,000 volts is applied between them so that the electric field is
uniform and directed vertically. A small oil drop containing a charge of
32 X 10- 19 coul and a mass of 10- 10 gm is between the plates. (a) Determine
the electrical force on the oil drop. (b) Determine the net force on the oil drop.
(c) What potential difference must be applied to the plates for the oil drop to be
in equilibrium under the action of both electrical and gravitational forces?
24-13. The binding energy of a hydrogen atom is 13.6 ev. What energy, in
calories, would be required to separate the electron and proton to infinite distance
from each other?
24-14. The heat of formation of water vapor is 57.8 kilocal/mole. What is
the energy, in electron volts, which must be added to a molecule of water to
dissociate it into hydrogen and oxygen?
24-15. An electron is liberated from the filament of a vacuum tube and is
accelerated to the plate which is maintained at a potential of 300 volts above
the filament. With what speed is the electron moving when it strikes the plate?
The mass of the electron is 9.11 X 10- 31 kg.

25
Capacitance and Dielectrics

25-1

Capacitance of an Isolated Sphere in Vacuum

When an isolated charged conducting sphere bears a charge Q, the potential
of the sphere may be computed from the results of Section 23-6 by considering that the electric intensity outside the sphere is as though the entire
charge of the sphere were concentrated at its center. The potential at a
distance r from the center of the sphere is given by the formula

Q
V=--,
41rEor

(24-6)

as long as r is greater than or equal to the radius of the sphere. At the
surface of the sphere of radius a, the potential is

We may define the capacitance C of a conductor as the quotient of its
charge Q divided by its potential V. That is

(25-1)

The capacitance is always a positive number, for if the charge on an
isolated conductor is positive, its potential is positive; if the charge on an
isolated conductor is negative, its potential is negative. Following the
example of an isolated conductor, the capacitance for more complex cases
is always given as a positive quantity.
From Equation (25-1) we find the capacitance of an isolated conducting
sphere in vacuum to be
(25-2)
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Thus the capacitance of a sphere is proportional to its radius. The mks
unit of capacitance is called the farad in honor of Michael Faraday (17911867). The quantity EO is often stated in units of farads per meter, as
EO =

8.85 X 10- 12 farad/m,

for consistency with Equation (25-2).
The farad is an impractically large unit of capacitance, being the
capacitance of an enormous sphere of radius 9 X 10 9 m. The distance
from the planet Mercury to the sun is 58 X 109 m. It is common practice
to utilize units of microfarads (1 microfarad = 10-6 farad), abbreviated
j.lfd, or units of micromicrofarads (1 micromicrofarad = 10-12 farad),
abbreviated j.lj.lfd, to describe capacitance.
In the cgs electrostatic system of units, the potential of a charged sphere
in vacuum is given by
Q
V =-,
a

and the capacitance of a sphere is numerically equal to its radius in centimeters,
for we find
C = a.

The cgs unit of capacitance is the capacitance of a sphere of radius one centimeter in vacuum, and is referred to as one statfarad (stfd). As a matter of
general practice, the esu of capacitance is rarely used. From the preceding
discussion
1 farad = 9 X 1011 stfd,
so that 1 j.lj.lfd is approximately equal to 1 stfd.
The capacitance of an isolated conductor of arbitrary size and shape
may be bracketed between the capacitances of two spheres which just fit
over the body and just fit inside the body. Thus the capacitance of an
airplane is less than the capacitance of the smallest sphere which will enclose the airplane, and is greater than the capacitance of the largest sphere
which will just fit inside the airplane.
25-2

Capacitors

To obtain the capacitance of an isolated conducting sphere, we applied the
formula for the potential of the sphere in relation to its charge, which was
based upon the assumption that the lines of force emanating from the conductor terminated at infinity. The potential of the conductor was established by assigning the potential zero to a point at infinity.
In most practical problems associated with electrical apparatus, the
lines of force emanating from a conductor terminate upon other conductors
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in the vicinity, and one must define the capacitance between any pair of
conductors in a rather complex way. In the event that we are interested
in two conductors which are close together and which are relatively far from
other conductors in the vicinity, the lines of force emanating from one
conductor terminate upon its neighbor rather than upon any distant conductor or upon an infinitely distant charge. This means that if a charge
+Q is placed on one conductor, a charge -Q must be placed on the neigh-

Fig. 25-1 The lines of force in the parallel plate capacitor are directed from the
positive (high potential) plate to the
negative (low potential) plate. The electric field is in the -x direction in the
figure while the potential increases in the
+x direction.

High
potential
plate
boring conductor. When the two conductors are close together, Equation
(25-1) must be reinterpreted so that V is the potential difference between
the two conductors, and Q is the charge on either conductor without regard
to sign. A capacitor then consists of a pair of conductors adjacent to each
other. The conductors may be in vacuum, or separated by air, or, more
generally, separated by an insulating material which is referred to as a
dielectric.
Let us consider the capacitance of a parallel-plate capacitor in vacuum.
To a good approximation the results obtained will also be true when the
conductors are in air, but they will have to be modified when a liquid or
solid dielectric fills the space between the conductors.
When a pair of plane parallel conducting plates of area A are separated
by a distance s, as shown in Figure 25-1, we may compute their capacitance
by assuming that one plate has a charge of +Q while the other plate has
a charge of -Q. All lines of force beginning on the first plate will terminate
on the second plate. We shall make the approximation that the electric
field intensity is uniform between the plates. While this is strictly true
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only for plates of infinite extent, it is very nearly true for plates whose
dimensions are large compared to their separation.
The field outside the surface of a conductor is related to the surface
density of charge on the conductor through the equation
E

rY

=-.

(23-11)

fO

The surface density of charge
is given by

rY

on the plates of the parallel-plate capacitor

rY

Q

= -,
A

so that the electric intensity between the plates of the capacitor is

Q
E=-·
foA

Since the field is uniform throughout the region between the capacitor
plates, the work which must be done by an outside agency in moving a unit
positive charge from the negative to the positive plate, through the distanee
s, is the potential differenee V between the two plates, given by
V

=

Es

Qs

=-.

foA

From Equation (25-1) the eapacitanee is given by
C =

g = foA
V

.

(25-3)

s

The geometric properties of the eapaeitor, the area and the separation
between the plates, determine the eapaeitanee of a parallel-plate capacitor,
just as the capacitance of a eonducting sphere is determined by its radius.
Illustrative Example. Determine the capacitance of a huge parallel-plate
capacitor whose plates are 1 km 2 in area, and which are 1 mm apart.
The area of each plate is A = 10 6 m 2; the separation of the plates is s =
3
10- m; the value of fo is 8.85 X 10- 12 farad/m. Substituting these numerical
values into Equation (25-3), we find

C

=

iI.85 X 10-

12

6

farad/m X 10 m
1O- 3 m

2

=

8.85 X 10- 3 farad.

In sehematic eircuit diagrams the symbol used to represent a fixed
eapacitor is shown in Figure 25-2, while the symbols used to represent
variable eapaeitors are shown in Figure 25-3.
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Fig. 25-2 Symbol used for representing a fixed capacitor. The
terminal represented by the curved
line is generally nearer to ground
potential.

25-3
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ENERGY OF A CHARGED CAPACITOR

Fig. 25-3 Symbols used for representing variable capacitors.

Energy of a Charged Capacitor

When a capacitor is being charged, there is initially no charge on either
plate, so that the electric field intensity between the plates is zero. To
move the first increment of charge from one plate to the other requires no
work. Later increments of charge transferred from one plate to the other
must have work done upon them against the electric field of the charged
plates. If the potential difference between the plates is V, the amount of
work t1JY done in transferring charge t1q from the plate at low potential to
the plate at higher potential will be given by

t1JY = V t1q.
The relationship between the potential difference and the charge q on the
plates is given by Equation (25-1) as
q = CV.

Thus the work t1JY done in transferring charge t1q from the plate at low
potential to the plate at higher potential is
t1J,f'

=

1

Cq t1q.

To find the energy stored in the capacitor when it has been charged to
its final potential difference V by transferring charge Q from one plate to
the other, we must add all the increments in energy, and in the notation of
the calculus

JY =
from which

f

dJY =

fo

Q

~ q dq,

1 Q2
JY=--.
2 C

(25-4a)

By substituting the value of Q from Equation (25-1) into Equation (25-4a),
we may find alternate expressions for the energy of a charged capacitor.
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We obtain
and also

~CV2,

)f'

=

)f'

= ~QV.

(25-4b)
(25-40)

From Equation (25-4c) the energy of the charged capacitor may be seen
to be the energy associated with the transfer of the total charge Q through
the average potential difference V /2. When mks units of coulombs, farads,
and volts are substituted for the appropriate quantities in Equations (25-4),
the energy )f' will be in joules.
Equations (25-4) illustrate one application of capacitors, that is, to
store electrical energy, much as a stressed spring can be used to store
mechanical energy. The ability of a capacitor to store electrical energy is
utilized in electronic power supplies which convert alternating to direct
current, and in high-energy accelerators, such as the betatron, which require
so much energy in a short time that power-generating stations cannot
conveniently supply it.
From another point of view, the energy of a charged capacitor may
be said to reside in the electric field between its plates. The energy per
unit volume in an electric field can readily be calculated with the aid of the
equations just derived. The energy of a parallel-plate capacitor may be
expressed, from Equations (25-4b) and (25-3), as
lJ/

II

= !CV2 =
2

!2 ~oA
V2
s
.

Dividing this equation by the product As, the volume of the space between
the capacitor plates, we find
V2

1

)f'

As =

2~o i!'

The quantity V / s is the magnitude of the potential gradient, which is equal
to the electric intensity E in the space between the plates of the capacitor.
Let us designate the energy per unit volume in the space between the plates
by)f'v.

Thus
and
so that

)f'
)f' = - ,
v
As

V

E=-,
s

)f' =
v

~OE2 .
2

(25-5)

Thus the energy per unit volume in an electric field is proportional to the
square of the intensity of the electric field.
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Illustrative Example. Find the energy per unit volume in an electric field
whose intensity is 100 nt/coul.
From Equation (25-5) we have

Jr v

=

=

!

X 8.85 X 10- 12 couF X 104 nV

nt m 2

couP

4.42 X 10-8 nt

m2

= 4.42 X 10--8 joule.

m3

25-4

Capacitors in Series and Parallel

In many circuit applications several capacitors are electrically connected
to produce the desired results. The simplest types of electrical connections
are known as the series connection, shown in Figure 25-4(a), and the parallel

C1

C2

C3

C

+Q ~~~I-Q
A

(BClroEl

V1

V2

+

+Q

-Q

F

V3

v

--

v
+

( 0)

v
(b)

Fig. 25-4

connection, shown in Figure 25-5(a). We often wish to determine the
effective capacitance of the combination; that is, we wish to determine the
capacitance of that single capacitor which has the same effect in the circuit
as the combination of capacitors.
Let us first consider the series connection of three capacitors CI, C2 , C3 ,
as shown in Figure 25-4(a). When this combination of capacitors is connected to a source of electrical energy, such as a battery, electric charge
flows from the source of energy to the plates of the capacitors until the
plate A is at the potential of the positive terminal of the energy source, and
the plate F is at the potential of the negative terminal of the energy source.
The plate A bears a charge +Q, while the plate F bears a charge -Q. Lines
of force emanating from plate A terminate on plate B. Thus if plate A
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bears a positive charge +Q, an equal negative charge -Q must appear on
plate B, attracted by the electrical forces resulting from the charge on
plate A.
The plate B, the plate G, and the wire BG connecting them may be
considered as a single electrical conductor. This conductor was uncharged
before the capacitors were connected to the source of electrical energy.

V
-0 1

+0 1

A

0

C1

C
-Q

+Q

V
-0 2

+02

B

V

E

C2
V
+0 3

-0 3

C

F

C3

+

+

V

(b)

(a)

V
Fig. 25-5

Furthermore, this conductor is completely insulated, so that no electric
charge can flow to or from the conductor. The only way a charge -Q can
appear on plate B is for an equal and opposite charge +Q to appear on
plate G. Continuing this argument for each of the capacitors of the series
combination, we see that the charge on each capacitor is the same and is
equal to Q. If QI is the charge on capacitor GI , Q2 the charge on G2, and
Q3 is the charge on G3, we have
Q = QI = Q2

= Q3.

The potential difference between the plates of each of the capacitors of the
assembly can be found from Equation (25-1). Thus
QI

VI = -

Q

=-,
GI GI
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and

Va =
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.9....
C
a

The potential difference between the points A and F is equal to the
work done in transporting a unit positive test charge from terminal A to terminal F against the electric forces. In carrying a test charge q from A to
B, a quantity of work V 1q is done on the charge. Since there is electrostatic
equilibrium, no work is done in moving the test charge along the wire BC,
for this wire is a conductor and is an equipotential region. In transporting
the test charge from plate C to plate D, the work done is V 2 q, and in moving
the charge from E to F the work done is Vaq. The total work done in
moving the test charge from A to F may be represented by Vq, where V is
the potential difference between A and F. Thus we have

+ V 2 q + Vaq,
+ V 2 + Va.

Vq = V 1 q
V = VI

or

If we are to replace the series combination by a single capacitor of
capacitance C having the same effect in the circuit as the series combination, as shown in Figure 25-4(b), a charge Q must flow to the plates of that
capacitor when the potential between its plates is V. From Equation (25-1)
1

-

C

V

=-

Q

VI

+ V 2 + Va
Q

Q/C 1

+ Q/C2 + Q/Ca
Q

Thus we find
1
1
1
1
-=-+-+-.
C C
C
C
1

2

(25.6)

a

When any number of capacitors is connected in series, the reciprocal
of the effective capacitance is equal to the sum of the reciprocals of the
individual capacitances. The charge on the plates of each capacitor of the
combination is the same, but different potential differences appear between
the plates of the individual capacitors. Since practical capacitors are
rated for maximum potential difference as well as for capacitance, it is
necessary to exercise caution when connecting capacitors in series so as not
to exceed the rated value of the potential difference of anyone of the
capacitors.
When capacitors are connected in parallel, as shown in Figure 25-5(a),
one terminal of each capacitor is connected to one terminal of the source
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of electrical energy. The other terminal of each capacitor is connected to
the other terminal of the source of electrical energy. Thus the plates A,
B, and C are all at one potential, while the plates D, E, and F are all at a
different common potential. The potential difference between the plates
of each capacitor is the same and is equal to the potential difference between
the terminals of the source of electrical energy. Thus we have

V = VI = V z = V 3·
Unlike the series case, the charge on the plates of the individual capacitors
is different, and we have
QI = CI VI = C IV,

Qz = CzV,
and

Q3 = C3V.

If we wish to replace the parallel combination of capacitors by a single
capacitor of capacitance C, whose effect in the circuit is the same as the
parallel combination, as shown in Figure 25-5(b), the plates of that capacitor
should bear a charge equal to the charge which flows from the source of
electrical energy to the parallel combination when the potential difference
between the plates is V. Thus the charge on the equivalent capacitor of
Figure 25-5(b) must be Q where
Thus we have
so that

Q = QI + Qz + Q3'
CV = CI V + CzV + C3V,
C = CI

+ Cz + C3.

(25-7)

The effective capacitance of a combination of several capacitors connected
in parallel is equal to the sum of the individual capacitances. The potential
difference between the plates of each of the capacitors is the same, but different quantities of charge appear on the plates of the individual capacitors.
Illustrative Example. (a) Find the effective capacitance of the series-parallel
combination of capacitors shown in Figure 25-6(a). (b) Find the charge on the
5-I.Lfd capacitor when the potential difference between the points a and b is
300 volts.
(a) As a first step, let us find the equivalent capacitance of the parallel
combination of the 3-j.dd and 5-j.dd capacitors. From Equation (25-7) we find
that the effective capacitance of the combination is 8j.dd. Let us imagine that
the parallel combination is replaced by a single 8-Mfd capacitor, as shown in
Figure 25-6(b). The equivalent capacitance of the series combination of Figure
25-6(b) is given by Equation (25-6) as
1

or

1

C=

4 Mfd

C

8
-Mfd.
3

=

1

+ 8 Mfd '
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Thus the entire series-parallel combination may be replaced by a single capacitor
of %jlfd capacitance, as shown in Figure 25-6(c).
(b) The charge Q which appears on the single capacitor of Figure 25-6(c),
when a potential difference of 300 volts exists between points a and b, is

%jlfd

Q = CV =

X 300 volts;

Q = 800 jlcoul.

3)1f
4)1f

(a)
5)1f
a

4)1f

b

f )1f

8)1f

c: ~
a

b

a

(b)

b

(c)
Fig. 25-6

The circuit of Figure 25-6(c) may now be replaced by the circuit of Figure
25-6(b), where a charge of 800 jlcoul must appear on the plates of each of the
two capacitors in series. The potential difference between the plates of the
8-jlfd capacitor may be evaluated as

V1

=

800 jlcoul
8 jlfd

=

100 volts.

The circuit of Figure 25-6(b) may now be replaced by the original circuit of
Figure 25-6(a). A potential difference of 100 volts appears between the plates
of each of the capacitors of the parallel combination. The potential difference
between the plates of the 5-jlfd capacitor is 100 volts, so that the charge on the
plates of the 5-jlfd capacitor is
so that

Ql

= C1V l =

Ql

=

5jlfd X 100 volts;

500 jlcoul.

It is now easily seen that the charge on the 3-jlfd capacitor is 300 jlcoul, and
that the potential difference across the 4-jlfd capacitor is 200 volts.
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Dielectric Constant

Capacitors are commonly built with a solid or liquid insulating material, called a dielectric, placed between their plates. To understand the
effect of a dielectric, suppose that the plates of a parallel-plate capacitor,
with a vacuum between the plates, are charged to a potential difference
V vae and then disconnected from the source of charge; the charge on each
plate will be Q. If a sheet of dielectric material is inserted between the
plates, the potential difference will be found to decrease to some value
V die . Since the energy of a charge capacitor is !QV, the energy of the
capacitor is decreased when a dielectric material is put between the plates
of a charged capacitor. When the dielectric is removed, the potential
difference returns to its initial value. This implies that there is an attractive force on the dielectric which draws it into the region of more intense
electric field. Work is done by the electric field on the dielectric. When
work is done by an external agency in removing the dielectric, the electrical
energy of the capacitor is restored to its initial value.
From Equation (25-1) we see that the capacitance of a vacuum capacitor is less than the capacitance of the same pair of plates when a dielectric
is inserted between them. If the capacitance in vacuum is Cvae, and the
capacitance with the dielectric inserted in Cdie, we have
Cvae =

and

Q
V vac

--,

Q

Cdie = - - .
V die

Let us suppose that the voltage V vac is some number K e times the voltage
of the capacitor with the dielectric between its plates. We may divide the
second of these equations by the first to find
Cdie

V vac

Cvac

Vdie

-- = -- =

Ke •

(25.8)

The ratio of Cdie/Cvae, Ke , is called the dielectric constant. It is also
sometimes called the dielectric coefficient, the relative permittivity, or the
specific inductive capacity. Experiment shows that Ke is not truly a constant
but varies somewhat with temperature, with the state of internal stress in
the dielectric, and with other factors as well. By definition, the value of
the dielectric constant is unity for vacuum. For air and most gases, the
value deviates but slightly from unity, being 1.0006 for air at standard
conditions of temperature and pressure. For most solids and liquids the
dielectric constant ranges in value from about 1 to 100, although crystalline
materials have been found with dielectric constants greater than 1,000.
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We must be careful to distinguish between the dielectric constant and
the dielectric strength. The dielectric constant affects the capacitance of a
capacitor. The dielectric strength is the property which determines the
maximum potential difference which can be imposed upon the plates of a
capacitor without destroying its insulating properties. The dielectric constant and dielectric strength of several insulating n.aterials are given in
Table 25-1.
TABLE 25-1

Material
Vacuum
Ail' (1 atm)
Air (100 atm)
Polystyrene
Polyethylene
Teflon
Paraffin wax
Porcelain
Glass
Rubber
Transformer oil
Water
Barium titanate

PROPERTIES OF SOME DIELECTRIC MATERIALS

Dielectric Constant
(Relative Permittivity)

Dielectric Strength
(kv/cm)

1

30

1.0006
1.055
2.6
2.3
2.0
2.0-2.5
6.0-8.0
5-10

200-1,400
160-240
170-190
100
16-1,600
200-400
160-480
50-150

3-6
2.2
55-88
"" 10,000

The capacitance of a parallel-plate capacitor whose plates are separated
by a medium of dielectric constant K e is given by the equation
KeEOA

EA
s

c=--=-·
s

In the mks system of units, the product
of the medium and is represented by E; thus
E

=

KeEO

is called the permittivity
(25-10)

KeEO.

is called the permittivity of free space, and
permittivity.

EO

(25-9)

Ke

is referred to as the relative

Illustrative Example. A parallel-plate capacitor for use in a high-voltage
circuit is made of sheets of tin foil plated on a large glass sheet whose dimensions
are 2 m X 1.8 m X 0.02 m. Assuming the relative permittivity of the glass to be
8 and the dielectric strength of the glass to be 300 kv/cm, determine (a) the
capacitance of this capacitor and (b) the maximum potential difference which
may be applied to its plates.
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(a) From Equation (25-9) we have

c=

Ke~oA

= 8 X 8.85 X 10- 12 farad/m X 3.6 m 2 ,
0.02 m

8

c=

127 X 10- 10 farad.

(b) The dielectric strength of the glass is 300 kv/cm or 3 X 10 7 volts/m.
The thickness of the glass is 0.02 m. The maximum potential difference which
can be applied to the plates of the capacitor without destroying the insulating
properties of the glass is given by

!': =
8

so that

V -- 3 X 10 7 volts X 0 .02 m,
m

v
25-6

3 X 107 volts,
m

= 6X

m' volts.

The Material Medium; Polarization

The chemist describes the molecules of a substance by the term polar if the
center of positive electricity within the molecule does not coincide with the
center of negative electricity. If these
two centers coincide, the molecule is
+q
called nonpolar. An ionic crystal such as
sodium chloride is composed of positive
sodium ions and negative chlorine ions
and is highly polar. There are points
within the substance where there is a
high concentration of positive charge,
-q
while at other points there is a high concentration of negative charge. Molecular
(b)
(a)
crystals, in which nonpolar molecules
Fig. 25-7 (a) Electric dipole, and
form the basic building blocks of the
(b) dipole moment vector P.
crystal, are generally only slightly polar
or nonpolar.
The polarity of a molecule may be described by its dipole moment. If
the displacement vector directed from the center of negative charge -q
to the center of positive charge +q is s, as shown in Figure 25-7 the dipole
moment p is given by the product of the charge by the displacement. Thus

/

(25-11)

The dipole moment is a vector quantity whose magnitude is the product
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of the magnitude of the charge q by the distance s between the two charges,
while the direction of the dipole-moment vector is from the negative to the
positive charge.
A polar substance is made up of many dipoles. The substance is
electrically neutral, for any macroscopic volume element, containing of the
order of a few hundred atoms or molecules, contains an equal amount of
positive and negative charge. When a polar substance is placed in an
electric field, the positive charge ex._-----------;.;.- ,;,;.
periences a force in the direction of the
field, while the negative charge experiences a force in the opposite direction.
The resultant torque tends to align the
F
dipole parallel to the field, as shown
in Figure 25-8. At room temperature
the thermal energy of the molecules
tends to disorient the dipole, while the F
elastic binding forces tend to restrain ~----<
this rotation. Nevertheless, in an
electric field a partial alignment does
>£
occur for many substances. In these
Fig. 25-8
the component of the dipole moment
in the direction of the field, averaged over many molecules, is proportional
to the electric field intensity.
Nonpolar substances do not possess a dipole moment in the absence of
electric fields, but in the presence of an electric field the positive charges of
a molecule experience forces in the direction of the field, while the negative
electrons experience forces in the opposite direction so that a dipole moment
may be induced. The induced dipole moment is parallel to the applied field.
In many substances the magnitude of the induced dipole moment is proportional to the applied electric field. Thus in both polar and nonpolar
substances the effect of an applied electric field is to increase the component
of the polarization vector in the direction of the electric field. Rather than
speaking of individual atoms and molecules, it is convenient to think of the
aggregate effect produced by the electric field. We may speak of the total
dipole moment per unit volume of the material. This is the vector sum of
all the moments of all the elementary dipoles in a unit volume. The dipole
moment per unit volume is called the polarization, designated by the symbol P.
In the absence of an electric field, the dipoles of a substance are randomly
oriented, so that the polarization is zero, but when the field is applied, the
polarization is proportional to the electric intensity within the dielectric.
The constant of proportionality relating the polarization P to the electric
intensity E is called the electric susceptibility Xc (chi sub e). In the form of
an equation,

P = XcE.

(25.12)
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Let us analyze, in terms of the concept of polarization, the effect of
placing a dielectric between the plates of a parallel-plate capacitor. Let us
suppose that the plates of a parallel-plate capacitor have been charged in
vacuum to a charge Q, as shown in Figure 25-9. When a dielectric is inserted between the plates of the capacitor, the polarization induced in the
dielectric is parallel to the field. The polarization vector is directed from

1"""<:=---- 5 ----+>/
+
+
+
+
+6;;
+
+

Fig. 25 -9 The effect of placing a dielectric between the charged plates of a
capacitor, thus polarizing the dielectric,
may be most easily understood by imagining the dielectric to be replaced by two
sheets of polarization charge located at
the surfaces of the dielectric.

+
+

-Q

+Q

the negative to the positive charge of the dipoles induced in the dielectric.
Since the positive and negative charges of a dipole are displaced through a
comparatively small distance, the net effect is as though only the surfaces
of the dielectric are charged with charges of opposite sign. It will therefore
be convenient to imagine the dielectric to be replaced by two oppositely
charged sheets of charge located at the surface of the dielectric. The imaginary sheet of negative charge is adjacent to the positively charged plate of
the capacitor, while the imaginary sheet of positive charge is adjacent to
the negatively charged plate of the capacitor. Let us call these imaginary
sheets of charge the polarization charge.
Some of the lines of force emanating from the positively charged plate
of the capacitor terminate on the adjacent sheet of negative polarization
charge. The number of lines of force passing from the positive to the
negative plate of the capacitor is therefore smaller in the presence of the
dielectric than in vacuum. Since the number of lines of force per unit area
is a measure of the electric field intensity, the electric field intensity within
the dielectric is smaller than the electric field intensity in vacuum. The
potential difference between the plates is therefore diminished, while the
charge on the plates has remained the same. Thus the capacitance of the
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parallel-plate structure has been increased by the insertion of the dielectric
between the capacitor plates.
Let us represent the surface density of the imaginary polarization
charge by the symbol IY p , while the surface density of the free charge or
conduction charge on the plates is represented by lYe. The area of the capacitor plates is A, and their separation is s. The total polarization charge in
one sheet is the product of the surface density of the polarization charge
IY p by the area of the plate A.
The two sheets of polarization charge are
separated by the distance s, so that the dipole moment due to the polarization charge is IYpAs. Let us now replace the polarization generated by
the sheets of polarization charge by
the induced polarization in the dielectric. The total dipole moment
of the dielectric in which the dipole
moment per unit volume is P is
simply PAs; equating this to the dipole moment of the imaginary sheets
of polarization charge, we get
PAS = IYpAs.

This yields

P =

(25-13)

IY p •

Hence the magnitude of the polarization or dipole moment per unit
volume turns out to be equal to the
magnitude of the surface density of
the imaginary polarization charge.
Substituting this value of Pinto
Equation (25-12), we find

Fig. 25-10

(25-14)

To compute the electric intensity between the plates of the capacitor
when there is a dielectric material between the plates, let us construct a
Gaussian pillbox of unit surface area and of sufficient depth to penetrate
the dielectric, as shown in Figure 25-10. The electric field intensity is given
by Equation (23-11) as

E=!!-·
EO

The total charge now consists of the conduction charge and the polarization
charge. At the positive plate of the capacitor lYe is positive, but the polarization charge IYp is negative; hence
IY

=

lYe -

IY P

=

lYe -

Xe E ,
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E

so that

=

Xe E ) .

(0" c -

to

When this equation is solved for E, we obtain
E = ~
to (1

O"c

+ xc/to)

(25-15)

Equation (25-15) is the expression for the electric field intensity
between the plates of the capacitor containing a dielectric; hence it is the
electric field intensity within the dielectric. Let us designate it by the
symbol E die and rewrite the equation as
0"

c/ to

= ----.

Edie

+ xc/to

1

Let us compare this value \yith the electric field intensity when there is a
vacuum between the plates. In the latter case, O"p = 0, so that 0" = O"r;
calling the electric field intensity now E vac , we get
E vac

Uc

= -.

to
1

Hence

1

+ Xe/to

(25-160)

We have already shown that
Yelic

1

Yvac

Ke

--=-.

(25-8)

Since V = Es for a parallel-plate capacitor, we can write
E elie
Velie
1
--=--=-.
~vac
lTvac
Ke

(25-16b)

Equating the denominators of Equations (25-16a) and (25-16b) we get
Kc

=

1

Xe
+-.

(25-17)

to

Multiplying Equation (25-17) by to, we find

and from Equation (25-10)
t = to

+ xc.

(25-18)

The permittivity of the dielectric is made up of the sum of to, the permittivity of free space, and Xc, the susceptibility of the medium.
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There must be atoms or molecules present if the dielectric constant is
to differ from unity, or if ~ is to differ from ~o. If matter is in the gaseous
phase between the plates of a capacitor, the number of molecules per unit
volume is quite small, and even though the induced dipole moment of each
molecule is comparatively large, the
total dipole moment per unit volume,
the polarization, must be small. Thus
the dielectric constant of a gas must
be close to 1. If the pressure of a gas
+
is increased, or if the gas is liquefied,
the number of molecules per unit volume increases by a large factor, perhaps
even a factor of 1,000. The polarization is then increased, and the dielectric
constant may now substantially differ
from unity.
+
It is possible to manufacture artificial dielectrics by distributing a large
number of small conducting spheres
in an insulator, as shown in Figure
25-11. A dipole is induced in each
Fig. 25-11
sphere by an electric field. If there are
N such spheres in a unit volume, each sphere of radius a, it may be shown
that the susceptibility of such a distribution is N a3 . Dispersions of conducting spheres in an insulating material have been used to produce
artificial dielectrics for microwave lenses employed in high-frequency radio
communication.
In the event that the space between a pair of capacitor plates is filled
with a conducting substance, the electric field is reduced to zero. From
Equations (25-15) and (25-17) we see that the electric field intensity between
the plates of a capacitor is inversely proportional to the dielectric constant.
Thus the dielectric constant of a perfect conductor is infinite.

+

+

+

25-7

Electric Field of a Point Charge in an Infinite Dielectric

When a point charge is placed in an infinite homogeneous dielectric, we
can expect the electric field produced to be radial, from considerations of
symmetry. To compute the effect of the dielectric on the field, let us
imagine that the dielectric has a small spherical hole of radius a, centered
on the point charge, as shown in Figure 25-12. Just as in the case of the
parallel-plate capacitor, the electric field generated by the point charge will
induce polarization in the dielectric whose effect can be calculated by
imagining the dielectric to be replaced by a layer of polarization charge on
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the surface of the spherical hole of charge density
fT p

=

fTp

given by

Xe E .

(25-14)

The total polarization charge qp induced on the surface of the spherical hole
is the product of the charge density and the surface area of the sphere and is
negative in the neighborhood of a
positive point charge, as given by

E

qp = -471"a 2 fT p = -471"a 2 X eE a.
(25-19)

Just as in the case of the parallelplate capacitor, we may compute
the electric field within the dielectric by considering that this electric field is generated by the
original point charge and the
uniformly charged shell of polarization charge.
From Gauss's
theorem we know that the field
generated by a uniformly charged
Fig. 25-12
shell may be calculated as though
the entire charge of the shell were
concentrated at its center, for field points on or outside the shell. The
electric field at the surface of the shell E a is made up of the field generated
by the original point conduction charge qc and the field of the polarization charge qp. Thus we have
(25-20)

Substituting from Equation (25-20) into Equation (25-19), we find
2

qp = - 47I"a Xc

so that

+

qc
qp
2
471"Eoa

XC/EO

qp = - q .
c

1

+ Xc/EO

'

(25-21)

In Equation (25-21) we see that the value of the polarization charge qp does
not depend upon the radius of the spherical hole. We may therefore shrink
the cavity down to infinitesimal radius and imagine the polarization charge
to be located at the position of the point charge.
The results of the preceding discussion are such as to indicate that the
electric field within the dielectric may be found by replacing the dielectric
by a point polarization charge qp, of magnitude given by Equation (25-21),
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located at the position of the free charge qc.
within the dielectric is therefore
E

=

qc
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The electric field intensity

+ qp,

47l"~Or2

E =

47l"~o(1

qc

+ xel~o)r2

We recall from Equation (25-17) that the quantity in the parentheses in
the above equation is equal to the dielectric constant Ke, so that the electric
field of a point charge embedded in an infinite dielectric may be expressed as

E=~·
47l"~r2

(25-22)

Since qc is simply the original charge placed in the dielectric, we may drop
the subscript c from qc, for there is no longer any need to distinguish it from
the polarization charge. Rewriting Equation (25-22) in vector form, recalling that the field generated by a point charge is radial, we obtain
(25-22a)

If two point charges are embedded in an infinite dielectric, the force
exerted by the charge ql on the charge q2 may be obtained from Equation
(25-22a) as
(25-23)

This is the form of Coulomb's law applicable to charges placed in an infinite
dielectric medium of permittivity ~.
25-8

The Electric Displacement

In dealing with problems associated with electric fields in dielectrics, it is
convenient to introduce an auxiliary vector called the electric displacement,
represented by the symbol D, a concept introduced into the study of electricity by James Clerk Maxwell (1831-1879). We may define D by the
equation
(25-24)
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The concept of lines of force was very useful for describing the electric field
in vacuum. From this concept we were able to develop Gauss's theorem
and to obtain considerable insight into the structure of electric fields. When
we came to face the problem of the dielectric medium, the calculation of
electric fields became much more difficult, and we were forced to invent the
construct of a polarization charge.
The displacement vector is used in electrostatics for the purpose of
recovering the convenience of lines of force when dielectric media are involved. Instead of lines of force, it is possible to describe the electric field
by lines of electric displacement.
If we take account of the polarization charge qp on the surface of a
dielectric which is enclosed within a Gaussian surface, Gauss's law becomes
f

E'dA = qp
EO

+ :I ,
EO

where q is the original conduction charge enclosed within the Gaussian
surface. The total polarization charge qp on the surface of the dielectric
may be represented as
qp = - fPodA,

for the polarization P is a vector quantity. Substituting into the above
equation, transposing, and multiplying through by EO, we obtain
f(EoE

+ P) odA =

q.

From the definition of D given in Equation (25-24), Gauss's law takes the
form
(25-25)

Thus in the mks system of units we may assert that one D line emerges
from each real, positive, conduction charge of lcoul. In this system of
units, D is expressed in coulombs per square meter, for consistency with
Equation (25-25).
In the case of the parallel-plate capacitor with a dielectric we saw how
some of the lines of force, or E lines, originating on the free or conduction
charges, terminated on polarization charges on the surface of the dielectric.
If we add to the E lines within the dielectric additional lines associated with
the polarization, as indicated by Equation (25-24), the resultant lines are
lines of electric displacement, or D lines. We find that the D lines are
continuous from one plate of the capacitor, through the dielectric, to the
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other plate. Thus the D lines originate on positive conduction charges and
terminate on negative conduction charges, and are continuous on passing
through a dielectric. They do not terminate abruptly on passing into a
dielectric.
Having obtained a solution to the distribution of D lines in space for
a particular charge distribution, we must still transcribe that solution so
that it is stated in terms of the electric field intensity E. The transcription
from D to E is especially simple for homogeneous isotropic dielectrics, such
as we have been discussing. If we substitute from Equation (25-12) into
Equation (25-24), we find
D

=

EoE

+P

=

(EO

+ xe)E.

From Equation (25-18)
EO

+ Xe

=

E,

so that

(25-26)

Fig. 25-13

I

/

/

Gaussian sphere
Illustrative Example. Find the electric intensity at a distance r from a
point charge q embedded at the center of a dielectric sphere of radius a, as shown
in Figure 25-13.
From symmetry, the D lines are radial and continuous. If we draw a
Gaussian sphere of radius r whose center is at q, we may apply Gauss's theorem
in the form of Equation (25-25) to find

so that

47rr 2 D

=

q,

D

=

-q_.
47rr 2
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TABLE 25-2

Equation

PRINCIPAL EQUATIONS IN MKS AND CGS UNITS

MRS

CGS

(25-1)
(25-2)

C = QIV
C = 41rEoa

Same as mks
C=a

(25-3)

C = EoA
8

A
C=41r8

(25-4a)

1 Q2
)1/=-2C

Same as mks

(25-5)

)1/ = EoE2
, v
2

(25-6)
(25-7)

Energy density of
electric field
in vacuum

Same as mks

Series capacitors

Same as mks

Parallel capacitors
Parallel-plate
capacitor with
dielectric
Dipole moment
Susceptibility
Dielectric constant

E2

.!=L:~

81r

C = KeA
41r8

(25-9)

C = EA
8

(25-11)
(25-12)
(25-17)
(25-18)

p = qs
Same as mks
Same as mks
P = XeE
Ke = 1
XelEo Ke = 1
41rXe
No analogous equation
E = EO
Xe

(25-22a)

E = -q-lr
41rfr 2
D = foE
P

(25-24)
(25-25)
(25-26)

+
+

+

jD.dA=q
D = EE

Energy of a
charged capacitor

= -

)l/v

C
Ci
C = L: Ci

Capacitance
Sphere
Parallel-plate
capacitor in
vacuum

+

E = -q-lr
Ker 2
D = E
41rP

Point charge in an
infinite dielectric

j D·dA = 41rq

Gauss's theorem

D = KeE

Displacement

+

Displacement

When r is greater than a, the field point is in vacuum, so that

D = foE,
and

E = -q_.
41rEor 2

When r is less than a, the field point is within the dielectric, so that
D

and

=

fE,

1 q
E = - -2·
41rf r

The distribution of lines of electric displacement for the case of a
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dielectric sphere placed in a uniform electric field is shown in Figure 25-14.
Problems of this sort may be solved by mathematical methods beyond the

Fi g. 25 -14 Lines of electric
displacement D for a dielectric sphere in a uniform
electric field.

------------------------scope of this book through the application of the basic concepts developed
here. The electric displacement is an important concept for describing the
electric field in any case involving the use of insulating materials, and
therefore in all practical engineering design. We shall see in subsequent
chapters that the concepts developed here for the treatment of the electric
field in the material medium will be of value in our study of the magnetic
field.
TABLE 25-3

Quantity

CONVERSION FACTORS RELATING MKS AND CGS UNITS

Symbol I

;\IKS Unit

I

Capacitance
Displacement
Dipole moment
Polarization

C

Susceptibility

Xe

Potential
Charge

V
Q

1 farad
1 coul/m?'
1 coul m
1 coul/m 2
couP
1--joule m
1 volt
1 coul

Electric
intensity

E

1 volt/m

D
p

P

. . .
PermIttIvIty of free space:

Eo

=

CGS Unit

=
=
=
=

9
3
3
3

X
X
X
X

1011 stfd
10 5 stcoul/cm 2
1011 stcoul cm

10 5 stcoul/cm 2

(esu)
(esu)
(esu)
(esu)

= 9 X 109 (stCOUJ2) *

(esu)

erg cm
= 300 statvolts
= 3 X 109 stcoul
1
statvolt/m
=
3 X 104

farad
8.85 X 10- 12 - m

=

8.85 X 10- 12

(esu)
(esu)
(esu)
coul 2
Joule m

-.- - .

*The electric susceptibility is dimensionless in the cgs electrostatic system of
units. The dimensions in the parentheses cancel; they are included in the table
to facilitate conversion between the two systems of units.
Problems

25-1. What is the capacitance in microfarads of a sphere 150 cm in radius
(a) in air? (b) Immersed in an infinite bath of oil of dielectric constant 1.5?

486

CAPACITANCE AND DIELECTRICS

25-2. What are the upper and lower limits for the capacitance of a charges
conducting cube 1 m on an edge, in vacuum?
25-3. Show that the units of EO in farads per meter are equivalent to unitd
of couP/nt m 2 •
25-4 A parallel-plate capacitor whose plates are 10 cm 2 in area has a charge
of 10-9 coul. The potential difference between the plates is 100 volts. What is
the separation between the plates of the capacitor?
25-5. A capacitor of 2 Mfd capacitance is charged until the difference of
potential between its plates is 120 volts. (a) Determine the charge on the
capacitor. (b) Determine the amount of work done in charging it.
25-6. Two parallel-plate capacitors of identical dimensions differ only in
that one has air between the plates and the other has oil of dielectric constant
2 between the plates. The capacitance of the air capacitor is 175 Mfd. (a) What
is the capacitance of the oil capacitor? (b) Each capacitor is charged to a potential
difference of 30 volts. Determine the charge on each capacitor. (c) Determine
the energy of each capacitor.
25-7. Each of the two plates of a parallel-plate capacitor has an area of
400 cm 2• The plates are 2 mm apart in vacuum. (a) Determine the capacitance
in statfarads. (b) If a potential difference of 125 statvolts is maintained between
the plates, determine the charge on each plate. (c) Determine the energy of this
charged capacitor.
25-8. The plates of a parallel-plate capacitor are arranged so that the distance between them can be varied. When the distance between them is d, the
capacitor is charged until the difference of potential is V. The plates are then
separated until the distance between them is 2d. Assuming that the charge Q
on the plates is unchanged, determine (a) the difference of potential between the
plates of this capacitor, (b) the change in energy due to the increase in the distance between the plates, and (c) the work done in separating the plates.
25-9. Derive a formula for the capacitance between a pair of concentric
conducting spheres of radii rl and r2, in vacuum.
25-10. Derive a formula for the capacitance per unit of length of a pair of
coaxial cylinders in vacuum. (See Problem 23-14.)
25-11. Two capacitors, one of 3 Mfd capacitance and the other of 5 Mfd
capacitance, are connected in parallel and charged until the potential difference
is 100 volts. Determine (a) the charge on each capacitor, (b) the equivalent
capacitance of the system, and (c) the energy of this system.
25-12. Two capacitors, one of 4 Mfd capacitance and the other of 6 Mfd
capacitance, are connected in series and charged to a difference of potential of
120 volts. Determine (a) the equivalent capacitance of the combination, (b) the
charge on each capacitor, (c) the potential difference across each capacitor, and
(d) the energy of the system.
25-13. A capacitor of 4 Mfd capacitance has a charge of 40 Mcoul, and a
capacitor of 3 Mfd capacitance has a charge of 10 MCoul. The negative plate of
each one is connected to the positive plate of the other. Determine (a) the
charge on each capacitor and (b) the potential difference across each one.
25-14. If the charged capacitors of Problem 25-13 are connected so that
plates of like charge are connected together, determine (a) the initial potential
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difference across each capacitor, (b) the final potential difference across each
capacitor, (c) the initial energy of each capacitor, (d) the final energy of the
combination, and (e) the energy lost in connecting them together.
25-15. Two capacitors of 3 and 4 fLfd are connected in parallel, and the
combination is connected in series to a third capacitor of 5 fLfd. Determine
(a) the effective capacitance of the combination, (b) the potential difference
across the 3-fLfd capacitor when 100 volts are applied across the entire combination, and (c) the charge on the 4-fLfd capacitor under these circumstances.
25-16. It is desired to construct a parallel-plate capacitor of aluminum foil
and polystyrene sheeting 5 mils thick (l mil = 0.001 in.). The dielectric strength
of polystyrene is 2,500 volts/mil, and the dielectric constant of this material is 2.5.
The capacitor is to be able to withstand a maximum voltage of 100,000 volts.
How large an area of plate will be required to yield a capacitance of 10 fLfd?
25-17. What is the dipole moment of a pair of charges of opposite sign of
5 stcoul separated by a distance of 2 cm? State the units as well as the magnitude.
25-18. A parallel-plate capacitor, whose plates are 0.5 m 2 in area and are
separated by 0.01 m, has a potential difference of 100 volts across its plates. The
plates are separated by a dielectric whose dielectric constant is 3. Determine
(a) the susceptibility of this dielectric, (b) the polarization of the dielectric, and
(c) the polarization charge density at the surface of the dielectric.
25-19. Two point charges of 5 stcoul and -10 stcoul lie along the x axis
separated by a distance of 5 cm. The charges are immersed in insulating oil of
dielectric constant 2.5. (a) Find the attractive force between them. (b) Find
the electric field intensity at a point 3 cm from the 5-stcoul charge and 4 cm from
the -10-stcoul charge.
25-20. A parallel-plate capacitor whose plates are separated by a distance
8 has a sheet of dielectric constant 2.5 and thickness 0.958 inserted between its
plates, the remainder of the space between the plates being filled by air of dielectric constant 1. A potential difference V is applied to the plates. (a) What
is the electric field intensity in the air? (b) What is the electric field intensity
in the dielectric? (c) How does this compare with the electric field intensity in
an identical capacitor in which the space between the plates is completely filled
by air or by dielectric? (Solve by use of the displacement D.)
25-21. By use of a parallel-plate capacitor filled with a dielectric, find the
energy per unit volume of the electric field in a medium of dielectric constant K e •

26
The Electric Current

26-1

Sources of Electric Energy

Electricity is the basis of our present highly technical civilization. It is
the means whereby energy from various sources is delivered to the consumer
in a form suitable for its conversion into the many kinds of energy demanded
by him. It is through the intermediary of the electric circuit that energy
is transmitted electrically from the primary source, no matter where it is
situated, to the ultimate consumer wherever he desires it. A complete
electric circuit contains some form of electric generator, which is essentially
a device for converting other forms of energy to electrical energy, a set of
conductors for transmitting the electrical energy, and some device for converting this electrical energy into the desired form of energy.
There are various types of electric generators. We have already mentioned the electrostatic induction machine, of which the electrophorus is a
crude example. More common is the chemical generator, of which there
are two general types: (a) the primary chemical cell, in which a potential
difference is developed by means of chemical action among some of the
substances composing the cell (the so-called "dry cell" is a common form
of primary chemical cell) and (b) the secondary chemical cell or storage cell,
which must first be charged by sending electricity through it from some
other generator, after which it acts just like a primary cell. The storage
battery used in cars and on farms consists of several storage cells connected
together. As a result of the chemical action which takes place in each of
these cells, chemical energy is converted to electrical energy.
For the generation of large amounts of electric energy, the dynamo
is used. The dynamo is driven by some kind of engine such as a steam
engine, gasoline engine, or water turbine. Essentially, the dynamo converts mechanical energy into electric energy.
The chemical cell and the dynamo, as well as other forms of electric
generators, will be discussed in greater detail in later chapters. In the
present chapter we shall make use of electric generators, particularly the
488
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d-c or direct-current generator, to study the properties of the electric circuit,
but we shall reserve for a later chapter the discussion of how the generator
operates. A d-c generator has two terminals, one of which is at a higher
potential than the other. The terminal at the higher potential is called the
positive terminal, and the other is called the negative terminal.
26-2

Current

Electric charge in motion constitutes an electric current. In the steady
flow of charge in a wire of cross-sectional area A, as shown in Figure 26-1,

I

,
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Fig. 26-1 A current in a conductor consists of the flow of charges through any crosssectional area A.

the total charge passing through this area in unit time is defined to be the
electric current I at this place. If a total charge q flows through this area
in time t, the current I is given by

(26-1 )

If q is expressed in statcoulombs and t in seconds, the current I is in cgs
electrostatic units called statamperes. If q is expressed in coulombs and t
in seconds, the current I is expressed in mks units called amperes (abbreviated amp). Thus an ampere is a coulomb per second, and 1 amp is
approximately equal to 3 X 10 9 statamperes. The ampere is named for
Andre Marie Ampere (1775-1836), a pioneer electrical scientist.
The direction of the current is defined as the direction in which a
positive charge would move. The nature of the charges whose motion constitutes the current depends upon the nature of the conducting substance.
If the conductor is a metal, the current consists of the motion of free electrons. In a gas the charges which are set in motion are positive and negative
ions, and, under conditions of low pressure, there may be electrons as well
as the ions. In nonmetallic liquid conductors, such as electrolytes, the
current consists of the motion of positive and negative ions. The positive
charges move in the direction of the current, while the negative ions move
in the opposite direction, as shown in Figure 26-2. In a conductor, flow of
negative charge to the left is equivalent to a flow of positive charge to the
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right, so that a current flowing to the right in the figure may be made up
of positive charges flowing to the right and of negative charges flowing to
the left.
Direction of current
"

,
:
,
\

I

I

I

-'

EB- ---8 EB---8 EB- EB-

-8

-8

-8

Fig. 26-2 The direction of the current is the direction of motion of the positive charges.
Negative charges move in a direction opposite to that of the current.

Unless specifically stated to the contrary, the equations dealing with
electric currents are based upon the convention that the direction of the
current is the direction of flow of positive charge.
When the flow of charge is not uniform, we may define the instantaneous current in terms of the rate of flow of charge. Thus we have
1= dQ.
dt
26-3

(26-2)

Current Density

In dealing with the flow of electricity in a continuous medium, it is convenient to speak of the current density J. The current density is the quantity
of charge passing through a unit area, perpendicular to the direction of motion
of the charge, in a unit of time. The direction of the current-density vector
J is the direction of motion of positive charge and hence of the current, and
is opposite to the direction of motion of negative charge. In the case of
the current in a wire such as that of Figure 26-1, the magnitude of the
average current density is given by
I
J =-,
(26-3)
A.
and the direction of the current density is along the wire in the direction
of current.
We may represent the steady flow of current through a conductor of
variable cross section by flow lines similar to the streamlines of fluid flow.
Such a line of electric flow would then represent the path taken by charged
particles, and the number of flow lines passing through a surface of unit
area perpendicular to the direction of flow would represent the current
density. As in the case of the streamline flow of a fluid, electric flow lines
never cross. In the steady state the current passing any point in a conductor is constant. Thus the current density in a conductor of nonuniform
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cross section, as shown in Figure 26-3, is inversely proportional to the crosssectional area. At the points 1 and 2 in the conductor we have

II
JIA I

so that
Thus we have

=

12,

= J 2A 2.

JI

A2

h

Al

-=-.

(26-4)

Fig. 26-3

This analogy between electric flow lines and streamlines in a fluid is of considerable practical use in the solution of aerodynamic flow problems through
the use of electrolytic plotting tanks.
Let us suppose that a positively charged cloud containing n particles
per unit volume, each of charge q, is moving with velocity v, as shown in

Fig. 26-4

Figure 26-4. All of the charged particles contained in a parallelpiped of
base ~A and of altitude v t:.t will pass through an element of area ~A perpendicular to the direction of flow in the time ~t. Thus the current density
J is given by

J=
or

(nq)(v ~t)(~A)

J = nqv.

~t~A

,
(26-5)
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Since the direction of the current density is the direction of motion of a
positively charged particle, we may rewrite Equation (26-5) in vector form
as
(26-Sa)
J = nqv.
From Equation (26-5a) we see that if the charged particles are negatively
charges, a negative number must be substituted for q, in which case J is in
the direction of -v.
26-4

Ohm's Law

The current in a conductor of electricity is proportional to the difference of
potential between the ends of the conductor. This experimental observation
was made by Georg Simon Ohm (1787-1854) in 1826 and is today known
as Ohm's law. The constant of proportionality relating the current I to
the potential difference V is called the conductance G, so that we may write
Ohm's law in the form of an equation as

I = GV.

(26-6)

The same proportionality is often expressed in terms of a second constant
called the resistance R as
(26-7)

When the current is expressed in amperes and the potential difference in
volts, the resistance is expressed in ohms. From Equations (26-6) and
(26-7) the conductance is the reciprocal of the resistance; that is,

G

=!.
R

(26-8)

The units of conductance are reciprocal ohms or mhos. The cgs system of
units is rarely used in connection with the current through a conductor;
cgs units of conductance and resistance are called statmhos and statohms,
respectively.
Ohm's law in the form of Equation (26-7) is simultaneously a very
concise statement about the properties of a great many conductors and a
definition of the resistance of a conductor. In a strict sense the term
"resistance" should not be used for a conductor unless there is a fixed constant value of R for that conductor, when it is maintained at a fixed temperature, for all values of the potential difference across it. For metals,
Ohm's law is true over an extremely large range of values of V separated
by factors of 1012 or more. The term "resistance" has sometimes been
extended to mean the quotient of the voltage across the terminals of a
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conductor divided by the current through the conductor without regard to
whether this quotient is constant for a particular temperature.
Resistance elements, called resistors, are constructed for use in electrical
circuits. These are schematically represented by the symbols shown in
Figure 26-5. The symbol commonly used for abbreviating the word "ohm"

( a)

--1VVVVVV--

Fig. 26-5 Schematic symbols for
(a) fixed resistor and (b) variable
resistor.

(b)~
is the greek capital omega n. Following the usual system of notation for
multiples in the metric system, large resistances are generally represented
in megohms, while small resistances are represented as microhms.

I
R

B t----'\,I\I\jr\l\J'\I\1\J\I\J'---+ C
~--I

s

I
Fig. 26-6 Direction of the current
in a circuit.

IIII
Fig. 26-7 Voltmeter-ammeter
method for measuring the resistance of a conductor.

We have previously shown that when a positive charge moves under
the influence of an electric field, its direction of motion is from a point of
higher potential to a point of lower potential. If two such points, say the
terminals A and B of a generator, are connected by a conductor, as shown
in Figure 26-6, the direction of the current in the conductor will be from A,
the point at the higher potential, to B, the point at the lower potential.
A simple way of measuring the resistance of a wire is illustrated in
Figure 26-7. The wire Be whose resistance R is to be measured is connected to a storage battery S and an ammeter A. The voltmeter V is
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connected across the terminals of the wire BG. In the illustration the
various elements of the electric circuit are represented schematically in a
conventional manner. The longer of the two strokes representing each of
the cells of the storage battery represents the positive terminal. A conductor having negligible resistance is represented by a straight line. The
reading of the ammeter gives the current I in the wire BG, assuming that
the current through the voltmeter is negligible, while the voltmeter reading
gives the difference of potential V between Band G. This is sometimes
referred to as the voltage across BG. The resistance R of the wire is then
calculated from Ohm's law
V
R =-.
I
26-5

Electrical Energy

When a particle of charge q is displaced through a difference of potential
V, an amount of work )f' is performed such that
)f' =

qV.

(26-9)

When the work is done by the electric field on the charged particle, that
work may appear as a difference in kinetic energy of the charged particle,
or, in the event that the charged particle moves with constant speed as a
result of the action of some type of resisting force opposing the motion, the
work )f' may appear as heat. Equation (26-9) may be expressed in terms
of the current I instead of the charge q. For the case of a constant current,
we get from Equation (26-1)
q = It;
hence

)f' =

VIto

(26-10)

Dividing both sides of Equation (26-10) by the time, we find
)f'
-=

t

and since the power

(;p

VI

'

is equal to the work divided by the time, we have
(;p =

VI.

(26-11)

It is essential that consistel!t units be used in these equations; when mks
units of electrical quantities are used, the mks units of work, the joule, and
of power, the watt, must be used. For example, when a current of 5 amp
flows between two points whose potential difference is 110 volts, the electrical power supplied is 550 watts.
Comparing Equations (26-7) and (26-11), we obtain the power (;P
supplied to a conductor of resistance R, through which a current I flows
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when a potential difference Y is applied across its terminals as
t? = ]2R,

(26-12a)

y2

t? = - .

or

(26-12b)

R

The power supplied to an electrical conductor when current flows through
it appears in the form of heat and possibly light. Among the many experiments which Joule performed to determine the mechanical equivalent of
heat, there were some which involved the transformation of electrical

Fig. 26-8 Transformation of electric energy into heat; heating a
quantity of water by means of an
electric current in a wire of resistance R immersed in it. Am is an
ammeter, B is a battery.

~_.~--------

energy into heat. A coil of wire was immersed in water of known mass in
a calorimeter, as shown in Figure 26-8. Joule found that the rate at which
electrical energy was converted into heat in a conductor was proportional
to the square of the current flowing through the conductor, a result which
was important in establishing the universality of the concept of energy. We
have used the energy concept as a means of deriving Joule's experimental
result from Ohm's law in Equation (26-12a), which is sometimes called
Joule's law.
Illustrative Example. The heating coil of an electric iron operating on a
110-volt line has a current of 5 amp in it. Determine (a) the resistance of the
coil, (b) the power supplied to it, and (c) the amount of heat flowing out of the
coil in 4 min.
(a) The resistance of the coil is, from Equation (26-7),

R

=

..!::
I

=

110 volts
5 amp

=

22Q.

(b) The power supplied to the coil is, from Equation (26-11),
(? =

VI

=

110 volts X 5 amp

=

550 watts,
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or, from Equation (26-12a),

r? = P R = 25 amp2 X 22Q = 550 watts.
(c) Since all of the electrical energy
)f'

)f'

is converted into heat, we can write

= r?t = 550 watts X 240 sec
= 132,000 joules,

or, using the mechanical equivalent of heat
4.2 joules = 1 cal,
)f' =

we get

26-6

132,000 cal
4.2

=

31 400 cal.
'

Resistivity and Conductivity

To describe the properties of a continuous medium, we may rewrite Ohm's
law in terms of the conductivity rT and the resistivity p rather than in terms
of the conductance G and the resistance R which were used for discrete
conductors. If the electric field intensity within a conductor is E and the
current density is J, we may write Ohm's law for a continuous medium as
rTE

(26-13a)

E = pJ,

(26-13b)

J

or as
where

rT

=

is the reciprocal of p; thus
1

rT

= -.

(26-14)

p

Although both Equations (26-13a) and (26-13b) have been written in scalar
form, we recognize that the vector J is parallel to the vector E and that
(J" and p are scalar constants relating the current density to the electric field
intensity, in a homogeneous isotropic conductor. From Equations (26-13)
and (26-14) the units of rT in mks units are mhos per meter, while the units
of p are ohms meter.
To find the relation between conductance and conductivity, let us
consider a uniform wire of cross-sectional area A and length s in which
there is a current I, as shown in Figure 26-9. From Equation (26-3) the
current density J in the wire is given by
I

J =-.
A

If the potential difference between the ends of the wire is V, the end a being
at the higher potential, the electric field intensity within the wire is given by

V
s

E=-
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RESISTIVITY OF CONDUCTING MATERIALS

Resistivity
in ohm-em at 20°C

Substance

2.83
3.5
1.72
10
44
100
10
1.63
5.51

Aluminum
Carbon
Copper
Iron
Manganin
Nichrome
Platinum
Silver
Tungsten

X
X
X
X
X
X

X
X
X

10- 6
10- 3
10- 6
10- 6
10- 6
10- 6
10- 6
10- 6
10- 6

Temperature Coefficient
per °C at 20° C
0.0039
-0.0005
0.0038
0.0050
0.00001
0.0004
0.0038
0.0038
0.0045

and is in the direction of the current, from the point a to the point b parallel
to the wire. Substituting these values into Equation (26-13a), we have

I
V
-=u-,
A
s
uA
I=-V.
s

I

Fig. 26-9

a

b

I+<----v---~>I
E

By comparing this result with Equation (26-6), we see that the conductance
G of a wire may be expressed in terms of its cross-sectional area A, its length
s, and the conductivity u of the material of which it is made as
uA
G=-·

(26-15)

S

Similarly, the resistance R of a wire may be expressed in terms of its
resistivity p as

R

pS

=-.

A

(26-16)
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From Equation (26-15) it may be seen that the conductivity (J is the conductance of a unit cube whose area A is 1 and whose length is also 1; similarly it may be observed from Equation (26-16) that the resistivity p is the
resistance of a unit cube. In handbooks the resistivity is often expressed
in units of ohm centimeter rather than ohm meter. This number may be
used directly in Equation (26-16) by using the length of the wire in centimeters and its cross-sectional area in square centimeters, or by converting
ohm centimeters to ohm meters according to
1 ohm cm

1m

1

100 cm

100

= 1 ohm cm X - - - = -

ohm m,

and using the appropriate mks units of length and area.
A variety of factors influence the resistivity of substances. For example, the resistivity of a conductor is affected by the state of internal strain.
This is utilized in the electrical strain gauge in which a wire is cemented to
a structural member and the strain of the member is determined by measuring the change in electrical resistance of the wire when a load is applied to
the member.
The resistivity of bismuth is affected by a magnetic field, thus providing a basis for the measurement of the magnetic field with a bismuth
probe. The resistivity of selenium is altered by incident light, and thin
films of selenium may be used to measure light intensity. At very low
temperatures, in the vicinity of a few degrees Kelvin, some metals have
extremely low resistivity. The transition from the normal state to this
superconductive state takes place in lead at a temperature of 7.3°K. If
currents are started in a lead ring in the superconductive state, the current
does not diminish by 0.1 per cent per hour. These currents are started and
detected by magnetic means, to be described in a subsequent chapter.
Insulating materials permit the passage of very weak currents which
are usually negligible. These materials do not generally obey Ohm's law;
typical values of the resistivity obtained at a particular value of the electric
field intensity are usually quoted in handbooks for design purposes.
Insulating materials of high resistivity are used in the construction of
electrical apparatus, and there is often the problem of current flow along
the surface of the insulation rather than through the volume of the insulation. To minimize these surface currents a long surface path is often provided by corrugating the surface of an insulator. If we consider the factors
affecting the electrical resistance of a conducting surface, we see that we
would expect the resistance to increase directly with the separation of the
electrodes a and to decrease with the length of the electrodes b, as shown
in Figure 26-10. In the form of an equation we write

R

=

a
Ps -.

b

(26-17)
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Since both a and b are lengths, the quantity Ps, the surface resistivity, has
the dimensions of resistance. The surface resistivity is often stated in units
of ohms, or ohms per square, for in a square the lengths a and b are the same.
The surface resistivity is the resistance between opposite sides of any square

Fig. 26-10

on the surface of the material. The volume resistivity and the surface
resistivity for several insulating materials are given in Table 26-2. The
surface resistivity of an insulator is affected by humidity. This effect has
been utilized to determine the humidity of the atmosphere by employing
glass surfaces with specially prepared surface coatings.
TABLE 26-2

VOLUME RESISTIVITY AND SURFACE RESISTIVITY
OF SOME INSULATING MATERIALS

26-7

Material

Volume resistivity
(ohm cm)

Bakelite
Ceresin wax
Glass
Hard rubber
Porcelain
Shellac
Wood (maple)

2 X 1011
5 X 10 18
2 X 10 13
1 X 10 18
3 X 10 14
1 X 10 16
3 X 10 10

Surface resistivity
(90% humidity)
(ohms per square)
2
1
2
2
5
6
2

X
X
X
X
X
X
X

108
10 17
10 6
109
10 6
109
109

Temperature and Resistivity

The resistivity of a conducting substance generally depends upon its temperature. Just as in the case of the thermal expansion of solids discussed
in Chapter 14, it is possible to represent the resistivity as a function of
temperature by means of a mathematical series. If Po is the resistivity of
the substance at some reference temperature to, the resistivity Pt at temperature t may be expressed as
Pt = poll

+ a (~t) + a ' (~t)2 + ... ],

where a, ai, and so on, are constant coefficients to be evaluated at the
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reference temperature to, and
t::.t

=

t - to.

It is often sufficient to approximate the above expression by the first two
terms, so that we obtain
Pt

=

Po (1

+ a t::.t),

(26-18)

where a is called the temperature coefficient of resistivity at the temperature
to. Values of a for some of the common conducting materials are listed in
Table 26-1. For metallic conductors a is always positive, which means
that the resistance of a metallic conductor increases with temperature.
Many nonmetallic conductors, such as carbon, have negative temperature
coefficients, so that the resistivity decreases as the temperature increases.
Other substances, such as the semiconductors germanium and silicon,
exhibit positive coefficients at low temperatures and negative coefficients
at high temperatures. In the particular case of semiconductors, the temperature coefficient of resistance is particularly sensitive to the impurity
content. Circuit elements which exhibit large temperature coefficients of
resistance are useful in many applications, either to compensate for the
temperature variations in other parts of the circuit or to act as temperature
indicators. Such elements are called thermistors. Some alloys, such as
manganin, have been developed which have negligible temperature coefficients of resistance. These are useful for making coils whose resistance
does not vary with temperature to any appreciable extent.
Some substances which are very good insulators at ordinary temperatures may become good conductors at high temperatures. The resistivity
of glass at ordinary temperatures is of the order of 1014 ohm cm, but if a
glass rod is raised to a temperature of about 400°C, it becomes a good conductor. If a glass rod is connected to the terminals of a llO-volt source and
is heated to about 400°C, an appreciable current begins to flow in the rod.
If the flame is removed, the current will continue to flow and even to increase in value until the glass melts, for the glass has a negative coefficient
of resistivity.
The change with temperature in the resistance of a wire provides the
basis for the resistance thermometer. The temperature-measuring element
consists of a small coil of fine wire wound on an insulating quartz rod and
surrounded by a protective quartz cylinder. The platinum resistance
thermometer has been accepted as a standard means of measuring temperature in the range -190°C to +660°C. To achieve sufficient precision
in the measurement of temperature with a platinum resistance thermometer
the second- and third- order terms must be included in the formula for the
variation of resistivity with temperature.
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Resistance Measurements: Wheatstone Bridge

We have already discussed one method for measuring a resistance which
involves the use of an ammeter and voltmeter. A much more accurate
method for determining the resistance of a resistor, known as the Wheatstone
bridge method, named for Charles Wheatstone (1802-1875), involves the use
of three other resistors and a very sensitive current-measuring instrument
known as a galvanometer. The circuit used is shown in Figure 26-11(a) in

o

C'f----'--'--:;......-~[!

B

(b)

Fig. 26-11 (a) The Wheatstone bridge. (b) The slide wire form of Wheatstone bridge.
The currents in the bridge are shown when the bridge is balanced; that is, when there
is no current through the galvanometer.

which X is the resistance to be measured, Rl, R 2 , and S are three other
resistors, G is the galvanometer, and B is a battery. Let us suppose that
the values of the three resistances R 1 , R2 , and S have been so chosen that
the galvanometer reads zero; that is, no current flows through it, which
means that the difference of potential between D and F is zero, or that D
and F are at the same potential. The bridge is then said to be balanced.
At balance the potential difference between C and D is equal to the potential difference between C and F, or
VCD=V CF ,

and, similarly,
Since there is no current from D to F, the current in DE is the same as that
in CD. For the same reason the current in FE is the same as that in CF.
Applying Ohm's law to each of the resistors and substituting in the
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above equations, we get

and

IIX

= 12 RI,

lIS

= 12 R 2 ,

in which II is the current in X and S, and 12 is the current in R I and R 2 •
From the above equations, we get

X =

~: S.

(26-19)

Thus if S is a known resistance, and the ratio of the two resistances R I and
R 2 is known, the resistance X can be easily determined.
In laboratory work, S is either a single standard resistance whose value
is known accurately, or else it consists of a series of coils of known resistances permitting a choice of a variety of values for S. R I and R 2 may
consist of a single wire of known length and a slider making contact at some
point F, Figure 26-11(b). Usually, when contact is first made at some point
on this wire, a current will be started in the galvanometer. The slider is
then moved along the wire until a point F is reached which is at the same
potential as D, so that there is no current through the galvanometer. If
the length of the wire from C to F is L1, and from F to E is L 2 , then, since
the resistance of a uniform wire is proportional to its length, we can write

RI

LI

~=-,

R2

L2

and Equation (26-19) becomes
X = L I S.
L2

(26-20)

Thus the measurement of a resistance is reduced to the measurement of
the ratio of two lengths. This form of the Wheatstone bridge is usually
called a slide-wire bridge.
Problems

26-1. What is the current when a charge of 6 coul passes through a wire

in 2 sec?
26-2. How many electrons pass through the cross-sectional area of a wire
in 1 sec if the wire is carrying a current of 1 amp. The charge of an electron is
-1.60 X 10- 19 coul.
26-3. A charged cloud containing 1015 electrons/cm 3 is moving in the positive
x direction with a velocity of 150 m/sec. What is the current density (magnitude
and direction) to be associated with the motion of the charged cloud?
26-4. A resistor carries a current of 6 amp when the voltage across it is 120
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volts. (a) Determine its resistance. (b) Determine its conductance. (c) How
much power is supplied to the resistor?
26-5. A 120-volt, 40-watt lamp is connected to a 120-volt line. (a) How
much current does it require under normal operating conditions? (b) What is
its resistance under these conditions?
26-6. An electric furnace powered by a 1,000-watt heating element contains
a small opening 10 cm 2 in area in one end. If the only heat loss from the furnace
is due to radiation from the opening, what will be the maximum temperature
of the furnace?
26-7. (a) Calculate the resistance of a copper wire 1 m long and 2 mm in
diameter at O°C. (b) What is the resistance of a piece of Kichrome wire of the
same size at the same temperature?
26-8. A Nichrome wire 10 m long and 2 mm in diameter is connected to
a 6-volt storage battery. (a) What is the resistance of the wire? (b) What
will be the current in the wire? (c) What will be the difference in potential
between two points on the wire 1 m apart?
26-9. The resistance of a platinum wire used in a resistance thermometer
is 4.85 ohms at O°C. When used to measure the temperature of a liquid, the
resistance is found to be 5.97 ohms. Determine the temperature of the liquid.
26-10. The resistance of a platinum wire is 6.25 ohms at 20°C. What is
its resistance at 100°C?
26-11. A pair of plates 1 m 2 in area is separated by a distance of 10 cm.
The plates are immersed in a brine solution. Assuming that the current density
in the brine solution is uniform, determine the conductivity of the brine solution
if there is a current of 10 amp between the plates when the difference in potential
is 24 volts.
26-12. The conductivity of a normal solution of KCI at 15°C is 0.093
mho/cm. (a) What is the conductance between the plates 1 m 2 in area immersed
in this solution if the separation between the plates is 25 cm? (b) What potential
difference must be maintained between the plates if a current of 5 amp is to flow
through the tank? (c) What will be the current density, assuming that it is
uniform?
26-13. In a printed circuit two conductors 10 cm long are printed onto a
dielectric. The conductors are separated by a distance of 3 mm. If the surface
resistivity of the dielectric is 2 X 108 ohms/square, what will be the resistance
between the conductors?
26-14. Two conductors in the form of concentric cylindrical rings are imbedded in a sheet of Bakelite 1 cm thick of volume resistivity 2 X 1011 ohm cm.
The diameter of the inner conducting ring is 2 cm, while the diameter of the outer
conducting ring is 5 cm. Find the resistance of the Bakelite between the two
rings. (Use calculus method.)
26-15. In Problem 26-14 compute the surface resistance between the conducting rings, taking both surfaces of the Bakelite into account. The surface
resistivity of the Bakelite is 2 X 108 ohms/square.
26-16. The precision to which commercial electrical panel meters are made
is 2 per cent. What is the largest percentage error which can be expected in
measuring a resistor by the use of a voltmeter and ammeter?

27
Direct-Current Circuits

27-1

Electromotive Force

When a charged particle traverses a closed path in an electrostatic field in
space, the total work done on the particle is zero. The electric field is
conservative. Associated with each point in the field, there is a fixed value
of the electrical potential.
In a simple circuit consisting of a chemical cell and a resistor, as shown
in Figure 27-1, we have seen that the
e
current flows through the resistor
,..-from the positive terminal of the cell
...... /
.......
to the negative terminal of the cell.
\\
The positive terminal is at the higher
/
t
potential, so that the current flows
from the higher to the lower poten/
tial outside the cell, but inside the
a
~I- b .... /
cell the direction of current flow is
/
\
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Fig. 27-2

from the lower to the higher potential. The cell must do work upon the
charge in order to raise its potential.
Let us consider the effect of moving a positive probe charge through
a closed path in an electric field in which such a cell is located. As long as
the path of the charged particle does not pass through the cell, the work
504
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done in traversing a closed path is zero, as in the path PdaP in Figure 27-2.
When the path traverses the cell, the particle may acquire energy as a
result of the conversion of chemical energy to electrical energy, as in the
path PebaP, or the particle may lose energy as the result of the conversion
of electrical energy to chemical energy if this same path is traversed in the
direction opposite to the original direction, as in the path PabeP. If one
takes into account only the mechanical work done by the agency moving
the probe charge, the cell appears to be a place where energy may be
gained or lost, depending on the direction in which the passage through the
cell is effected. A similar result would be obtained by passage of the probe
charge through any electric generator in which the conversion of energy
from some other form to electrical energy is reversible.
The concept of electromotive force has been introduced to describe the
energy relations associated with electric circuits which incorporate chemical
cells or other electric generators. If a net quantity of work W is done
in carrying a charge q around a closed path in which no current is flowing,
as in a circuit when the switch is open, the total electromotive force
in that path is defined as

c

W

c=-'
q

(27-1)

In this definition of electromotive force c, abbreviated emf, it is important
to specify that the charge may traverse the path with arbitrary slowness.
In other words, if the work done in traversing the path depends upon the
speed of the particle, we will imagine that the particle is carried around
the path with near zero speed. Since the work done when a charge traverses
a resistor depends upon the current, which may be related to the speed of
the charged particle, the work done in very slowly moving a probe charge
through a resistor will approach zero, as long as the potential difference
between the ends of the resistor is zero.
From Equation (27-1) we see that the units of electromotive force are
the same as the units of potential difference. In the mks system of units,
the unit of emf is the volt. The emf is not a force but an energy per unit
charge. If the potential difference across the terminals of a cell is 2 volts
when no current is flowing, we say that the cell has an emf of 2 volts.
Since the work done on a probe charge q in traversing the path PadP
is zero, the emf along this path is zero. In traversing the path PebaP, if
the potential difference between the terminals of the cell is V, the work done
by the cell on the charge is V q, and the emf is

c = ""'Vq
q

=

V,

for the particle has more energy when it has returned to P than it had
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initially. Positive work has been done on the particle. In traversing the
same path in the opposite direction PabeP, the emf is

-Vq
C = - - = -V,
q

for the particle has done work,...in traversing the cell. In other words,
negative work has been done on the particle, so that its energy is less upon
its return to P than it was initially. The emf of a cell or of a generator
thus has a sense, and is directed from the negative terminal of the cell to its
positive terminal inside the cell. When a positive charge passes through a
cell in the direction of the emf, it gains in potential energy. When a
positive charge passes through the cell in a direction opposite to the emf,
it loses potential energy. In both cases the change in electrical potential
is equal to the magnitude of the emf c of the cell.
27-2

Series and Parallel Connections

An electric circuit may be very simple and consist of one or two electrical
devices connected to a source of power, or it may be very complex and
consist of many different elements connected in a variety of ways. In

(a)

B

L...---~---jIII-------oE_---";'---l

(b)
B

'-----~--_t

II

1 - - - - - - - o E - -.......

Fig.27-3 Resistors connected in series. (a) The current is the same in each resistor.
(b) The difference of potential across all the resistors in series is equal to the sum of the
differences of potential across each of the resistors.
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practical applications it is important to be able to determine the equivalent
resistance of any circuit or any section of the circuit in terms of the resistances of the individual elements of a circuit. Suppose we have a circuit
consisting of a battery, three resistors, and four ammeters, connected as
shown in Figure 27-3(a). This is called a series circuit, and the various
elements are said to be connected in series. In a series circuit the current is
the same in all parts of the circuit.
The same current flows in each of
the resistors, each of the ammeters, and the battery.
Another type of connection
is shown in Figure 27-4 in which C ~~--t
the three resistors are connected
in parallel. Since the difference of
potential between two points, I
I
such as C and D, can have only
one value, the difference of poB
tential across each resistor is the
t-----E-----i
same. A voltmeter connected
across C and D will give the differFig. 27-4 Resistors in parallel.
The
ence of potential across each
difference of potential is the same across
resistor and, in this case, will also each resistor.
give the difference of potential
across the terminals of the battery. The voltmeter is always connected
in parallel with that portion of the circuit whose voltage is to be measured,
while the ammeter is always connected in series in that portion of the
circuit in which the current is to be measured.
In Figure 27-3(b), if three voltmeters are connected across the three
resistors in series, R 1 , R 2 , and R 3 , and a fourth voltmeter is connected across
all three resistors, it will be observed that the difference of potential V across
all three resistors in series is equal to the sum of the differences of potential
across each of the resistors, or

II

(27-2)

Applying Ohm's law to each resistor and remembering that the current
I is the same in each one, we get

and
which yields, upon substitution in Equation (27-2),

V = IR 1

+ IR 2 +

IR 3 •

(27-3)

The equivalent resistance R of this circuit is one which would have the same
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current I flowing in it when the same potential difference V is applied to it;
that is,
V = IR.
(27-4)
Equating these two values of V, we get

R

R1

=

+ R2 + R3•

(27-5)

The equivalent resistance of a group of resistors connected in series is the
sum of their individual resistances.
If ammeters are inserted into the circuit containing three resistors in
parallel, as shown in Figure 27-4, it will be observed that the current I which
leaves the battery divides at C in such a way that it is equal to the sum of
the currents in the individual resistors, or
(27 -6)

where II is the current in Rr, 12 the current in R 2 and 13 the current in R 3 .
These currents recombine at D and flow back to the battery. Applying
Ohm's law to each resistor and remembering that the potential difference V
is the same across each one, we get
and
We may therefore write Equation (27-6) as
V

V

V

1=-+-+-'
R
R
R '
1

2

3

and if R is the equivalent resistance of these three parallel resistors, then
V

V

V

V

1=-=-+-+-,
R
R
R
R
1

from which

2

3

1
1
1
1
-=-+-+_.
R
R
R
R '
1

2

(27 -7)

3

this is the relationship between the equivalent resistance R and the individual resistances of three resistors in parallel. The reciprocal of the resistance
is called the conductance of the resistor. Equation (27-7) may be read as
follows; the equivalent conductance of a parallel circuit is the sum of the
conductances of the individual resistors connected in parallel. Equation
(27-7) also shows that the equivalent resistance of a parallel combination is
less than the resistance of anyone of the resistors.
Illustrative Example. Find the potential difference between the terminals
of the 12-ohm resistor of Figure 27-5(a) if the battery has an emf of 36 volts and
has no internal resistance.
Let us first determine the equivalent resistance of the three resistors in the
circuit. The equivalent resistance of the parallel combination of the 6- and
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12-ohm resistors may be found as

.!-=_1_+
R
R

or

6 ohms
=

1 ,
12 ohms

4 ohms.

We may replace the parallel combination by a single 4-ohm resistor, as shown in
Figure 27-5(b). This series combination oftwo resistors has an effective resistance
of 6 ohms. Thus the three resistors of Figure 27-5(a) may be replaced by a single
6-ohm resistor, as shown in Figure 27-5(c).

612

(a)

12ft
36v
IIIIII

4Il

2Il

6Il

~

i

IIIIII

(c)

(b)

Fig. 27-5

From Ohm's law the current in the circuit of Figure 27-5(c) is
I

=

.!::.
R

=

=

36 volts
6 ohms

6 amp.

Thus a current of 6 amp flows from the battery in each of the equivalent circuits
of Figure 27-5. In Figure 27-5(b) the potential difference between the terminals
of the 4-ohm resistor is therefore equal to 24 volts. Replacing the 4-ohm resistor
by the original parallel combination, as in Figure 27-5(a), the potential difference
between the terminals of the 12-ohm resistor is 24 volts.

27-3

Terminal Voltage

In practical electrical generators the passage of current through the generator is accompanied by the evolution of heat within the generator. To
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describe the evolution of heat in a quantitative way, we say that practical
generators have an emf and an internal resistance as well. It is customary
to represent the internal resistance of a practical cell by a resistor r which
is in series with a resistanceless cell of emf e. The potential difference
as measured by a voltmeter connected across the terminals of the cell ab
(Figure 27-6) will depend upon the current I flowing through the cell.

I
II(

(a)

I

(b)

a

I
a

£.

~

II.
r
b
+ _c~

1
0<:

0

£.

-<

r

+

b

I

- c
V

Fig. 27 -6

Terminal voltagc and cmf of (a) cell discharging and (b) cell being charged.

Let us suppose that the current through the cell is in the direction of
the emf, as shown in Figure 27-6(a). The current through the internal
resistance r is in the direction be. According to Ohm's law, the point c
must be at a lower potential than the point b by an amount given by

V = Ir.
If we carry a unit positive probe charge from the point b to the point c and
then to the point a, the potential falls by I r in passing from b to c and rises
by e on passing from c to a. The potential difference between b and a is
given by
Va

so that

+ e,
e - Ir.

= Vb - Ir

Va - Vb

=

(27-8)
(27-9)

Thus the difference of potential between the terminals of the cell, also
called the terminal voltage, is less than the emf of the cell when the current
is in the direction of the emf; this is the case when the cell is discharging.
When the direction of the current is opposite to that of the emf, as in
Figure 27-6(b), we note that the point c must be at a 'higher potential than
the point b by an amountlr, so that the potential difference between points
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b and a is given by
(27-10)

When a battery is being charged, the current is in a direction opposite to
its emf, and its terminal voltage is greater than e.
As a dry cell or a storage battery deteriorates with use, its emf remains
substantially constant, but its internal resistance increases. The cell must
be tested under conditions in which it is required to supply currents appropriate to its use, in order to determine whether the cell is "dead." When
the terminal voltage is appreciably less than the emf, the battery may no
longer be suitable for its intended application.
27-4

Voltmeters and Ammeters

The voltmeters and ammeters used in electrical meas~rements are constructed from a basic meter movement which will be described in a subsequent chapter. For our present purposes we need only know that this
basic meter is a device which measures current, called a galvanometer.
Galvanometers are usually constructed so as to have scale deflections proportional to the current passing through them. The galvanometer has an
internal resistance.

A'

A

Fig. 27-7

Ammeter.

Let us suppose that we have a galvanometer which is so constructed
that its internal resistance is R g and that it is deflected to a full-scale reading
whenever the current passing through it is I g • If we wish to have an ammeter whose full-scale reading is I a, we may construct such a meter from
the galvanometer by connecting a resistor R s across the terminals of the
galvanometer. Such a resistor is called a galvanometer shunt. The shunt
resistor is often connected inside the case of the galvanometer; the external
connections to the instrument are shown in Figure 27-7 as AA'.
Suppose we wish the galvanometer to indicate a full-scale deflection
when a current I a flows through the connections AA'. Since the construc-
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tion of the galvanometer is such that it reads full-scale deflection when the
current through it is I g, the current flowing through the shunt resistor Is
must be given by
I a = I g Is.

+

Since the galvanometer is in parallel with the shunt resistor, the potential
difference across the galvanometer must be the same as the potential difference across the shunt resistor. Thus

IgRg = IsR•.
The value of the required shunt resistor may be determined by eliminating
the current Is from these two equations. We have
I a = Ig(l

+ ~:}

(27-11)

so that a knowledge of the resistance of the galvanometer, the current
through the galvanometer for full-scale deflection, and the desired full-scale
ammeter reading suffice to determine the required shunt resistance.
It is impossible to make an
ammeter whose full-scale deflection
requires less current than is required
by the galvanometer from which it
Ig
was constructed. An ammeter readIg
ing large currents requires a shunt
resistor of smaller resistance than
A
A'
does one reading· small currents.
Fig. 27-8 Voltmeter.
Since an ammeter is connected in
series ,vith the circuit in which the
current is being measured, an ammeter with very low resistance is desired
in order that it may have a minimum influence upon the current in the
circuit.
The same galvanometer may be used as a voltmeter by connecting a
multiplier resistor in series with it, as shown in Figure 27-8. The terminals
of the voltmeter AA' are to be connected across (in parallel with) two points
in a circuit whose potential difference we wish to measure. The galvanometer reads full-scale deflection when a current I g passes through it.
The same current also passes through the multiplier resistor R m • From
Ohm's law the potential difference V, between the points A and A', is
given by
(27-12)

Thus we may construct a voltmeter with any desired full-scale reading V
by inserting a resistor R m in series with a galvanometer, if the internal
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resistance R g of the galvanometer and the current I g required for full-scale
deflection are known.
A good voltmeter should be constructed from a galvanometer of high
sensitivity. The voltmeter is connected in parallel with the circuit component whose voltage is being measured. In order that the circuit be least
disturbed by the presence of the voltmeter, the current through the voltmeter should be small. Thus it is important that the resistance of the
voltmeter be high.
It is possible to construct multipurpose meters from a single galvanometer. A number of appropriate resistors are mounted in the case with
the galvanometer, and a switching arrangement is provided which connects
selected resistors in series with the galvanometer for voltage measurement,
while other resistors are connected in parallel with the galvanometer for
use of the instrument as an ammeter.
Illustrative Example. It is desired to convert a galvanometer, that has an
internal resistance of 5 ohms and gives a full-scale deflection for a current of
10 ttamp, into a voltmeter whose full-scale deflection corresponds to 300 volts.
What value of multiplier resistance should be used?
Substituting numerical values into Equation (27-12), we have
300

=

10 X 1O- 6 (R m

Rm

=

2,995 ohms.

+ 5),

To convert the same galvanometer to an ammeter with a full-scale reading
of 100 ttamp, a shunt resistor is used whose resistance is given by Equation
(27-~ 1).

27-5

100 X 10- 6

=

10 X 10- 6 (1

R.

=

t

+ ~)

ohm.

The Potentiometer

When a voltmeter is used to measure a potential difference, some error is
always introduced because of the fact that the voltmeter draws current
from the circuit to which it is connected. When a voltmeter is used to
measure the potential difference between the terminals of a cell, the measured voltage is always less than the emf because of the voltage drop across
the internal resistance of the cell. In many applications it is important to
be able to measure the potential difference between the two terminals without drawing current to the measuring device. In such cases a potentiometer
is used.
The schematic circuit of a potentiometer is shown in Figure 27-9. At
the heart of the potentiometer is a slide-wire resistor made of a uniform
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wire ac, provided with a sliding contact, shown in the figure at point b. The
resistance of the portion of the wire from the fixed contact at a to the sliding
contact at b is proportional to the length of the wire between these two
points. A constant current I is maintained in the slide wire by means of
the battery B, so that the potential difference between a and b is proportional to the length of the wire between these two points. In this way any
potential difference from zero to the terminal voltage of the battery can be
obtained between the points a and
b simply by moving the sliding
r-------11------1
contact.
I
I
In order to use the potentiII
Ex
I
,/ ~L,,\
ometer, it is necessary first to
\
calibrate it with the aid of a stand,I
..... .,. .....
ard cell such as the Weston
I
I
normal cell whose emf has been
I
I
previously determined. The posia_"\""\/\/\i'\/\/\I\1\"\/\I\/\/\/\/I/\/,""-C
tive terminal of the standard cell
is connected to the same point a as
b
x
the positive terminal of the battery, while the negative terminal
of the standard cell is connected
to the point b through a sensitive
galvanometer. The sliding conFig. 27 -9 A potentiometer.
tact b is moved along the slide
wire until there is no current through the galvanometer, indicating
that there is no potential difference across the terminals of the galvanometer. Thus the emf of the standard cell is equal to the potential difference
V ab along the slide wire between these points. If the resistance of the slide
wire between the point a and the point b is Rab we have,

,

c. =

Vab = IRab.

To determine the emf of an unknown cell cx, the standard cell is replaced by the unknown cell, and the sliding contact is shifted to a new
position x to achieve a balance. We have

Cx = Vax = IRa",.
Dividing the second of these equations by the first, we obtain

Rax)
C = C (- .
R ab
X

•

If lb is the length of the slide wire from a to band lx is the length from a to x,
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and since the resistance of a uniform wire is proportional to its length, we
have
R

lx

Rab

lb

-ax= - ,
so that

(27-13)

The measurement of the emf of a cell is thus reduced to the measurement of two lengths along a uniform slide wire. Since the potentiometer
uses a galvanometer to determine the null condition, the condition of no
current flow, an extremely sensitive instrument may be used. Furthermore, we have no need to compound the errors of measurement by first
measuring the current from the battery or the resistance of the slide wire.
Any potential differences may be measured relative to a standard cell with
an accuracy limited only by the uniformity of the slide wire and the sensitivity of the galvanometer.
The potentiometer may be used to calibrate voltmeters and ammeters,
to measure potentials in an electrolytic plotting tank, to measure the
thermal emf in a thermocouple for the measurement of temperature, and,
in fact, wherever an accurate determination of potential difference is
required.
27-6

Kirchhoff's Laws

Complicated circuits made up of resistors and sources of emf often cannot
be readily resolved into series and parallel combinations of resistors. The
procedures for solving such networks were first stated by Gustav Robert
Kirchhoff (1824-1887) and are known as Kirchhoff's laws. In order to
state concisely these rules for the solution of circuit problems, we shall first
define two terms, a junction and a loop. A junction, or branch point, is a
point where three or more conductors, or branches, are electrically connected. A loop is any closed path in an electrical circuit.
The concept of conservation of charge leads to the first of Kirchhoff's
laws, which states that the algebraic sum of the currents flowing into a junction
is zero.

2:,1 = O.
In the above equation, representing Kirchhoff's first law, current flowing
into a junction is generally regarded as positive current, while current
flowing out of the junction is regarded as negative. The current flowing into
any junction must equal the current flowing out of that junction. If this
were not true, we would have to imagine that charge could be created or
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destroyed at a junction, in contradiction of the principle of conservation
of electric charge.
The second of Kirchhoff's laws may be stated as the algebraic sum of
the potential differences around a closed loop is equal to zero. Since the potential differences between the terminals of the circuit elements are composed
of emf's, and I R drops across resistors, we may write Kirchhoff's second law
symbolically as

L:t'

+ L:IR = O.

In effect, this rule states that the potential of a point in an electric circuit
is a fixed quantity. If we start at any point in the circuit and imagine that
we transport a probe charge around a closed loop, the algebraic sum of the
potential changes associated with passing from one junction to the next in
passing around the loop is equal to zero.
To apply Kirchhoff's laws to a network, we first imagine the network
to be broken up into loops, as shown in Figure 27-10, in which circuit elements have been represented as
rectangles. We choose these
loops to be as simple as possible,
13
so that each circuit element is
contained in at least one loop.
Some circuit elements may be
part of more than one loop. We
11
12
assign arbitrarily a direction to
the current in each loop. We indicate this direction by an arrow,
)0
and assign to the current an
\
14
algebraic magnitude represented
by the symbol II, 12 , and so on.
In drawing these currents as conFig.27-10 Current loops.
tinuous through a junction, we
have
automatically
fulfilled
Kirchhoff's first law. In the event that we have assigned the wrong direction to any of these loop currents, the numerical solution for that current will yield a negative answer.
To each loop we apply Kirchhoff's second law; starting at a particular
point in the circuit, we imagine that we carry a unit positive probe charge
from junction to junction. The probe charge may be carried around the
loop in any direction, without regard to the direction of the loop current.
When the probe charge is carried through a source of emf in the direction
of the emf, passing from the negative to the positive terminal, the potential
of the probe charge is increased by the magnitude of the emf. When the
probe charge is carried through the source of emf from the positive to the
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negative terminal, its potential is decreased in amount by the magnitude
of the emf. When the probe charge passes through a resistor in the direction
of the current, the potential of the probe charge is decreased, for the direction of the current in a resistor is from high to low potential. If the probe
charge is passed through the resistor in a direction opposite to the direction
of the current, the potential of the probe charge is increased. Because of
the manner in which we have indicated the loop currents, some elements
will have current contributions from more than one loop current. Since the
net current through the resistor determines the potential difference between
its terminals, we may treat the potential change due to each loop current
as an independent contribution to the potential change of the probe charge.
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Fig. 27-11

Illustrative Example. Find the potential difference between the points
a and b in the circuit of Figure 27-11.
We imagine the circuit to be broken into two closed loops, as shown in the
figure, with the 8-volt cell and the 4-ohm resistor common to both loops, and
represent the currents in the two loops by 1 1 and 1 2 which have been drawn
arbitrarily in the clockwise direction. We imagine that we have a unit positive
probe charge at the point A, and we carry the probe charge around the first loop
in the direction of the current in this loop. We shall represent an increase in the
potential of the probe charge as positive and a decrease of the potential of the
probe charge as negative. The algebraic sum of the potential changes of the
probe charge in passing around the loop must be equal to zero.
On passing through the 3-ohm resistor in the direction of the current 1 1, the
potential of the probe charge falls. The change in potential of the probe charge
is -31 1 , The probe charge next passes from thenegative,to.thepositive terminal
of the 8-volt cell, so that its potential change is +8 volts. There are two contributions to the potential change of the probe charge in passing through the
4-ohm resistor. Since it passes through the resistor in the direction of the current
1 1 , the potential of the probe charge decreases by 41 1 • At the same time the
probe charge passes through the resistor in a direction opposite to 1 2 , so that its
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potential increases 41 2 •

The net change in potential of the probe charge is
-41 1

+ 4h

Next the probe charge passes through the 5-ohm resistor where its potential
changes by -51 1 , Finally it returns to the point A by passing through the
lO-volt cell from the positive to the negative terminal, making a change in
potential of -10 volts. Adding all these changes algebraically and setting the
sum equal to zero, we find
-31 1
from which

+8

+ 41 2 + 41

- 41 1

-121 1

2 -

51 1
2

=

-

10

=

0,

0

for the equation resulting from the application of the loop condition to the first
loop.
Starting with the point A' and traversing the second loop in the counterclockwise direction, opposite to the direction of the current 1 2, we find
- 6
yielding

+8 -

+ 41 + 61 + 21
41 1 + 121 2 + 2 = 0
41 1

-

2

2

2

=

0,

as the equation resulting from the second loop.
We may solve these equations simultaneously to find
II = 1 2 = -lamp.

The currents in both loops are therefore opposite to the directions indicated in
Figure 27-11.
Having found the currents in the circuit, the remainder of the problem is
quite straightforward. Since II and 1 2 are equal in magnitude and opposite in
direction between a and b, there is no current between the junctions a and b.
To find the potential difference between these two points, we imagine the unit
probe charge to be at position a. At this point its potential is Va. To move the
probe charge to position b it must pass through the 8-volt cell, its potential being
increased by the emf of the cell, and through the 4-ohm resistor. Since there is
no current through the resistor, there is no potential change on passing through
it. The probe charge is then at the potential of point b, Vb. In the form of an
equation

Va

+ 8 volts

Vb - Va
27-7

=

=

Vb;

8 volts.

Back EMF of a Motor

As we have seen in Section 27-1, the concept of electromotive force is a
useful one in connection with the operation of generators of electricity. We
may extend this concept so that it is applicable to motors as well, through
the idea of a back emf. .It is possible t9 construct a d-c motor so that
the direction of rotation of the motor depends upon the direction of the
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current through it. Unlike chemical cells or generators, which are polarized so that they convert some other form of energy to electrical energy
when the charge passes in one direction and convert electrical energy back
to that other form when the charge passes in the reverse direction, a motor
always converts electrical energy to mechanical energy.
It is possible to describe this property of the motor electrically in terms
of an emf, called a back emf, which is always opposite in direction to the
current. The electrical power r? converted by the motor to mechanical
power is

r? =

el,

where I is the current delivered to the motor, and e is its back emf. In
general, a motor may be described by its back emf and its internal resistance R when it is part of an electrical circuit.

e

Illustrative Example. (a) What is the back emf of an electric motor which
has an internal resistance r = 5 ohms and draws a current I = 2 amp when
connected to a source whose terminal
voltage V is 110 volts? (b) What is the
110 V
0(
efficiency of the motor?
+
A
(a) The schematic circuit is shown in
Figure 27-12 where the motor has been
0(
represented by a generator, whose emf
e is directed opposite to the direction
of the current, in series with a resistor
representing the internal resistance of the
>
motor. If we imagine that the probe
charge is initially at the point A and that
we carry the probe charge in a counterclockwise direction around the loop, we
E
find, from Kirchhoff's second law,

J

V -

e - rI

Fig. 27.12

=

O.

Substituting numerical values, we get

+ 110 volts e

e - 5 ohm X 2 amp
=

=

0,

100 volts.

(b) To find the efficiency of the motor, we observe that the energy Jf'i
delivered to the motor in time t is
Jf'i = 110 volts X 2 amp X t = 220 watts X t.
The energy converted by the motor to mechanical energy is given by the
product of the back emf by the charge which has passed through the motor in
time t so that the work done by the motor Jf' 0 is given by
Jf' 0

=

100 volts X 2 amp X t sec

=

200 watts X t.
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The efficiency e of the motor is

Jr 0
Jr i

e=--=

e

=

200 watts X t
,
220 watts X t

0.91.

Problems

27-1. Two resistors of 30 and 45 ohms resistance, respectively, are connected
in parallel, and the combination is connected to a 120-volt source. Determine
(a) the effective resistance of this combination and (b) the current through
each resistor.
27-2. Three coils of 20, 30, and 50 ohms resistance, respectively, made of
uniform wire, are connected in parallel, and the group is then connected to a
110-volt source. Find (a) the resistance of the combination and (b) the current
through each resistance.
27-3. Three resistors having resistances of 15, 25, and 50 ohms, respectively,
are connected in series, and a difference of potential of 120 volts is maintained
across the combination. (a) What is the
current in each resistor? (b) What is the
voltage across each resistor? (c) How much
power is supplied to this combination?
27-4. In the circuit sketched in Figure
27-13, the current in the lO-ohm coil is 4.5
2012
R
amp. (a) Calculate the value of the resistance R. (b) Determine the amount of heat
developed in 1 min in the lO-ohm coil.
Fig. 27-13
27-5. Three resistors having resistances
of 4, 8, and 12 ohms, respectively, are connected in series. A storage battery maintains a difference of potential of 12 volts
across the combination. How much power is delivered to each resistor?

Transmission

q
Line, 2.512

o
o.....

q
olO

q
o

C\J

Fig. 27-14

27-6. A lamp, an electric heater, and an electric iron are connected in parallel,
as shown in Figure 27-14. Their resistances, when hot, are 100, 50, and 20 ohms,
respectively. If the generator produces a voltage across its terminals of 120 volts,
and if the transmission line has a resistance of 2.5 ohms, find (a) the current
supplied by the generator, (b) the voltage across the terminals of the lamp, (c) the
current in the heater, and (d) the power consumed by the heater.
27-7. A generator which maintains a constant terminal voltage of 120 volts
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supplies a current of 16 amp to a group of 10 identical lamps in parallel. The
line connecting the generator to the lamps has a resistance of 0.5 ohm. (a) What
is the voltage at the lamps? (b) What is the resistance of each lamp?
27-8. Figure 27-15 is a diagram of a part of an electric circuit. If the current
in the 6-ohm resistor is 3 amp, find the following quantities: (a) the reading of
the voltmeter connected between C and D; (b) the current in the 8-ohm resistor;
(c) the reading of the ammeter placed between Band C; (d) the potential difference between points A and B; and (e) the current in the 20-ohm resistor.

D

A

3012
Fig. 27-15

27-9. Two lamps, each rated at 40 watts and 120 volts, are used as resistors
in a circuit. If the two lamps are connected in series, (a) what is their combined resistance and (b) how much power is dissipated by these lamps when the
voltage across the two is 120 volts?
27-10. A battery has an emf of 6 volts and an internal resistance of 3 ohms.
What will be the current delivered to a 100-ohm resistor connected to the terminals of the battery?
27-11. When a generator is delivering a current of 50 amp, its terminal
voltage is 110 volts. When the same generator delivers a current of 100 amp,
its terminal voltage is 100 volts. What are the values of (a) the emf and (b) the
internal resistance of this generator?
27-12. When a storage battery is delivering a current of 20 amp to a load,
its terminal voltage is 5.9 volts. When the same battery is being charged by a
generator at a current of 5 amp, its terminal voltage is 6.05 volts. What are the
values of (a) the internal resistance and (b) the emf of the battery?
27-13. A generator with an emf of 120 volts and an internal resistance of
5 ohms delivers a current of 3 amp to a motor whose internal resistance is 2 ohms.
(a) What is the back emf of the motor? (b) What is the mechanical power
delivered by the motor? (c) What is the efficiency of the motor? (d) What is the
over-all efficiency of the system?
27-14. An ammeter reads a full-scale deflection of 1 amp and has a shunt
resistance of 0.1 ohm. The galvanometer from which it is constructed gives a
full-scale deflection when a current of 100 J.lamp passes through it. What is
the resistance of the galvanometer?
27-15. It is desired to construct a multimeter with ammeter ranges of 0.01
amp, 0.1 amp, and 1.0 amp and with voltmeter ranges of 0.1 volt, 1.0 volt, and
10 volts from a galvanometer having a full-scale deflection at a current of 100
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J.Lamp and an internal resistance of 50 ohms. Find the value of the shunt or
multiplier resistance in each case.
27-16. A voltmeter having a resistance of 100,000 ohms and a full-scale
deflection of 1 volt is connected across a 50,000 ohm-resistor. The voltmeter
indicates a potential difference of 0.75 volt. What is the potential difference
between the terminals of the resistor when the voltmeter is disconnected?
27-17. An ammeter which has a resistance of 50 ohms and a full-scale
deflection of 0.1 milliampere (abbreviated rna) is connected in series with a
circuit consisting of a cell and a 200-ohm resistor. The meter reads 0.08 rna.
What is the current in the circuit when the milliammeter is removed?

Fig. 27.16

27-18. In the Wheatstone bridge of Figure 27-16, the standard resistor S is
100 ohms, while the resistor R 1 is 150 ohms and R 2 is 50 ohms at balance. (a)
What is the value of the unknown resistor X? (b) Find the current supplied by
the battery whose emf is 6 volts and whose internal resistance is 3 ohms.
27-19. A battery has an internal resistance of R ohms. How large a resistor should be connected across its terminals in order that the greatest amount
of heat is generated in the resistor?

a
1012.
612.

2v

+

2v

+

+ t--...JI.f'I!\AfV'----..
4v~

Fig. 27-17

27-20. Three 6-volt storage batteries are connected in parallel to a resistor of
100 ohms. The internal resistances of the batteries are 1 ohm, 3 ohms, and
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10 ohms, respectively. (a) Find the heat generated in the 100-ohm resistor.
(b) Find the current delivered by each of the storage batteries.
27-21. In the circuit of Figure 27-17, find the current through the 6-ohm
resistor and the difference in potential Vb - Va between the points a and b.
27-22. A doc generator having an emf of 110 volts and an internal resistance
of 5 ohms is used to charge a 60-volt bank of storage batteries, whose internal

+

-

___ 60v

15ft

Fig. 27-18

resistance is 15 ohms, and to drive a motor whose back emf is 85 volts and whose
internal resistance is 3 ohms, as shown in Figure 27-18. (a) Find the current
supplied by the generator. (b) Find the charging current delivered to the
batteries. (c) Find the mechanical power delivered by the motor.

6iL
3iL

4iL
aft

7iL
5iL
9iL

Fig. 27-19

27-23. Find the single resistance equivalent to the network of Figure 27-19.

28
Electrical Conduction in
Liquids and Solids

28-1

Conductivity of Liquids.

Electrolytes

We have seen that electrical conduction in solids is associated with the drift
of free electrons in the solid, a process which will be examined in greater
detail in Section 28-4. A similar mechanism may be used to account for
the conduction of electricity in liquid metals. In other liquids electricity
is conducted by the migration of positive and negative ions through the
liquid.
When two terminals, or electrodes, are immersed in a liquid and a source
of emf is connected to them, there will be a current through the liquid.
Under the influence of the electric field established between the positive
terminal, or anode, and the negative terminal, or cathode, the ions drift
through the liquid. In general, if n+ is the number of positive ions per
unit volume moving with an average drift velocity v+, and n_ is the number
of negatively charged ions per unit volumE: moving with a drift velocity
L, we find the current density J in the liquid to be
J = n+q+v+ - n_q_v_.

The drift of the positive ions is in the direction of the current, while the
drift of negative ions is opposite to the direction of the current.
The electrical conductivity of a liquid depends upon the number of
ions per unit volume and upon their drift velocity. The drift velocity of
an ion varies with the electric field intensity, with the mass of the ion, and
with other factors as well. Thus the electrical conductivity of different
liquids may be expected to have widely different values.
Oily substances are very poor conductors of electricity, with conductivity of about 10-10 mho/m. Such oils find application as insulating oils
in electrical apparatus. Pure solvents such as water or alcohol are relatively
poor conductors, with a conductivity of about 10-4 mho/m. The conduc,
524
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tivity of solutions of chemical salts in water is much higher, being about
10 mho/m. Such solutions are generally classed as good conductors and
are called electrolytic solutions. The dissolved substance, or solute, is known
as the electrolyte. While the conductivity of electrolytes is quite high compared to the conductivity of the pure solvent, their conductivity 18 small
compared to a metallic conductor such as copper whose conductivity is
about 108 mhos/m. The electrical conductivity of different liquids is
shown in Table 28-1.
TABLE 28-1

ELECTRICAL CONDUCTIVITY OF LIQUIDS

Substance
KCI solution (O.ln)
NaCI solution (saturated)
Ethyl alcohol
Paraffin oil
Distilled water
Mercury

Conductivity
(mhos/m)
1.05
20.14
3.3 X 10-4
10- 14
2 X 10- 4
1.04 X 10 6

(at 15°C)
(at 15°C)
(at 15°C)
(at 18°C)
(at 20°C)

Our present understanding of the conduction of electricity by electrolytic solutions indicates that electrolytes are materials which are held
together by strong electrical forces in the solid state. In crystalline sodium
chloride, positively charged sodium ions and negatively charged chlorine
ions occupy adjacent places in the crystal lattice. These ions are firmly
anchored in position in the solid phase. Solid sodium chloride is a nonconductor of electricity. At high temperatures the ions have sufficient
thermal energy to overcome the attractive forces holding them in place,
and the substance melts. Molten sodium chloride is a good conductor of
electricity, having a conductivity about one twentieth that of a solution of
sodium chloride in water. The sodium ions and the chlorine ions in molten
sodium chloride drift under the action of the electric field. The sodium ions
migrate toward the cathode, and the chlorine ions migrate toward the
anode, so that pure sodium and pure chlorine may be separated in an electrolytic cell. Free electrons do not traverse the cell.
When sodium chloride is placed in water, there are strong forces of
attraction between the water molecules and the ions of sodium and chlorine.
The water molecule is highly polar. The positive or hydrogen end of the
water molecule tends to attach itself to the negative chlorine ion, while
the negative or oxygen end of the water molecule tends to attach itself to
the positive sodium ion, as shown in Figure 28-1. A shell of water molecules tends to surround each ion, and we say that the ions are hydrated in
solution. This shell of water molecules tends to separate the sodium and
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chlorine ions and to reduce the electrical force of attraction between them,
both as a result of the physical separation and as a result of the reduction
in electric field intensity of a point charge in a medium of high dielectric
constant (see Section 25-7).

H

V

H

/\H

H

H'\ /
a

Fig. 28-1

1\H

H

Sodium and chlorine ions and associated water molecules.

It is interesting that ionic substances dissolve only in polar solvents.
The process of solution is evidently furthered by the manner in which the
molecules of the solvent are able to attach themselves to the ions of the
solute. Ionic substances are relatively insoluble in nonpolar solvents, such
as benzene. When electrodes are immersed in an electrolytic solution, the
ion and its associated water of hydration drift as a unit through the liquid,
so that the effective mass of the ion is the mass of the entire assemblage.

28-2

Faraday's Laws of Electrolysis

The flow of electricity through an electrolytic solution is associated with
the transport of ions through the solution. If two silver electrodes are
immersed in a solution of silver nitrate in water, it is observed that the
mass of the anode diminishes as current is passed through the cell, while
the mass of the cathode increases. The total mass of the two electrodes
remains constant; that is, the effect of the passage of current is to transport
silver from anode to cathode. Silver atoms from the anode go into solution
as ions at the anode, replacing those ions which have left the solution as
atoms at the cathode. Electric charges are thus transported between the
electrodes. The concentration of the electrolyte in the solution remains
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unchanged. When a cathode of some metal other than silver is used, this
process results in electroplating silver onto the other metal.
The results of experiments with electrolytic cells can be summarized
in terms of two laws first formulated by Faraday, which state:
(1) The mass of any substance liberated from the solution is proportional
to the total quantity of charge passing through the circuit.
(2) If the same quantity of electric charge passes through a series of cells,
the masses of the elements deposited or liberated are in the ratio of their respective chemical equivalents.
The chemical equivalent of an element is defined as the atomic weight
divided by the valence. The direct implication of Faraday's laws is that
the flow of electric charge through a cell is always accompanied by the
movement of ions, and that no charge is transported through the solution
by the motion of free electrons.
Faraday's two laws of electrolysis can be combined into the following
single equation:
•

EW
M

1

= Q--,
v J

(28-1)

where M is the mass of an element deposited or liberated by the transfer
of a quantity of electricity Q through an electrolytic cell, A is the atomic
weight of the element, v is its valence, and J is a constant known as the
faraday. The faraday is equal to the quantity of electricity transferred
through the cell in depositing or liberating a gram chemical equivalent of
an element. The gram chemical equivalent is the number of grams numerically equal to the chemical equivalent.
The best experimental value of the faraday is
J = 96,496 coul/gm atomic wt,

using the chemical scale of atomic weights in which the atomic weight of
oxygen is taken as 16. The faraday has a slightly different value on the
physical scale of atomic weights in which the atomic weight of a particular
isotope of oxygen containing 16 nucleons (8 protons and 8 neutrons) is
taken as 16.
It is possible to make use of Faraday's laws of electrolysis to measure
the charge transferred in a circuit by the passage of an electric current.
Thus, a silver coulombmeter, an electrolytic cell having silver electrodes and
a solution of a silver salt as electrolyte, may be placed in an electric circuit,
and the charge transferred may be determined by measuring the mass of
silver plated onto the cathode or liberated from the anode.
The results of experiments in electrolysis enable us to determine the
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charge carried by ions. The faraday represents the total charge transferred
by the ions when a gram atomic weight of an element of unit valence is
liberated from the solution. Since there are No atoms in a gram atomic
weight of an element, where No is the Avogadro number, this means that
No ions, each carrying a charge e equivalent to the charge of an electron, are
transferred in the process. We can write
J = Noe.

(28-2)

The Avogadro number No has been determined by other experiments
and its presently accepted value is

No = 6.023 X 1023 atoms/gm atomic wt.
Equation (28-2) therefore yields the value

e = 1.602 X 10- 19 coul
for the electronic charge.
The above procedure is one of the most accurate methods for the
determination of the charge of the electron. The first demonstration of
the unique value of the electronic charge was made by Robert Andrews
Millikan, who measured the charge on small droplets of oil suspended
between two horizontal brass plates, by studying the speed with which the
charged droplets fell through air under the combined action of gra'vitation
and the imposed electric field between the two plates.
28-3

Electrochemical Cells

In an electrochemical cell chemical energy is transformed into electrical
energy. When electrodes of two different materials are immersed in an
electrolyte and no current is permitted to flow to any external circuit, it is
found that there is a potential difference between them, called the emf of
the cell. When a metallic electrode is immersed in an electrolyte, there is
a tendency for ions of the metal to go into solution, and, since ions formed
by a metal are generally positively charged, the electrode becomes negatively charged. The negatively charged electrode tends to attract ions onto
itself as a precipitate. Equilibrium is reached when the number of ions
leaving the electrode to go into solution in a given time interval is equal to
the number attracted to the electrode in that time interval. The charge
on the electrode when equilibrium is reached depends upon the chemical
activity between the electrode and the solvent. Since chemical activity
varies with temperature, the charge on the electrode, and hence its potential, vary with temperature.
The potential acquired by an electrode cannot itself be measured without some reference potential. It is customary to measure the potential
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difference between a particular electrode and a hydrogen electrode. The
hydrogen electrode consists of a piece of platinum foil, coated with finely
divided platinum, immersed in water. Hydrogen gas is bubbled over the
platinum. electrode and tends to collect at the surface of the platinum.
An electrode potential is reached which is a measure of the tendency for
hydrogen ions to accumulate in the solution. The potential of this reference
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Fig. 28-2 Cell made of a metal electrode and a hydrogen electrode for measurement
of electrode potentials.

electrode is arbitrarily assigned the value zero. The potentials of other
electrodes are then determined by measuring the potential difference
between the hydrogen electrode and another electrode when these are
made part of a cell, as shown in Figure 28-2. The results of such measurements with different electrodes are shown in Table 28-2. The algebraic
difference in potential between two values in the table then gives approximately the emf of a cell made up of the two electrodes.
The values of electrode potentials given in Table 28-2 represent the
potential of a particular electrode, when in equilibrium with ions of that
electrode, referred to the potential of a hydrogen electrode in equilibrium
with hydrogen ions. The position of a substance in the table therefore
represents the tendency of an electrode to go into solution. The more
negative the electrode potential, the greater the tendency of the substance
to go into solution. Since zinc has a more negative electrode potential than
copper, we find that, if a zinc strip is placed in a copper sulphate solution,
zinc ions will tend to replace copper ions in the solution, and the zinc strip
will acquire a coating of copper.
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We shall describe briefly only a few of the many practical cells in
common use:
The Daniell cell consists of an amalgamated zinc electrode immersed
in a solution of zinc sulphate and a copper anode immersed in a 'laturated
solution of copper sulphate. The emf is approximately 1.06 volts, which
may be compared to a value of 1.10 volts obtained from Table 28-2. The
TABLE 28-2

ELECTRODE POTENTIALS AT 25°C

Reaction

Element
Li
Zn
Cd
H
Cu

Hg
Pd

e- + Li+~ Li
+ !Zn++ ~ !Zn
e- + !Cd++ ~ !Cd
e- + H+~!H2
e- + !Cu++ ~ !Cu
e- + Cu+~Cu
e- + !Hg2++~ Hg
e- + !Pd++~ !Pd

e-

Electrode Potential

(volts)
-3.05
-0.76

-0040
0.00
+0.34
+0.52
+0.79
+0.99

zinc sulphate solution is of lower density than the copper sulphate solution,
so that the two solutions remain apart by gravity, or may be separated by
a porous diaphragm. The zinc electrode is negative in this cell.
One type of dry cell has a zinc cylindrical shell which forms the outer
container of the cell and is the negative electrode. The positive electrode
is a carbon rod which is inside, but
which does not touch the cylinder.
The dry cell is shown in Figure 28-3.
The rest of the cell is filled with a
Zinc container
and negative
paste of carbon powder, manganese
electrode
dioxide, and ammonium chloride
/~SI-- Paste confaining
solution. The ammonium chloride soNH4 CI and Mn02 lution acts as the electrolyte. The
Carbon rod
manganese dioxide reacts with the
~~--and positive
hydrogen liberated at the carbon
electrode
anode when current is drawn from the
cell. The top of the cell is sealed with
a cement so that the cell does not leak.
The emf of this cell is about 1.55 volts
Fig. 28-3 Dry cell.
when new. The dry cell is capable of
supplying small amounts of current, of the order of tens of milliamperes
for steady use, and larger currents in intermittent use.
A cell which is widely used as a secondary standard of potential is the
Weston standard cell shown in Figure 28-4. If the current drawn from the
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cell is very small, the cell maintains a very stable emf. The Weston cell
has an anode of mercury, in contact with a paste of mercurous sulphate.
The cathode consists of a cadmium amalgam in contact with a layer of
cadmium sulphate crystals. The electrolyte consists of a saturated solution
of cadmium sulphate.
The lead storage cell has a positive electrode made of lead dioxide and
a negative electrode of lead, with a dilute solution of sulphuric acid as the
electrolyte. When the cell is delivering current to an external circuit, the

='

/Cadmium
sulphate
~~~~·I
solution
~.;.

Weston standard
cell. (Courtesy of Weston
Electrical Instrument Corporation.)
Fig. 28-4
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chemical reaction forms lead sulphate on both plates and makes the solution
more dilute. The specific gravity of a fully charged lead cell is 1.285 when
the emf of the cell is 2.1 volts. When the cell is discharged, the specific
gravity of the electrolyte falls to 1.1, and the emf of the cell is about 1.8
volts. Thus a hydrometer may be used to measure the specific gravity of
the electrolyte and to determine the state of charge of the cell. The chemical action in a storage cell is reversed when current flows through the cell
in a direction opposite to the normal discharge direction. A storage cell
may be repeatedly charged and discharged in normal operation.

28-4

Conduction in Solids

The most important feature of atomic structure is that there is a discrete
set of energy levels in an atom. For our present purposes we may divide
the electrons of an atom into two groups. We shall call one group of electrons the core electrons. These consist of electrons which are relatively
close to the nucleus and which occupy energy levels in which they are
tightly bound to the atom. The other group of electrons are called the
valence electrons: These are the outermost electrons of the atom and are
the least tightly bound to the atom. The valence electrons may be shared
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by other atoms in the formation of molecules. In general, an atom may
have up to 8 valence electrons. These valence electrons occupy energy
levels which may be designated as s levels and p levels. The s levels are
more tightly bound than the p levels. The energy separation of the levels
of the different classes is of the order of several electron volts of energy.
No more than 2 electrons may be in anyone s level and no more than
6 electrons may be in anyone p level. An element in the first column of
the periodic table has a valence of 1; this means that it has 1 electron outside a closed core. This valence electron is in an s level. Elements in the
second column of the periodic table have 2 valence electrons. These fill
the s levels outside the core. An element of valence greater than 2 will
have 2 electrons in the s level and the additional electrons in the p level.
The energy levels. of an atom are associated with the fact that the
electric field experienced by the valence electrons has a well-defined center
of attraction. Each valence electron is bound to its parent nucleus, as long
as the atom is distant from all other atoms. When two different atoms
combine to form a molecule, as in the case of molecular hydrogen H 2 , the
valence electrons of both atoms experience two centers of attraction, so
that these electrons are shared by the two nuclei, and it is no longer possible
to say which electron belongs to which nucleus. When a number of identical atoms are assembled in a periodic lattice structure to form a crystal,
the valence electrons of the atoms of the crystal may no longer experience
a well-defined center of attraction. In this case these electrons are sometimes free to drift through the crystal as conduction electrons.
We may gain additional insight into the problem of the conduction of
electricity in solids by considering what happens to the energy levels of the
atoms when the crystal is assembled. The presence of adjacent nuclei
may alter the energy associated with the s levels and the p levels of an atom.
The total number of levels in the system remains the same, but the position
of the levels may be altered. The collection of s levels of the crystal may
then be thought of as a continuous band, called the s band. In a similar
way the p levels spread out into a p band. Depending upon the position
of adjacent atoms in the crystal, these bands may remain far apart, they
may be brought relatively close together, and, in some cases, they may
even overlap, as shown in Figure 28-5.
If the atom is divalent, there are two s electrons in each atom. When
the s band is relatively far from the p band in energy, all the s levels are
occupied, and the electrons cannot move readily to the p band except by
the addition of large amounts of energy. This band structure then describes
an insulator, for the electrons are not free to alter their velocities. If the
atom is monovalent, only half of the available s levels are occupied. The
application of an electric field can influence the direction and magnitude
of the velocity of the electrons, and the material is a conductor. Thus the
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monovalent metals such as copper, silver, and so on, are good conductors
of electricity.
In the general case of a metallic conductor, the bands overlap. Thus
there are a large number of available energy levels, and the valence electrons
of the crystal are free to alter their velocities in accordance with an applied
electric field.

t
~
Co

Q)

p

p

S

S

G5

(a)

(b)

(e)

Fig. 28-5 (a) Energy levels of an atom. (b) Energy levels of a solid (nonoverlapping).
(c) Overlapping energy bands of a conductor.

When the s band is only a few tenths of an electron volt distant from
the p band, the energy associated with small changes in temperature may
be sufficient to raise an electron from a filled s band to an unfilled p band.
The resistivity of such a material is markedly affected by temperature.
Such a material is an intrinsic semiconductor. An electron may be raised
from the filled s band to the p band by absorbing energy from incident light.
In this case the material is called photoconductive.
If there are distortions in the crystal lattice, or if there are impurities
present, the structure of the bands may be altered. In the vicinity of these
impurity sites, the level structure may be altered, and the material may
become partially conducting, as in an impurity semiconductor. As an
example, let us consider the effect of impurities in a germanium crystal.
Atoms of germanium have 4 outer electrons each. If one atom of antimony
which has 5 outer electrons replaces one atom of germanium, there will be
1 excess electron in this region. The energy-level structure is locally
altered, and this electron may be set in motion by the application of a small
electric field. A germanium crystal with this type of impurity is called an
n-type crystal, the n standing for negative charge. On the other hand, if
an atom of indium, which has only 3 outer electrons, replaces a germanium
atom, there will be a deficiency of electrons, or a hole left in this part of the
crystal. Again the energy-level structure is locally altered, and if an electric
field is applied to such a crystal, electrons from other parts of the crystal
flow toward the holes, leaving holes in other parts of the crystal. Thus the
current in this type of crystal may be considered as the motion of holes.
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A hole in a region which would be normally occupied by an electron is
equivalent to the addition of a positive charge at this place. A germanium crystal with a type of impurity which produces holes is called a
p-type crystal, where p stands for positive charge.
n-type
I

'f
+-+-+-+
------

Fig. 28-6 (a) Point contact rectifier, direction of easy conductor.
(b) Conventional symbol of rectifier;
the arrow is in the direction of the
forward current.

------_+ _- ± t -_ +_
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When a point contact is made between a metal wire and an n-type
semiconductor, as shown in Figure 28-6(a), it is found that the resistance
of the contact is comparatively low when the wire is made positive relative
to the semiconductor, but the resistance is considerably higher when the
wire is negative. In such a semiconductor there are relatively few energy
levels available to the conduction electrons. When the wire is made posi---t--G
tive, electrons from the semiconductor
are attracted to the wire, so that
there is a continuous supply of available levels in the vicinity of the contact
Fig. 28-7 p-n junction; direction
of easy conduction.
for other electrons in the semiconductor to occupy. These electrons diffuse
toward the contact point, establishing a current sometimes called the forward current. When the wire is made negative, electrons are injected from
the wire into the available levels in the semiconductor in the vicinity of the
contact point. All available levels become occupied, and additional electrons can no longer flow into the semiconductor until the excess of electrons
in the vicinity of the contact point has diffused through the body of the
semiconductor into the opposite terminal. Thus the resistance of the
contact depends upon the direction of the current. Such a point contact
may be used as a diode or rectifier; the conventional symbol is shown in
Figure 28-6(b); the arrow shows the direction of the forward current.
In a similar way, when an n-type semiconductor is placed in contact
with a p-type semiconductor, as shown in Figure 28-7, the direction of eal y

+
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electron flow is from n to p, that is, when the p-type semiconductor is made
positive. Once again, when electrons flow from the p to the n material, the
available energy levels in the n material in the vicinity of the contact
become occupied, and no additional electrons may flow until these diffuse
away.
28-5

Thermoelectric Effects

One thermoelectric effect with which we are already familiar is the liberation of heat due to the passage of electric current through a conductor.
This is an irreversible process, for heating a conductor to uniform temperature does not generate an electric current. Besides the Joule effect, there
are several reversible thermoelectric effects of interest.
The most frequently applied of these effects is called the Seebeck effect,
after its discoverer Thomas Johann Seebeck (1770-1831). If wires of two

Fig. 28-8

Thermocouple circuit.

dissimilar metals are joined at their ends, and these ends are maintained
at different temperatures, a current may be observed in the wires of the
circuit. It is possible to analyze the current in terms of a thermal emf
developed at the junctions of the wires and the resistance of the circuit.
In general, the interposition of a third metal into the circuit does not affect
the thermal emf if the third metal is maintained at a constant temperature.
The primary application of the Seebeck effect is in the measurement
of temperature through a device called a thermocouple. In practice, one
junction of a thermocouple is kept at the temperature of melting ice, while
the other junction is immersed in the medium whose temperature is being
measured. In some applications a galvanometer is inserted into the
thermocouple circuit, as shown in Figure 28-8, but more generally the
thermal emf is measured with a potentiometer, and the unknown temperature is determined by comparison with a calibration chart. This application
of the potentiometer is one of its principal uses in industry, where the
measurement of temperature is of great importance in metallurgy, in
chemical engineering, and so on.
Figure 28-9 shows the thermoelectromotive force as a function of the
temperature of the hot junction when the cold junction is kept at oDe.
The thermoelectromotive force at first increases with increasing temperature until the point N, known as the neutral point, is reached, and then
decreases as the temperature of the hot junction is increased still further
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until the point I, known as the inversion point, is reached, when the emf
reverses direction as the temperature is increased still further. The neutral
point for a copper-iron thermocouple is about 260°C; it varies with the
purity of the metals.
When there is a current in a thermocouple circuit because of a difference in temperatures at the two junctions, heat is absorbed at the highertemperature junction, and a smaller
quantity of heat is emitted at
N
the cooler junction, the difference
between the two quantities of heat
being converted into electrical
energy.
.~ 0
Thermocouples can be made
(;
E 0.5
of any combination of metals.
e
.] 1.0
The electromotive force e of a
°§'" 15
thermocouple depends upon the
;::'"
nature of the two metals used and
the
temperatures of the junctions.
Fig. 28-9 Thermoelectromotive force of
a copper-iron thermocouple as a function If one junction is kept at a fixed
of the temperature of the hot junction.
temperature and the other at any
other temperature T, the emf of
the thermocouple will be given, to a very close approximation, by the
equation
(28-3)

where a, b, and c are constants for the particular thermocouple and have
to be determined experimentally from the measurements at known temperatures. Once these constants have been determined, the thermocouple
may be used as a thermometer. A thermocouple thermometer, one wire
of which is made of platinum and the other of an alloy of 90 per cent platinum and 10 per cent rhodium, is used for measuring temperatures on the
international scale in the range from 660°C to 1063°C. Special alloys have
been developed for use in thermocouples. One of the advantages of a
thermocouple thermometer is that only one junction need be heated, and
since this can be made very small, only very small quantities of heat are
needed to produce a measurable effect. Because of its small size and mass,
the thermocouple junction will follow very rapid changes in temperature.
More recently, there has been considerable research into the possibility
of exploiting the Seebeck effect as a means of generating electrical energy
directly from heat energy without the use of rotating machinery. One unit,
developed in 1954, was capable of converting solar energy into electrical
energy with an efficiency of 3.35 per cent, as compared to an efficiency of
about 5.8 per cent for a conventional gasoline-powered 1-kw generator.
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A second thermoelectric effect was discovered by Jean C. A. Peltier
(1785-1845). The Peltier effect is the inverse of the Seebeck effect. When
there is a current through the junction of two dissimilar metals, the temperature of the junction changes. An emf is developed at the junction
as electrons from one metal diffuse into the other to fill vacant energy
levels in the other metal. When the current is in the direction of the emf,
the temperature of the junction falls, while if it is in the opposite direction,
the temperature of the junction rises. This effect is superimposed upon
the usual Joule heating of a conductor, and, in spite of the Joule heating,
it is possible to cool a suitably designed junction to a temperature lower

Th B
Fig.28-10 Peltier emf's P, and P 2 at the junctions 1 and 2 respectively, and the
Thomson emf's 1'hA and ThB in the wires A and B of a thermocouple. The junctions
are maintained at temperatures 1', and 1'2 respectively.

than that of the surroundings. The Peltier effect in an arrangement of
wires of two dissimilar metals similar to a thermocouple may be thought
of as an electrically operated heat pump, albeit a very inefficient one at
present.
A third thermoelectric effect, called the Thomson effect, was predicted
from thermodynamic considerations by Sir William Thomson (Lord Kelvin,
1824-1907). When different parts of the same metallic conductor are
maintained at different temperatures, differences of potential may be
observed in the conductor. The Thomson emf's are of the order of millivolts (abbreviated mv). The Thomson effect may be interpreted on the
assumption that the free, or conduction, electrons within a metal behave
like the molecules of a gas. Like the molecules of a gas, the electron density
is highest where the temperature is lowest. The low-temperature portions
of the conductor become negatively charged and thus are at lower potentials
with respect to regions of the conductor at higher temperature.
Thermoelectric effects occur in all conductors. In electrical apparatus
of high sensitivity, it is desirable to avoid temperature differences in different parts of the apparatus to avoid difficulties associated with the thermal
electromotive force.
The three thermal emf's discussed above are not independent of each
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other. When the junctions of two wires of dissimilar metals are maintained
at different temperatures T I and T 2 , respectively, there are Thomson emf's
in both wire A and wire B; these are designated as ThA and ThB respectively, as shown in Figure 28-10. There are Peltier emf's PI and P 2 at the
junctions 1 and 2. The Seebeck emf is the sum of the emf's around the
thermocouple. Thus

e

Problems

28-1. Determine the mass of silver which is deposited on a cathode from a
silver nitrate solution by a current of 2 amp in 15 min.
28-2. When a current is passed through water containing a small amount
of sulphuric acid to make it conducting, the water is decomposed into hydrogen
and oxygen. (a) How large an electric charge must pass through the solution
to liberate 1 gm atomic wt of oxygen? (b) How much hydrogen will be liberated
at the same time? The chemical formula for water is H 2 0.
28-3. A dry cell having an emf of 1.55 volts and an internal resistance of
0.08 ohm supplies current to a 4-ohm resistor. (a) Determine the current in
the circuit. (b) Calculate the terminal voltage of the cell.
28-4. A lead storage battery whose emf is 6.3 volts, when being charged
with a current of 12 amp, has a terminal voltage of 7.2 volts. (a) Determine
the internal resistance of the battery. (b) How much energy is supplied to the
battery in 30 min? (c) How much of this energy is converted into heat? (d) What
becomes of the rest of this energy?
28-5. Two storage cells having the same emf of 2.1 volts, but having different
internal resistances of 0.2 and 0.4 ohms, respectively, are connected in parallel.
The parallel combination of cells is connected to a lO-ohm resistor. Determine
(a) the current through the resistor and (b) the terminal voltage across either cell.
28-6. When a pure metal is immersed in an electrolyte, ions of the metal
form in the solution until equilibrium is reached and the electrode attains its
equilibrium electrode potential. Explain why a commercial metal such as iron
or aluminum continues to corrode when it is immersed in salt water.
28-7. The emf of a silver-platinum thermocouple when one junction is at
O°C and the other at 100°C is 0.74 mv; when the second junction is at 200°C,
the emf is 1.77 mv. (a) Determine the constants of Equation (28-3). (b) Calculate the temperature of the second junction when the emf is 1.30 mv.
28-8. A Pt-Pt-10 per cent Rh thermocouple is used as a standard for the
determination of temperature. The following table gives the emf in millivolts
when one junction is at O°C and the other junction is at the temperature given
in the table. (a) Plot a graph of emf against temperature. (b) Determine the
temperature of the second junction when the emf is 5.00 mv. (c) Determine the
constants of Equation (28-3) for this range of temperatures.
emf
temp (0C)

0.64311.436 2.316 3.251 4.221 5.224 6.260 7.329 8.432 9.570
100)200

300 --:wo 500 600 700 800 900

1000
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Natural and Permanent Magnets

Natural magnets, called lodestones, have been known since ancient times.
The lodestone, a magnetic oxide of iron called magnetite (Fea04), was mentioned by Thales of Miletus. By the eleventh century the magnetic compass was known to the Chinese, and in the twelfth century references to

.====t

Fig. 29-1 Iron filings cling to the poles
of a bar magnet.

the compass were made in Western Europe. The lodestone is capable of
attracting pieces of iron and of imparting permanent magnetism to other
pieces of iron so that these too could attract iron filings. If an iron bar is magnetized, as the result of being near a
piece of lodestone, and is then dipped
into iron filings, the filings will cling
mostly to the ends of the bar, as shown
in Figure 29-1. These ends are called the
poles of the magnet.
The use of the magnet as a compass Fig. 29-2 A simple magnetic comdepends upon the fact that if a perma- pass needle.
nent magnet is suspended so that it can
swing freely in a horizontal plane, the magnet will set itself in nearly a
north-south direction. The end which points toward the north is called
the north-seeking pole, or simply the north pole, while the other end is
called the south pole. A line joining the south to the north pole is called
the axis of the magnet. A simple magnetic compass is shown in Figure 29-2. When such a compass is mounted upon a sheet of cork and is
floated in water, the cork sheet remains at rest, implying that the net force
on the compass is zero.
539
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A ship's compass, a somewhat more elaborate instrument, is shown in
Figure 29-3. It consists of a compass card fastened to a set of parallel
magnets with their north poles facing in the same direction and mounted

Fig. 29-3

A ship's compass. The compass card is mounted on four parallel magnets.

so that the whole assembly rotates freely in a horizontal plane. The case
housing the compass is mounted in a set of bearings so that it can remain
horizontal even when the ship rolls and pitches. A marker on the case
housing the compass shows the direction in which the ship is headed.
29-2

Coulomb's Law of Force

Suppose that a bar magnet is suspended from its center by a string so that
it can swing freely in a horizontal plane. If the north pole of a second bar
magnet is brought near the north pole of the first one, there will be a force
of repulsion between these poles. The suspended magnet will move so that
its north pole goes away from the north pole of the approaching magnet.
On the other hand, there will be a force of attraction when the north pole
of one magnet approaches the south pole of the other one. In his book,
De Magnete, William Gilbert (1540-1603) first showed that the earth could
be considered as a huge spherical magnet with two poles, and that the compass needle was oriented by the forces exerted by the earth's magnetism.
About two centuries later Charles Augustin de Coulomb (1736-1806)
measured the law of force between the poles of two magnets. A long thin
magnet was suspended from a fine wire, and the pole of another thin magnet
was brought near a like pole of the suspended magnet, as shown in Figure
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29-4. Because of the force between these two poles, the suspended magnet
experienced a torque which caused it to rotate about the wire as an axis,
thus twisting the wire. Coulomb
studied the force between the poles
of two magnets as a function of the
distance between them; he also
studied the force between magnets of different strengths, keeping
the distance between poles constant. He found that the force
between two poles of two magnets
varied inversely with the square of
the distance between them, and
varied directly with the strengths
of the poles. The results of Coulomb's experiments could be
summed up by stating that the
force between the two magnetic poles
is proportional to the product of the
strengths of the poles and inversely
proportional to the square of the
distance between them, or
(29-1)

Fig. 29-4 Coulomb type torsion balance.
NS, magnet of pole strength PI, is suspended from elastic fiber. N'S' is another
magnet of pole strength P 2.

in which PI is the pole strength of
the first magnet, pz is the pole
strength of the second magnet, r
is the distance between the poles, kl is a constant of proportionality, and
F is the force between them. The force between the two poles is directed
along the line joining the two poles; it is attractive between unlike poles
and repulsive between like poles.
Following the analogy of Coulomb's law for electric charges, we may
write this proportionality in the form of an equation, but we must first
define either the constant of proportionality k l or the magnitude of the unit
pole. As before, in the cgs system of units, the constant of proportionality
kl is set equal to 1, when the medium is vacuum, and the subsequent equation is used to define a unit pole. The units based upon this equation are
then called the cgs electromagnetic units (abbreviated emu). In the form
of an equation, we have
cgs emu

(29-1a)
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for the force in dynes between two poles in vacuum (or in air for which this
equation is very nearly correct). In Equation (29-la) F 2 is the force on the
pole P2 in dynes, r is the distance between the poles in centimeters, and the
unit vector 1r is directed from the pole PI to the pole P2. The pole strength
is expressed in unit poles, writing a north pole as positive and a south pole
as negative. A cgs unit pole is implicitly defined in Equation (29-la) as one
which, placed one centimeter from a like pole in vacuum, will repel it with a
force of one dyne.
In the mks system of units, the constant of proportionality is written
1

as - - , so that Coulomb's law becomes
471"J.'o
mks units

(29-1b)

The constant J.'o is assigned the value 471" X 10-7, for reasons which must
be deferred until a subsequent chapter. Equation (29-lb) implicitly defines
an mks unit pole called a weber. In Equation (29-lb) F 2 is the force on pole
P2 expressed in newtons, PI and P2 are expressed in webers, and r is expressed in meters. An mks unit pole of strength one weber is one which,
placed one meter from a like pole in vacuum, will repel it with a force of
107 /(471")2 nt. This is a force of 1012 /(471")2 dynes. From Equation (29-lp
two cgs unit poles placed 1 m apart repel each other with a force of 10- 4
dyne. Thus we see that
(29-2)
1 weber = 108/(471") cgs poles.
In a form appropriate to Equation (29-lb) the value of J.'o may be
gIven as
2
7 weber
(29-3)
J.'o = 471" X 10- --2-·
ntm
As the theory of magnetism is developed, other dimensions will be stated
for J.'o which are equivalent to the dimensions given above.
The properties of a magnet and of magnetic poles appear to be similar
to the properties of electric charge, and yet there are extremely significant
differences. For example, when a long magnetized needle is broken in two,
new poles appear at the broken ends, so that each piece of the needle is
observed to contain a north pole and a south pole. An isolated magnetic
pole has never been observed in nature. Poles always occur in pairs. In
calculating the forces on a magnet due to the presence of other magnets,
we must always take into account the forces due to the north and the south
poles of the magnets generating the force.
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In a Coulomb type of experiment however, it is possible to use magnets
long enough so that when two poles are placed near each other, the other
poles are far enough removed so that they do not appreciably affect the
result. The pole of a magnet is simply a small region of the magnet which
acts as a center of force rather than the location of isolated magnetic charge.
In spite of the fact that we shall find it convenient to speak of the magnetic
field in terms of magnetic poles, we must always bear in mind that the
smallest element of magnetism observed physically is not a magnetic pole
but a magnetic dipole.
29-3

Intensity of Magnetic Field

Because of the effect that a magnet produces on magnetic materials placed
anywhere in its neighborhood, we can say that a magnetic field exists in the
neighborhood of a magnet. We can make a quantitative statement of the
intensity of the magnetic field at some point in space by placing the north
pole of a long, thin, needlelike magnet at this point. If the pole strength
of this magnet is p, its north pole will experience a force F. The magnetic
field intensity H at this point is defined as the force F divided by the pole
strength p, or, in the form of an equation,

(29-4)

The magnetic field intensity H is a vector quantity, whose magnitude
is given by the magnitude of the force on a unit north pole, and whose
direction is the direction of the force on a north pole. Algebraically, it is
conventional to represent a north pole as a positive pole and a south pole
as a negative pole. In cgs emu the force is stated in dynes, the pole strength
is cgs unit poles, and H is given in oersteds. If the intensity of the magnetic
field H is known at a particular point in space, the force that would be
experienced by each pole of a magnet placed at this point is given by Equation (29-4). For example, if the north pole of a long thin magnet having a
pole strength of 2 cgs poles is placed at a point where the intensity is 45
oersteds, the force on it is 90 dynes.
Illustrative Example. A bar magnet 24 cm long has a pole strength of
800 cgs unit poles. Calculate the intensity of the magnetic field at point A
16 cm from the magnet, measured along the line which is the perpendicular
bisector of the bar.
Referring to Figure 29-5, we note that the point A is 16 cm from the center
C of the bar and 20 cm from each end, Nand S. For purposes of calculation,
let us imagine a long thin magnet of unit pole strength with its north pole at A,
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and apply Coulomb's law to calculate the force exerted on it by each of the poles
of the bar magnet. The force of repulsion on the unit north pole at A due to
the north pole N is, from Equation (29-1a)
F =

800 X 1
dynes = 2 dynes
400

directed away from N along N A. The force of attraction on the unit north
pole at A due to the south pole S is also 2 dynes but is directed toward S along
AS. Adding these two forces vectorially, we
get 2.4 dynes acting parallel to the axis of the
magnet as the force on a unit north pole at A.
The intensity of the magnetic field at A is
therefore

H

=

2.4 dynes
cgs pole

=

2.4 oersteds.

If the north pole is taken away and if a south
pole is placed at A, it will experience an equal
force in the opposite direction. A magnet so
small that it can be considered as though both
Fig. 29-5
poles are practically at A will line up parallel
to the direction of the field at A, with the
north pole pointing in the direction of the field. A magnetic field may therefore be mapped by small compass needles, which will orient themselves parallel to the direction of the field.

When iron filings are introduced into a magnetic field, the filings
become magnetized. The magnetized filings orient themselves in the
direction of the field. Figure 29-6 shows a typical arrangement of iron
filings in the neighborhood of a bar magnet as seen in one plane.
As we shall see in a subsequent chapter, a magnetic field may also be
generated by a wire carrying current, and, in fact, this is the most common
method for the generation of a magnetic field. This has been recognized
in the choice of the units of magnetic field intensity H in the mks system
where H is generally stated in units of amperes per meter. Until we have
developed the concepts appropriate to the generation of the magnetic field
by current in a wire, we shall represent the magnetic field in units of newtons
per weber in the mks system of units, a form appropriate to the definition
of H in Equation (29-4). The relationship between the mks and cgs units
of the magnetic field intensity H may be stated as
nt
1 - - = 47r X 10-3 oersted.
weber
This conversion factor may be verified by recalling that
1 nt

=

10 5 dynes,

(29-5)
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Fig. 29-6

Pattern formed by iron filings in the neighborhood of a bar magnet.

108
egs poles.
47l'

and

I weber

Thus

nt
I nt
105 dynes
I weber
X ---,----I -- = -- X
weber
weber
I nt
lOS/47l' egs pole
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= -

=

47l' X 10-3 dyne
egs pole

=

47l' X 10- 3 oersted.

Magnetic Moment

If a bar magnet of length s and pole strength p is placed in a uniform
magnetic field of intensity H, its north pole will experience a force Hp in
the direction of the field, while its south pole will experience an equal force
in the opposite direction, as shown in Figure 29-7(a). If the magnet is not
parallel to the field, the magnet will experience a torque tending to rotate
it so that its alignment is parallel to the field. The magnet will experience
two forces equal in magnitude but opposite in direction, so that the net
force on the magnet is zero.
Following the terminology developed in electrostatics where we called
an assemblage of two equal and opposite charges an electric dipole, we call
a magnet with its two equal and opposite poles a magnetic dipole. The
magnetic dipole moment m is a vector quantity directed from the south pole
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of the magnet to its north pole and is of magnitude given by the product
of the pole strength p by the separation of the poles s. In the form of an
equation the magnitude of the dipole moment is given by

= ps.

m

(29-6)
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Fig. 29-7 (a) Forces on a bar magnet in a uniform magnetic field. The plane of the
paper is the x-y plane. (b) When the magnetic moment vector m and the magnetic
field H lie in the x-y plane as shown, the torque G on the magnet is parallel to the z axis.

If s is the displacement vector directed from the south pole of the magnet
to its north pole, the magnetic dipole moment vector m is given by the
equation
(29-60)

which may be compared to the corresponding definitions in electricity
given in Equation (25-11). The cgs electromagnetic units of magnetic
dipole moment are cgs pole centimeters, while the mks units of dipole moment
may be expressed as weber meters.
Let us calculate the magnitude of the torque G about the center of the
magnet due to the effect of the magnetic field H upon the magnetic dipole
m, as shown in Figure 29-7(b). If the dipole-moment vector makes an
angle fJ with H, the torque is
G

=

Hpssin fJ,

or, in terms of the magnetic moment m as defined in Equations (29-6), the
torque is given by
G

= Hm sin fJ.

(29-7)

As shown in the figure, the torque tends to rotate the magnet in the clockwise direction. Following the right-hand rule, the torque vector is in the
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-z direction. Using the notation of the vector product developed in
Section 7-4, we may write
(29-7a)

We may apply this result to the measurement of the magnetic field.
If a small bar magnet of moment of inertia I is suspended in a magnetic
field H, the torque on the magnet will be given by Equation (29-7), and if
the angle made by the magnet with the field direction is small, we may
replace sin 0 by O. Observing that the direction of the torque vector is
opposite to the direction of the angular displacement, we obtain

G

=

-HmO

(29-8)

By comparing Equation (29-8) with Equation (12-2), we see that the
magnet is subjected to an elastic restoring torque which is proportional to
the angular displacement 0 and opposite in direction. The magnet will
therefore vibrate in simple harmonic motion. The period of the motion T
will be given by Equation (12-17) as

T

=

211"

I

I .
'\JmH

(29-9)

Thus the magnetic field intensity H may be determined by measuring the
period of vibration, T of a magnet of known magnetic moment M and
moment of inertia I.
Illustrative Example. A bar magnet 8 cm long has a mass of 20 gm and a
pole strength of 60 cgs unit poles. Determine (a) its magnetic moment and (b)
its period when placed in a field whose intensity is 100 oersteds.
(a) The magnetic moment of the bar magnet is, from Equation (29-6),
m

=

60 poles X 8 cm = 480 pole cm.

To determine the period it is necessary to find the moment of inertia. The
moment of inertia of a uniform bar about an axis through its center of gravity
is given by the expression

1= l2ML2,
where M is the mass of the bar and L is its length. Therefore

I = l2 X 20 gm X 64 cm 2 = 106.7 gm cm 2 •
(b) Substituting these values in Equation (29-9), we find

T = 211"

~

106.7
480 X 100

sec = 0.296 sec.
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Atomic Magnetic Moments

When a small magnet is placed in a uniform magnetic field, it experiences
a torque. When the magnet is placed in a nonuniform field, the field acting
at the south pole of the magnet may be given by H s , while that acting at
the north pole of the magnet may be given by H n = H s + I1H, as shown
in Figure 29-8, where I1H is the vector
L1H
difference between the fields at these
two poles. The net force on the magnet is due to the change in the field
p I1H, for if p is the pole strength of the
magnet, the force on the magnet is
F = pH n - pHs = p I1H.

Let us suppose that the magnet is
physically small, of length 118. We
multiply and divide the right-hand
side of the equation above by the
quantity 118 to find
I1H
118

F = p 118-'
Fig. 29-8

The product p 118 is the magnetic moment m of the magnet, while the quantity I1H/118 is the rate of change
of the magnetic field directed from the south to the north pole. Thus we
have, in the limit of extremely small magnets,
I1H
118

dH

F=m-=m-,
d8

(29-10)

where the direction in which we take the derivative of the magnetic field
intensity is the direction of the magnetic moment.
A method of measuring atomic magnetic moments devised by Stern
and Gerlach (1921) was to generate a beam of atoms, to send them through
a nonuniform or inhomogeneous magnetic field of known inhomogeneity,
and to observe the deflection of the beam. In the Stern-Gerlach experiment
a beam of silver atoms was obtained by heating silver to a high temperature
in an oven in vacuum. A narrow beam of silver atoms coming from an
oven 0, Figure 29-9, after passing through defining slits 8 1 and 8 2 , was
allowed to pass through an inhomogeneous magnetic field and strike a
plate P. The inhomogeneous field was produced by an electromagnet with
specially designed pole pieces. One pole piece was in the form of a knifeedge, while the other pole piece had a channel cut in it parallel to the
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knife-edge. From the pattern on the photographic plate, shown in Figure
29-10, and a knowledge of the speed of the particles, the magnetic moment

Cross section of
pole pieces
Fig. 29-9

Arrangement of apparatus in Stern-Gerlach experiment.

of silver could be calculated. The magnetic dipole moment of silver,
is now known to be
mAg =

mAg,

0.93 X 10-20 emu.

It may be remarked parenthetically that the magnetic moment of the
silver atom, as measured in the Stern-Gerlach experiment, is actually the
magnetic moment of the valence electron of silver. A glance at Table 5
of Appendix A shows that silver, in the normal state, has a single electron,

Fig.29-10 Type of pattern made
by a beam of silver atoms (a) without magnetic field on; (b) with
magnetic field on.

(0)

(b)

an s electron outside of a closed, stable configuration of the other 46 electrons. The sum of the magnetic moments of these 46 electrons is zero.
The magnetic moment of an electron is ascribed to its intrinsic spin. One
interesting result of the above experiment was that the silver atom was
deflected in only one of two possible directions, as indicated by the splitting
of the line into two lines. The interpretation of this is that a spinning
electron, when in a magnetic field, cannot have any arbitrary direction in
space. The spin of an electron may be considered as a vector quantity,
since there is an angular momentum associated with it directed along the
axis of spin. The magnetic moment is also a vector quantity directed
along this axis. When an electron enters a magnetic field, its axis can take
only one of two possible orientations, either parallel to the direction of the
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magnetic field or antiparallel, that is, oppositely directed, depending upon
the direction of its spin. This limitation of the possible orientations of the
axis of spin of an electron is called space quantization.
Measurements of the magnetic moment, by the methods of Stern and
Gerlach and by other methods developed subsequently, have been made Qf
atoms, molecules, and subatomic particles such as electrons, protons,
neutrons, and many nuclei. These measurements are an important part
of our knowledge of the properties of matter.
29-6

Terrestrial Magnetism

We have already shown that a bar magnet, when suspended so that it can
swing freely about a vertical axis, will ultimately come to rest in an approximately north-south position. The use of a compass is based upon this

20·
W

15·
W

10·
W

Fig.29-11 Chart showing isogonic lines for the United States, 1955. From the 1955
edition of chart 3077, of the U.S. Coast and Geodetic Survey, showing distribution of
magnetic declination throughout the United States. (Courtesy of Coast and Geodetic
Survey.)

observation. It is important, however, to know how much the magnetic
north-south direction differs from the geographic or true north-south
direction. Various surveys have been made to determine this difference for
various points of the earth's surface. This difference is termed the declination of the magnetic from the geographic north-south direction. It differs
from point to point on the earth's surface and also is found to vary in a
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complex manner with time. Charts are plotted for any region of the earth's
surface with lines showing equal declinations, or isogonic lines, marked on
them. One such chart is shown in Figure 29-11. In New York the declination is about 11 oW, in Detroit it happens to be 3°W, while in San Francisco
it is about 18°E.
The declination gives the direction of the horizontal component only
of the earth's magnetic field at anyone point. The fact that there is a
vertical component to the earth's magnetic field can be shown by the following simple experiment. A long unmagnetized steel needle is mounted so
that it can pivot about a horizontal axis through its center of gravity. It is
balanced in the horizontal position and pointed in the direction in which a
compass needle would point. The needle is now magnetized by means of a
strong magnet and then allmved to swing freely. It will be found that the
magnetized needle no longer balances in the horizontal position but dips
with its north pole downward. The angle of dip
varies from place to place over the earth. At New
York the angle of dip is 72° with the horizontal,
near the equator it is almost 0°, and at the magnetic pole in the Northern Hemisphere it is 90°.
In this manner the earth's magnetic poles are
H
v
located.
When the dip needle is properly used as described above, its direction is that of the earth's
magnetic field at the given place. The horizontal Fig.29-12 Angle of dip.
component H H of the intensity of the earth's magnetic field can easily be determined by means of an oscillating horizontal
magnet, as described above. By means of a simple vector diagram, illustrated in Figure 29-12, the total magnetic field intensity H and its vertical
component H v can be computed.
The earth behaves as though it contained a very large magnet with its
south pole in the Northern Hemisphere located at and below Boothia
Peninsula in northern Canada, and the other pole in the Southern Hemisphere near Ross Sea in Antarctica. The origin of the earth's magnetic
field is at present unknown. The hypothesis that seems most reasonable
is that the earth's magnetic field is produced by electric currents within the
earth, probably within its core. If the above hypothesis is accepted, one
must explain the source of these electric currents.
29-7

A Molecular Theory of Magnets

An insight into the origin of the magnetic properties of magnetic substances
can be obtained from the following simple experiment. First magnetize a
long steel needle or steel strip; then break the magnet in half. By dipping
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these parts in iron filings, it will be found, as sketched in Figure 29-13, that
each half is itself a magnet. By testing the polarity of each part, it will be
found that opposite poles appear on the faces where the break was made.
If one of these parts is again broken in half, we will again have two magnets.
This process can be repeated until the
magnets become too small to handle.
Each part broken from the original
magnet will always be found to be
magnetized. This suggests that a magnet
Fig.29-13 A bar magnet broken
is made up of very tiny magnets, perhaps
in half forms two bar magnets.
of molecular size.
On this theory of magnetism, magnetic substances are assumed to contain little magnets of approximately
molecular size. When the bar of steel is unmagnetized, these molecular
magnets are oriented at random, as
sketched in Figure 29-14(a), so that the
1;::;::s:\(-'O"'<7~~
bar shows no polarity and has no net mag(0)
netic moment. But when the bar of
steel is brought into a magnetic field, its
molecular magnets rotate until they line
(b)
up with the field, as shown in Figure
29-14(b); the bar thus acquires magnet- Fig. 29-14 (a) Molecular magnets
ization, magnetic poles, and a magnetic in an unmagnetized steel bar have
moment. When the steel bar is removed random orientations. (b) When the
steel bar is magnetized, the molecfrom the magnetic field, most of these ular magnets line up parallel to the
little magnets retain their orientation so external field, producing poles at
that the steel bar remains permanently the ends of the bar.
magnetized, although its magnetic moment may not be as big as it was when in the magnetic field. Other substances, such as soft iron, lose most of their magnetism when taken out of
the magnetic field.
Other evidence in support of this molecular theory of magnetism may
be cited. If a magnetized steel bar is dropped, hammered, or otherwise
jarred, it loses some of its magnetism. If it is heated to a temperature
beyond about 800°C, it loses its magnetic properties, probably because of
the fact that the increased vibratory motion of the molecules destroys the
orientation of the molecular magnets. This molecular theory is not, of
course, the complete explanation. One would like to know the origin of
these elementary magnets and why some substances are magnetic while
others apparently are not magnetic. We shall consider this topic again
after we have shown the relationship between electricity and magnetism.
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A Theory of Magnetism

From Coulomb's law it is possible to develop a theory of magnetism based
upon the magnetic dipole as the basic element of magnetism, and upon the
auxiliary concept of the magnetic pole. Such a theory of magnetism is
quite analogous to the theory of electrostatics developed in earlier chapters.
In this theory the magnetic field intensity H is analogous to the electric field
intensity E. The contribution to the magnetic field intensity at a point due
to a magnetic pole of strength p can be written in an equation analogous
to Equation (23-2) as
(29-11)

where, in the cgs system of units,
cgs units

k1

=

1

in vacuum, and H is expressed in oersteds when p is expressed in cgs unit
poles and r is expressed in centimeters. In the mks system of units,
mks units

k1

1

=--

(29-12)

471"MO

in vacuum, and H is expressed in newtons per weber when p is expressed
in webers, r is expressed in meters, and
Mo = 471"

X 10-

7

weber 2
ntm

---2 .

In many problems associated with the magnetic fields due to permanent
magnets, it is helpful to define a magnetic potential similar to the electric
potential defined in electrostatics. One essential difference between electrostatics and magnetostatics lies in the fact that there are no conductors
of magnetism. Another difference which we have already emphasized is
that the isolated magnetic pole is a useful mental construct rather than an
experimentally observed entity.
To carry the analogy further, we utilize the concept of magnetic lines
of force, developed as in Section 23-5 for the electric field. There are 471"
lines of force emanating from a cgs unit north pole, and 1/Mo lines of force
emanating from an mks unit north pole of pole strength 1 weber, as in
Equations (23-5). Since the source of the magnetic field is the magnetic
dipole, every volume element must contain as much positive magnetism as
negative magnetism, so that the net number of magnetic lines of force
emerging from any Gaussian surface is zero.
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In dealing with the magnetic field in the material medium, we define
the magnetization M as the magnetic moment per unit volume, just as, in a
dielectric, we spoke of the polarization P as the electric moment per unit
volume. The magnetic medium differs from the dieleotric medium in that
a permanent state of magnetization is commonly found in magnetic materials, while the polarization of most dielectric materials is only found in
the presence of an electric field.
It is possible to produce a state of permanent electric polarization in
some waxes by cooling them slowly in an electric field. These permanently
polarized waxes are called electrets, and generate an electric field similar to
the magnetic field generated by magnets. When electrets are left alone for
a time, electric charges, in the form of atmospheric ions, collect on their
surfaces in such a way as to neutralize the electric field generated by the
electret. The electret may be revived by scraping away its surface, removing the collected ions.. The fact that permanent magnets are not diminished
in strength by exposure to the atmosphere may be cited as evidence that
free magnetic poles do not exist in the atmosphere.
In addition to the permanent magnetization, we describe the induced
magnetization in a magnetic material by the magnetic susceptibility Xm
(chi sub m) so that the induced magnetization could be written as
M =

XmH,

(29-13)

analogous to Equation (25-12).
Just as it was convenient to describe the electric field in the material
medium by means of the electric displacement D, so it is convenient to
describe the magnetic field in terms of the magnetic induction B, defined
by equations analogous to Equation (25-24) as
B

= t-toH

+ M.

(29-140)

In the mks system of units, the magnetization M, the magnetic moment
per unit volume, is expressed in webers per square meter, and the product
t-toH is similarly expressed in webers per square meter. Thus the units of
magnetic induction B are expressed in webers per square meter. We may
describe the relationship between Band H in a linear medium through the
equation
(29-150)
B = t-tH,
where

t-t

=

(29-16)

Kmt-tO·

In these equations t-t is called the permeability of the medium, and Km is
called the relative permeability of the medium. The value of Km for vacuum
is unity.
.
In the cgs system of units Equation (29-14a) may be re-expressed as
cgs units

B

=

H

+ 4'll"M.

(29-14b)
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The units of magnetic induction B are expressed in gausses. The terminology
for this system of units is not so well worked out as in the case of mks units, so
that each quantity in Equation (29-14b) is expressed in different units. Thus
H is expressed in oersteds and M is expressed in cgs poles per square centimeter.
The linear relationship between Band H, for a linear medium, is then expressed as
cgs units

B

=

KmH.

(29-1Sb)

This neat analogy between the electric field and the magnetic field is
very useful, but it neglects the most important of all magnetic effects, the
generation of a magnetic field by an electric current. It was discovered by
Hans Christian Oersted in 1820 that an electric current in a wire caused a
compass needle to be deflected. Subsequent investigations have shown
that the magnetic field exerts a force on a moving charge, and that a changing magnetic field induces a current in a wire. The theory outlined above
must be supplemented to include these effects.
In contrast to the case of the electric field in which the electric displacement D plays a minor role, important in simplifying calculations but
not at the foundation of electrostatics, the magnetic induction B is of great
significance, for, as we shall see, B describes the effects of the field on a
moving charge, while H describes the effects of the field upon a pole. From
a fundamental physical viewpoint the pole is a property of bulk matter
and is not a fundamentally significant magnetic parameter. Since isolated
poles do not exist in nature, we are forced to relegate the magnetic field
intensity H to the role of an auxiliary quantity and to think of the magnetic
induction B as the fundamental magnetic-field vector. The sources of the
magnetic field are today understood to be electric currents and the magnetic
dipole moments of the fundamental physical particles, while the probe by
means of which we are enabled to examine the magnetic field is either a
moving charged particle or an elementary magnetic dipole.

Problems

29-1. A bar magnet having a pole strength of 400 cgs poles and a length of
5 cm is placed so that its south pole is at the origin and its north pole is located
at the point whose coordinates are (5 cm, 0). Find the magnitude and direction
of the force exerted by this magnet on the north pole of a long, slender, needlelike
magnet whose pole strength is 20 cgs poles, when that pole is placed at a point
whose coordinates are (a) (0, 10 cm), (b) (-10 cm, 0), and (c) (5 cm, 3 cm).
29-2. A bar magnet having a pole strength of 10- 5 weber is placed along the
y axis so that its south pole is at the origin and its north pole is located at y =
0.1 m. Find the magnitude and direction of the force exerted by this magnet on
the north pole of a needlelike magnet of pole strength 10- 6 weber when that
north pole is located at a point whose coordinates are (a) (0, -0.2 m), (b) (0.24 m,
0), and (c) (0.03 m, 0.05 m).
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29-3. Two identical bar magnets are placed side by side with their axes
parallel and separated by a distance of 10 cm. Find the magnitude and direction
of the force between them when like poles face each other. The pole strength
of each magnet is 300 cgs poles, and the length of each magnet is 20 cm.
29-4. Repeat the calculation of Problem 29-3 in the case that unlike poles
face each other and the pole strength of the magnets is 10- 5 weber. Perform
yOUI' calculations in mks units.
29-5. What is the intensity of the magnetic field at a point 20 cm from the
north pole of a bar magnet, measured along the axis of the magnet, if the magnet
is 30 cm long and has a pole strength of 400 cgs poles?
29-6. What is the magnetic field intensity generated by the bar magnet at
each of the points indicated in Problem 29-1?
29-7. What is the magnetic field intensity generated by the bar magnet
at each of the points indicated in Problem 29-2?
29-8. A bar magnet 4 cm long, having a pole strength of 12 cgs poles, is
placed in a uniform magnetic field with the axis of the magnet perpendicular to
the direction of the magnetic field. The intensity of the magnetic field is 45
oersteds. Determine the torque acting on this magnet.
29-9. A small compass needle oscillates with a period of 2.5 sec when placed
at a point where the horizontal component of the earth's magnetic field is 0.2
oersted. Determine the magnetic moment of the compass needle if its moment
of inertia about the axis of rotation is 24 gm cm 2.
29-10. A bar magnet 6 cm long is suspended by a wire passing through its
center. The magnet is placed in a uniform field with the axis of the magnet
perpendicular to the direction of the field. The torque, as measured by the
twist of the wire, is 1,500 dynes cm. Determine (a) the magnetic moment of
the magnet and (b) the pole strength. The intensity of the field is 50 oersteds.
29-11. A small bar magnet has a period of oscillation of 2 sec when pivoted
in a uniform magnetic field of 36 nt/weber. When it is used to measure the
intensity of a second magnetic field, the period is found to be 0.40 sec. Determine
the intensity of the second magnetic field.
29-12. A uniformly magnetized rod has a pole strength of 10 webers. The
magnet has a cross-sectional area of 1 cm 2 and a length of 10 cm. (a) What is
the magnetic moment of the magnet? (b) What is the magnetization of the
magnet?
29-13. By analogy with the electric field in a material medium (Sections
25-6 to 25-8), write a formula for the magnetic field intensity H due to a magnetic
pole of pole strength p when that pole is immersed in a medium of relative
permeability Km (a) in cgs units and (b) in mks units.
29-14. From the result of Problem 29-13, state Coulomb's law of force
between two poles immersed in a medium of relative permeability Km (a) in mks
units and (b) in cgs units.
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Magnetic Fields of Currents

30-1

Magnetic Field around an Electric Current

The first evidence for the existence of a magnetic field around an electric
current was observed in 1820 by Hans Christian Oersted (1777-1851). He
found that a wire carrying current caused a freely pivoted compass needle
B
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Fig. 30-1 Oersted's experiment. Compass needle is deflected toward the west when
the wire CD carrying current is placed above it and the direction of the current is toward
the north, from C to D.

in its vicinity to be deflected. If the current in a long straight wire is
directed from C to D, as shown in Figure 30-1, a compass needle below it,
whose initial orientation is shown in dotted lines, will have its north pole
deflected to the left and its south pole deflected to the right. If the current
in the wire is reversed and directed from D to C, then the north pole will
be deflected to the right, as seen from above. In terms of the forces acting
on the poles, these forces are clearly perpendicular to the direction of the
current and to the line from the nearest portion of the wire to the pole itself.
557
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The magnetic field in the neighborhood of a wire carrying current can
be investigated either by exploring the region with a small compass or by
using iron filings. When a wire carrying current is passed perpendicularly
through a plane board and iron filings are sprinkled on the board, the

8

Fig. 30-2 Pattern formed by iron
filings showing the circular magnetic
field around a wire carrying current.

filings form a circular pattern, as shown in Figure 30-2. Thus the magnetic
field generated by the wire carrying current is circular in a plane at right
angles to the current. The circles are concentric, with their common center
at the position of the wire. The direction of the magnetic field can be

(a)

(b)

Fig. 30-3 Direction of the magnetic field around a wire (a) when the current is out of
the paper; (b) when the current is into the paper. The dot represents a head-on view
of an arrow while the cross represents a rear view.

determined with the aid of a small compass. If we look along the wire so
that the current is coming toward us, the magnetic field is counterclockwise.
If we draw a dot to represent a head-on view of an arrow and a cross to
represent a rear view of an arrow, we may show the direction of the magnetic field, associated with current in a wire perpendicular to the plane of
the paper when the current is coming toward the reader in Figure 30-3(a),
and when the current is away from the reader in Figure 30-3(b). A small
compass placed anywhere in the field will orient itself tangent to one of
these circles with its north pole in the direction of the arrow.
When the wire carrying current is bent in the form of a circular loop,
as shown in Figure 30~4, the direction of the magnetic field around each
small portion of the wire may be determined from the above observations.
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If the current in the loop is counterclockwise when viewed from the positive

x axis, the direction of the magnetic field at the center of the loop is perpendicular to the plane of the loop and in the positive x direction.
A simple way of determining the direction of the magnetic field relative
to the direction of the current is given by the right-hand rule. If the current

Fig. 30-4 Magnetic field produced
by a current in a circular loop of
wire. The magnetic field at the
center is at right angles to the plane
of the loop.

,
is in a straight portion of the wire, then, if we imagine the thumb of the
right hand to be placed along the wire and pointing in the direction of the
current, the curled fingers of the right hand will point in the direction of
the magnetic field. If the current flows
in a circular path, then, if we imagine
the fingers of the right hand curving in
the direction of the current, the thumb
will point in the direction of the magnetic field inside the coil, as in Figure
30-4.
When, as in Figure '30-5, the wire is
wound in the form of a helix which is very
long in comparison with its diameter, the
magnetic field outside the coil is very Fig. 30-5 Magnetic field due to a
similar to that of a bar magnet, while the current in a long cylindrical coil or
field inside the coil is uniform and parallel helix.
to the axis of the coil. At large distances the field produced by a circular loop of wire carrying current is
indistinguishable from the field generated by a small magnet. According
to a theory first presented by Ampere, it is possible to imagine that all
magnetic effects are due to circulating currents, and to attribute the
magnetic fields generated by permanent magnets to circulating currents
within molecules. These currents are associated with orbital motions
of electrons about some attractive center within the molecule.
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Magnetic Field Generated by a Wire Carrying Current

As soon as Oersted's discovery was announced, scientists in Europe began
repeating and extending these experiments. Interest in Oersted's results
was aroused because this was the first time a force had been observed which
was not directed along the line joining the two bodies but was perpendicular to this line. Since Newton had developed the concept of universal
gravitation, both electrostatic and magnetostatic forces had been studied.
All these forces obeyed an inverse square law and were directed along the
line joining the bodies responsible for the forces. Biot and Savart (1820)
determined the magnetic field produced by the current in a long straight
wire. The experiments of Biot and Savart showed that the magnetic field
intensity H at a distance a from a long straight wire carrying current 1 was
directly proportional to the magnitude of the current and inversely proportional to the distance from the wire; that is,
H = k2

21

(30-1)

-,

a

where k 2 is a constant of proportionality. The direction of the magnetic
field intensity was always normal to the wire and to the perpendicular from

I
Fig. 30-6 The field at a point P due to a
long straight wire is perpendicular to the
plane formed by the wire and the normal a
dropped from P to the wire. In this figure
H is directed into the plane of the paper,
as given by the right-hand rule.

the point where the field was being evaluated to the wire. The direction of
the magnetic field was given by the right-hand rule, as shown in Figure
30-6.
The value of the constant k 2 depends upon the system of units used
to measure H, 1, and a. In the mks system of units, the current 1 is expressed in amperes, the distance a is expressed in meters, and the magnetic
field intensity H is expressed in mks units, stated in Section 29-3 as newtons
1

per weber. In this system of units the constant k 2 is - , and Equation
471"
(30-1) becomes
1
(30-1a)
H=-·
271"a
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In Section 29-3 we mentioned that the units of H in the mks system were
commonly expressed as amperes per meter. The justification for expressing
H in these terms is provided by Equation (30-1a). The units of H may be
stated equivalently as newtons per weber or as amperes per meter, and the
choice of units will depend upon which form is more convenient for the
problem in hand.
In one form of cgs units called the Gaussian system of units, toward which
we have been building our cgs unit system, the units of electrical quantities such
as charge, current, electric field intensity, electric displacement, potential,
and resistance are based upon the statcoulomb as the unit of charge, while units
of magnetic quantities, the oersted and the gauss, are based upon the cgs unit
pole. In this system the constant k2 is 1/c, where c is the velocity of light in
centimeters/per second, given approximately as c = 3 X 10 10 em/sec. To
simplify the presentation of the material of this chapter, all equations will be
presented in the mks system of units.
Traditionally, Equation (30-1) has been used to define a new unit of
current called the electromagnetic unit of current, by setting k 2 equal to 1. This
unit is called the emu of current, or the abampere. Electromagnetic units of
current will rarely be used in this book.

Fig. 30-7 The magnetic field intensity dH at any point P a distance
r from an element ds of wire carrying current I is perpendicular to the
plane of ds and l r , where l r is the
unit vector directed from ds to P.
The element dH is shown coming
out of the plane of the paper when
ds and l r lie in the plane of the
paper.

30-3

Magnetic Field Generated by Current Element

The results of the experiments of Biot and Savart on the magnetic field
around a wire carrying current form the basis of a fundamental physical
law for the determination of magnetic fields produced by currents. If we
consider any small element of wire of length ds in which there is a current I
(see Figure 30-7), its contribution dH to the magnetic field intensity at a
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point P located a distance r from it, is given by
(30-2)

The unit vector 1r is directed from the current element to the field point P.
The vector ds is tangent to the direction of the current. The direction of
dH is perpendicular to both ds and 1r • Equation (30-2) is sometimes called
the law of Biot and Savart, and also Ampere's law.
The total magnetic field intensity H at a point P due to a given current
distribution is found by summing vectorially (that is, integrating) the
contributions dH from all the elements ds of the wire. For most geometrical
arrangements of the conductor, this summation is beyond the reach of the
calculus and must be carried out by numerical methods of integration or
by use of an electronic computer. We shall consider only two cases, the
flat circular coil and the long straight wire.
30-4

Magnetic Field of a Flat Circular Coil

Let us use Ampere's law to calculate the magnetic field intensity at the
center of a single circular loop of wire carrying a current I. As shown in

z
dH
Fig. 30-8

Figure 30-8, each element of the loop of wire makes a right angle with the
line drawn from that element to the field point P at the center of the circle.
The direction of the magnetic field dH due to each element of the loop ds
is in the positive z direction when the current is in the counterclockwise
direction, as shown in the figure. Since the contribution to the magnetic
field from every element of current is in the same direction, the problem of
obtaining the vector sum of the contributions to the total magnetic field
intensity is reduced to a scalar sum, and we may set up the problem in the
form of an integral.
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From Equation (30-2) we have

I dsx l r
dH = -------;::471"r2
The factor ds x l r is equal in magnitude to the product of the magnitude
ds by the magnitude of l r (which is unity), by the sine of the angle between
them. Since the angle between the two vectors is 90 0 , the magnitude of
this vector product is simply the magnitude ds. The direction of this vector
product is in the +z direction, so that we may represent it as

dsx l r = ds 1.,
where 1. is a unit vector in the positive z direction. Thus we have

dH = Ids 1
47I"r 2

"

where the magnitude of dH is the factor multiplying 1•.
In order to carry out the integration, we must represent the variables
of the problem in terms of some simple parameter. Let us measure the
angular position of an element of current by the angle </>, from the x axis,
positive in the counterclockwise direction. The angle subtended by the
element of length ds is d</> such that

ds = rd</>.
Thus we have

and, integrating around the circumference of the circle by letting </> go from

o to 271", we find

I
2r

The complete representation of the magnetic field intensity at the center
of a single circular loop of wire of radius r carrying a current I in the counterclockwise direction is given by
H

I

= -1•.
2r

(30-3)

In Equation (30-3) the appropriate choice of units to represent H is amperes
per meter when I is in amperes and r is expressed in meters.
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In the event that we have a coil of N turns of wire wound as a flat
circular coil rather than a single circular loop, each turn of the coil contributes a magnetic field at the center of the coil, as given by Equation
(30-3). Since these field contributions are all in the same direction, the
total magnetic field is N times that given by Equation (30-3). A circular
coil of wire of N turns carrying current I in the counterclockwise direction,
when viewed from the positive z axis, as in Figure 30-8, has at its center a
magnetic field H given by
NI
H =2r- lz·
(30-4)
One of the early forms of current-measuring instruments was the
tangent galvanometer, which consisted of a single circular loop of wire with
a short compass needle placed at its center, as shown in Figure 30-9. When
a current I was sent through the loop, it set up a magnetic field of intensity

Fig. 30-9 (a) Tangent galvanometer. The plane of the circular coil is parallel to thE>
earth's magnetic field. (b) The two magnetic fields which act on the N-pole of the small
compass needle. HE is the horizontal component of the earth's magnetic field; H is the
intensity of the magnetic field produced by the current. R is the resultant of these two
field intensities. H = HE tan O.

H at its center, producing a force Hp on each pole of the magnet. In the
figure the force on the north pole is shown directed to the right, while that
on the south pole is directed to the left. These two forces produced a torque
causing the compass needle to rotate out of the plane of the coil. The
horizontal component of the earth's magnetic field produced an opposite
torque on the compass needle. The compass needle came to rest at some
angle 0 with the plane of the loop, at which angle the two opposing torques
were equal in magnitude. A simple calculation shows that the current in
the loop is proportional to the tangent of the angle 0, hence the name tangent galvanometer. This was the instrument refined by Lord Kelvin as
the detector for use in the first successful operation of the Atlantic cable.
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Illustrative Example. A circular coil of 30 closely wound turns of 15 em
average radius carries a current of 2 amp. Determine the magnitude and direction
of the magnetic field at the center of this coil.
Assuming that the turns are so closely wound that the current in each one
contributes the same amount to the intensity of the magnetic field at the center
of the coil, the magnetic field intensity is of magnitude

H =NI.
2r

Substituting numerical values, we have
H

=

30 turns X 2 amp
2 X 0.15m

200 amp.

=

m

Note that the turn is a dimensionless quantity. The direction of the magnetic field is perpendicular to the plane of the coil, as given by the right-hand rule.
30-5

Magnetic Field of a Long Straight Wire

The experimental result of Biot and Savart given in Equation (30-1) may
be calculated from Equation (30-2) by integrating the contributions to the
field from each element of the wire.
The field point P is located a distance a from the wire, as shown in
Figure 30-10. Let us measure the
distance s along the wire from the
foot of the perpendicular from P to a
the wire.
In terms of the angle 0 between
the element ds and the unit vector
iT from the element ds to the field
point P, the distance r may be repreds
sented as
"""<----5 ---~>~I

fP

I

a

Fig. 30-10

r = -.- = a csc O.

sm 0

To express the length of the element ds in terms of the distance a and
the angle 0, we first note that the length s is given by
s

=

a cot 0,

so that, taking differentials to obtain the magnitude of ds,
ds

=

-a csc 2 0 dO.

We note that contribution to the magnetic field from each element of wire
is in the same direction at P; that is, it is directed out of the plane of the
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paper, toward the reader. If we call this direction the direction of z, then

+

dH =

I ds sin 0
411"r

2

1z•

Substituting appropriate expressions into the above equation, we find
dH

I a csc 2 0 dO sin 0

=

411"a~ csc~ 0

I sin 0 dO
411"a

Since all contributions to the magnetic field at P are in the same direction,
we may find the magnetic field intensity at P by integrating between
the limits of 0 = 11" to 0 = 0, corresponding to limits on s of s = - 00 to
s = + 00. Thus we have
H

=

1°
11"

-

-

I

411"a

sin 0 dO,

as previously stated in Equation (30-1a).
30-6

Field of a Solenoid and a Toroid

A solenoid is made by winding wire on a cylindrical form; the length s of
the cylinder is generally much larger than its radius r. The adjacent turns
of the wire are generally close together, as shown in Figure 30-11. The
field inside the solenoid may be calculated from Ampere's law. The field
is uniform over the entire region of the solenoid except near the ends, as

(a)
(b)
Fig. 30-11 (a) Windings of a solenoid. (b) Magnetic field intensity inside a solenoid.
Current is coming out of the wires on top and going into the wires on bottom.
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shown in the figure. The field intensity within a solenoid will be shown in
Section 33-6 to be
NI
H=-,
(30.5)
s
where N is the number of turns of the solenoid, s is its length, and I is the
current in it.
A toroid is made by winding wire on a ring or doughnut-shaped form
called a torus. The field of the toroid is entirely confined to the space within
the toroid. A toroid may be generated by bending a long straight solenoid

Fig.30·12

Toroid.

in the form of a ring. The magnetic field intensity within the toroid is
given by Equation (30-5), where s now represents the mean circumference
of the ring, shown in Figure 30-12.
The solenoid and the toroid are frequently used as standard means of
achieving known, uniform magnetic fields.

30-7

Equivalence of a Moving Charge and a Current

Our original definition of current was based on the flow of charges through
a surface in a given time interval; it remains to be shown that a set of moving charges will produce the same magnetic effect as a current in a wire.
This was first shown experimentally by H. A. Rowland in 1876. He used
an ebonite disk having metallic sectors distributed near the rim of the disk.
The metallic sectors were charged electrically, and the disk was set into
rapid rotation. A magnetic needle suspended near the disk was deflected
by the magnetic field set up by the moving charges. The direction of the
deflection was the same as that which would have been produced by the
current in a circular loop of wire coinciding with the rim of the disk. When
the direction of rotation was reversed, the deflection of the magnetic needle
was also reversed. More recently (1929) R. C. Tolman set a charged
cylinder oscillating about its axis and observed that this produced an
alternating magnetic field, the same as that produced in the neighborhood
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of an alternating current. These experiments show that, as far as the
magnetic effect is concerned, a moving charge and a current in a wire are
equivalent.

---

ds= vdt
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Fig. 30-13

Figure 30-13 shows a tube in which a current I consists of the motion
of positive charges with uniform velocity v. From the definition of current
dq
1=-,
dt

where dq is the quantity of charge which passes through a complete cross
section of the tube in a time dt. The charge will traverse a length ds of the
tube, where
ds = v dt.
Eliminating dt from these two equations yields
Ids = v dq.

In other words, a charge dq moving with velocity v may be considered to be
equivalent to a current element of length ds carrying a current I.
We may find the magnetic field H generated by a moving charge q by
substituting the above results into Equation (30-2). We find

(30-6)

30-8

Coulomb's Law and Amp~re's Law

Let us consider the magnetic field generated by a charged particle
mounted on an airplane. If we calculate the magnetic field generated by
the moving charge from Equation (30-6), we note that, to an observer on
the ground, the charge is moving with the velocity v of the airplane, but,
to an observer on the airplane, the charge is moving with zero velocity.
Thus an observer on the surface of the earth is able to detect a magnetic
field due to the motion of the charged particle on the airplane, but an
observer on the airplane cannot detect a magnetic field due to the charge
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on the airplane, for that charge has no motion with respect to him. By
definition, the magnetic field intensity H in a particular reference frame
is the force on a unit north pole at rest in that frame. If our formulation
is to be consistent, we must expect that the force exerted by a charge upon
a magnetic pole is the same when these are in relative motion, regardless

y

y'

V

ql;-p

q-L
x

z

P

x'

(a)

z'

(b)

fig.30-14 (a) System of axes in whieh the magnetic pole is at rest.
axes in which the charge q is at rest.

(b) System of

of whether the pole is considered to be at rest or the charge is considered
to be at rest.
In the coordinate frame in which the pole of strength p is at rest, as
shown in Figure 30-14(a), the charge q is moving with velocity v, and the
magnetic field H at the position of the pole, due to the moving charge, is
given by Equation (30-6) as

The force on the magnetic pole at this point is therefore
F

=

Hp

=

vxl r
41Tr

q p -2
-'

If we consider the frame of reference to be fixed with respect to the
charge q, as shown in Figure 30-14(b), we must consider the charge to be
at rest and the pole to be moving with a velocity v' = -v. Substituting
this into the above equation, and rearranging the position of q in the
equation we find

for the force exerted on the moving pole by the fixed charge. From the
illustrative example of Section 25-8, we note that the terms grouped to the
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right of the cross in the above equation represent precisely the electric
displacement D generated by the charge q at the position of the pole p, for

D = ql r

•

41l"r 2

Thus the force on a pole p, moving with velocity v (dropping the prime)
in a coordinate frame in which the electric displacement is D, is given by
F

= -p(vxD).

Thus the force experienced by a moving magnetic pole consists of two
parts. One part is due to the magnetic field H; this force on the pole is
independent of its state of rest or motion. The second part depends upon
the motion of the poles; this force is due to the velocity of the pole and to
the electric displacement D. In the form of an equation, the force on a
magnetic pole, moving with velocity v in a coordinate frame in which the
magnetic field intensity is H and the electric displacement is D, is given by
F

= p(H - vXD).

(30-7)

Another interpretation of Equation (30-7) is that the force exerted on a
magnetic pole by a charged particle may be calculated in one of two ways:
(a) for the case in which the pole is considered to be at rest and the charge
in motion, we can use Ampere's law; (b) for the case in which the charge is
considered to be at rest and the pole is in motion, we can use Coulomb's
law, utilizing the concept of electric displacement. In Rowland's experiment a moving charge was seen to deflect a compass needle. From Equation (30-7) we see that we must expect a compass needle to be deflected
when the needle is moving in a region of space in which there is an electric
TABLE 30-1

Equation
(30-2)

PRINCIPAL EQUATIONS IN MKS AND GAUSSIAN UNITS

MKS

dH =

I ds x 1T
41l"r 2

Gaussian

I
dH =

I ds x 1T
r 2e

Current element

(30-1a)

H=~

H = 21
ae

Straight wire

(30-5)

NI
H=s

H = 41l"NI
se

Solenoid or toroid

(30-6)

H = qv x1 T
41l"r 2

H = qv x 1T
r 2e

Moving charge

(30-7)

F=p(H-vxD)

F=P(H-~XD)

Pole

21l"a
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PROBLEMS

field, for example, if a compass needle moves between the plates of a
charged capacitor.
TABLE 30-2

Quantity

CONVERSION FACTORS RELATING MKS AND GAUSSIAN UNITS

Symbol

MRS Unit

Pole

p

Magnetic field
intensity

H

Charge

q

1~= 1 amp
weber
m
1 coul

Current

I

Displacement

D

1 weber

Gaussian Unit
108

= - unit pole
471"

(emu)

= 471" X 10- 3 oersted

(emu)

= 3 X 109 stcoul

(esu)

1 amp

= 3 X 109 statamperes

(esu)

1 coul/m 2

= 3 X 10 5 stcoul/cm 2

(esu)

Problems

30-1. Determine (a) in mks units and (b) in Gaussian units the intensity
of the magnetic field at the center of a circular coil of 6 cm radius when it carries
a current of 15 amp.
30-2. Determine (a) in mks units and (b) in Gaussian units the magnetic
field intensity at the center of a closely wound circular coil of 75 turns, whose
average radius is 9 cm, when the coil carries a current of 4 amp.
30-3. A circular coil of 20 cm radius consists of a single turn of wire and
has a small compass needle suspended at its center so that it can swing freely
about a vertical axis. The plane of the coil is set parallel to the earth's magnetic
field. If the horizontal component of the earth's magnetic field is 0.2 oersted,
determine the angle through which the compass needle is deflected when a current
of 3 amp is sent through the coil.
30-4. Determine (a) in mks units and (b) in Gaussian units the magnetic
field intensity at a distance of 0.25 m from a long straight wire in which there is
a current of 32 amp.
30-5. A small compass needle, whose magnetic moment is 40 cgs poles cm
and whose moment of inertia is 6.0 gm cm 2, is placed at a point 15 cm from a long
straight wire. When a current is sent through the wire, the needle oscillates with
a period of 7.2 sec. Determine (a) the magnetic field intensity at the position
of the compass and (b) the current in the wire.
30-6. A solenoid 0.75 m long and 0.08 m in diameter is wound with 400
turns of wire. Determine the magnetic field intensity inside this solenoid when
it carries a current of 6.5 amp.
30-7. A long straight wire carries a current of 25 amp. The north pole of a
long bar magnet is placed 5 cm from this wire. If the pole strength of this
magnet is 40 cgs poles, determine the direction and magnitude of the force on
this north pole.
30-8. A long straight wire carries a current of 20 amp. The wire is parallel
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to the z axis, and the current flows in the positive z direction. In addition to the
magnetic field generated by the current in the wire, there is an external magnetic
field in the positive z direction of intensity 5 amp/m. Find the resultant magnetic field (a) at a point in the x-y plane whose coordinates are (5 m, 0) and (b)
at a point in the x-y plane whose coordinates are (0, 10 m).
30-9. Derive an equation, in Gaussian units, for the magnetic field intensity
at a point in the neighborhood of a long straight wire carrying current.
30-10. Derive an equation, in Gaussian units, for the magnetic field intensity
at the center of a circular loop of wire.
30-11. Find the magnetic field intensity within a toroid of mean radius
10 em wound with 100 turns of wire when the current in the toroid is 4 amp.
The circular cross section of the toroid has a diameter of 1 em.
30-12. Two long straight wires are 18 cm apart and carry currents of 36
amp each. Determine the magnetic field intensity at a point midway between
them (a) when these rurrents are in the same direction and (b) when the currents
are in opposite directions. Express your answers in both Gaussian and mks units.
30-13. In the Oersted experiment a long straight wire placed 4 em above a
compass needle carries a current of 28 amp directed to the north. Determine
the torque on the compass needle if its magnetic moment is 75 cgs pole em.
30-14. Find the force on a magnetic pole of 10- 4 weber moving in the +x
direction with a speed of 10 3 m/sec between the plates of a parallel-plate capacitor in vacuum. The plates of the capacitor are 1 cm apart and are charged to a
potential difference of 500 volts. The electric field between the plates of the
capaci.tor is in the +y direction.

31
Forces on Moving Charges and Currents

31-1

Force on a Charge Moving in a Magnetic Field

Ampere was the first to show that wires carrying current experienced forces
when placed in magnetic fields. Later it was shown that charged particles
moving in magnetic fields also experience forces. Common applications of
these phenomena are the electric motor, the galvanometer, and the cathoderay tube. Since a moving electric charge is equivalent to a current, we
shall first consider the force acting on a charge q moving with velocity v in
a magnetic field of induction B. Experiment shows that the force F acting
on the charge q is at right angles to the directions of both v and B. This
provides us with a basic distinction between the two magnetic field veetors
Band H.
We have already shown that the force on a magnetic pole at rest is
determined by the magnetic intensity H. We have seen that moving
charges and currents produce H. The relation between the magnetic induction B and the magnetic intensity H has been given in Equation (29-15a) as
B = f.lH,

where f.l is the permeability of the medium.
The force F on a charge q moving with velocity v in a field of induction
B is given by
(31-1)

As shown in Figure 31-1 the force is perpendicular to the plane formed by
the vectors v and B and is directed in accordance with the right-hand rule
for the vector product. The constant k 3 is a constant of proportionality
which is assigned the value unity in the mks system of units. Thus if the
force F is expressed in newtons, the charge q in coulombs, the velocity v in
meters per second, and the magnetic induction B in webers per square
meter, Equation (31-1) may be rewritten as
(31-2)
573
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We may consider Equation (31-2) as a definition of B. From the
above equation we see that if v is parallel to B, the force on the moving
charge is zero. This suggests a method of determining the direction of B
by use of cathode-ray tubes. If a charge of 1 coul moving perpendicular
to the field with a velocity of 1 m/sec experiences a force of 1 nt, then the
field has an induction of 1 weber/m 2 •

y
y

By =0.4 webers/m 2

~x=O.3

webers/m 2

'"

x

,

x

\
v=5
x10 6 m/ sec
Bz= 1.2 webers/m 2

z

z

The force F exerted on a charge
q moving with velocity v in a magnetie
field of induction B. B and v are in the x-y
plane; F is along the z axis.
Fig. 31-1

Fig. 31-2

Illustrative Example. A proton whose charge is 1.60 X 10-- 19 coul is moving
in the x direction with a velocity of 5 X 10 6 m/sec in a magnetic field whose
components are B x = 0.3 weber/m 2 , By = 0.4 weber/m 2 , B z = 1.2 weber/m 2 •
See Figure 31-2. Find the x, y, and z components of the force on the proton.
The x component of the field is parallel to the velocity; thus the force on the
moving charge due to B x is zero.
From Equation (31-2) the direction of the force on the particle due to the
y component of the field is in the z direction, and since the angle between v and
By is 90 we have
0

Fz

=

qvBy

so that

=

1.60 X 10- 19 coul X 5 X 10 6 m/sec X 0.4 weber/m 2 ,
Fz

=

3.2 X 10- 13 nt.

Applying the right-hand rule for the vector product, we see that the force
on the particle due to the z component of the field is in the -y direction. The
angle between v and B z is 90 0 , The y component of the force on the particle is
therefore
Fy

=

-1.60 X 1O- 19 coul X 5 X 10 6 m/sec X 1.2weber/m 2 ,
Fy

=

-9.6 X 10- 13 nt.
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The resultant force F is of magnitude

F =

(F; + F;)72

= 9.74 X 10- 13 nt.

In the Gaussian system of units the constant k 3 has the value l/e, and we
must express the units of B in gausses and of H in oersteds. As before, we must
express q in statcoulombs, I in statamperes, v in centimeters per second, and
F in dynes. The relationship between Band H is
B

=

KmH.

(31-3)

While Km is a pure number, we may think of it as expressed in units of gausses per
oersted for convenience in calculation.
The relationship between gausses and webers per square meter may be
found by calculating, from Equation (31-1), the magnetic induction in gausses
required to exert a force of 1 nt on a charge of 1 coul moving perpendicularly to
the magnetic field with a velocity of 1 m/sec. By definition, this field is 1
weber/m 2 • The known numerical values are
F = 1 nt = 105 dynes,
q = 1 coul = 3 X 109 stcoul,

v = 1 m/sec = 10 2 cm/sec,
e = 3 X 10 10 cm/sec,

From Equation (31-1) expressed in cgs units, we have

F

=

q ~ B sin 0,
e

3 X 109 stcoul X 10 2 cm/see
B
•d
X ,
10 o ynes =
3 X 1010 cm/sec
B

= 104 gausses.

Thus a magnetic field whose induction is 10 4 gausses will produce the same
effect on a moving charge as a field whose induction is 1 weber/m 2. In the form
of an equation we may write
1 weber/m 2 = 104 gausses.
31-2

(31-4)

Path of a Charged Particle in a Magnetic Field

When a charged particle is projected into a uniform magnetic field, the
component of the field parallel to the velocity exerts no force on the particle.
It is convenient to resolve the velocity of the particle into components
parallel and perpendicular to the field, and to consider separately the
motion of the particle perpendicular to the field.
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Let us consider a charged particle that is moving with velocity v perpendicular to a magnetic field of induction B. The particle will experience
a force Bqv constant in magnitude and directed perpendicularly to the
velocity of the particle. Hence the particle will move in a circular path
with uniform speed v. The force exerted by the magnetic field on the
charged particle is the centripetal force which produces an acceleration
a = v2 /r, where l' is the radius of the circular path. Applying Newton's
second law to this case, we get
F

mv 2

=-

= Bqv,

l'

rnv

r =-.
Bq

from which

(31-5)

If the motion of the charged particle is not transverse to the field, the
symbol v in Equation (31-5) must be interpreted as the component of the
velocity which is perpendicular to the magnetic field. The motion of the

x

x

x

x

x

x

x

Fig. 31-3 Beta-ray
spectrometer.

x
I

\

\

Source

Photogmphic
plate

particle will then consist of a motion of translation parallel to the field and,
at the same time, a motion in a circular orbit in a plane perpendicular to
the field. The effect of these two simultaneous movements is to produce
a corkscrewlike motion, or a helical motion whose axis is parallel to the
magnetic field.
Note that the force on the particle moving in the magnetic field is
always perpendicular to its velocity. The magnetic field therefore does no
work on the charged particle, but only deflects it. This property of a
uniform magnetic field may be utilized to measure the velocities of charged
particles. In a beta-ray spectrometer, used to measure the velocities of
electrons emitted in radioactive disintegrations, electrons or beta rays are
emitted into a uniform magnetic field of known magnetic induction B in a
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direction perpendicular to the field. The particles are deflected into circular
orbits and strike a photographic film after completing a semicircle, as
shown in Figure 31-3. The diameter of the orbit can be measured from the
photographic film; the momentum mv of the electrons can then be determined, and the energy of the emitted particles may also be calculated.
The deflection of charged particles in magnetic fields is today widely
utilized in scientific and technical apparatus such as beta-ray spectrometers,

Fig. 31.4 Cloud chamber photograph showing curved paths of particles moving at
right angles to a magnetic field. The magnetic field is directed into the paper and the
particles originate from a source at the left. The three heavy tracks are those of protons;
the numerous light tracks curved in the opposite direction are those of electrons. (Photograph by H. R. Crane.)

mass spectrometers, cathode-ray tubes (as used in television), the cyclotron
(accelerates charged particles for nuclear research), the magnetron (a
vacuum tube for the production of microwaves used in radar), and many
others. The deflection of charged particles in a magnetic field may be seen
in the accompanying photograph of tracks in a Wilson cloud chamber,
shown in Figure 31-4. In this photograph the magnetic field is perpendicular to the paper and is directed into the plane of the paper.
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Force on a Charged Particle in an Electromagnetic Field

We have already seen that a charged particle in an electric field of intensity
E experiences a force qE. This force does not depend upon the velocity of
the particle. When a charged particle moves with a velocity v, it will
experience a force given by the equation
F = q(E

+ vXB).

(31-6)

Equation (31-6) is simply a combination of results already stated in Equations (23-1a) and (31-2). We may think of Equation (31-6) as the defining
equation for the electric field intensity E and the magnetic induction B.
To determine these fields in a region of space, we may imagine that a probe
eharge q is directed through the region. The force on the particle is determined by observing the deflection of
the
particle, and the electric and
z
magnetic fields are determined by
calculation from Equation (31-6). In
a similar way we may imagine that
Equation (30-7) is the defining equation for the magnetic intensity Hand
the electric displacement D, through
the force on a moving pole.
In our initial discussion of Coulomb's
Jaw of force between magnetic
y
poles, in Section 29-2, we stated that
the constant }J.O was to be assigned to
x
a value of 411" X 10-7 for reasons which
Fig. 31-5
had to be deferred to a later chapter.
At this point we wish to justify the
choice of a numerical value for }J.D' To do this we will calculate the ratio
of the magnetic force to the electric force between two moving charged
particles.
Let us consider the force between two equal charges q moving with
the same velocity v in a direction parallel to the z axis, as shown in Figure
31-5. The instantaneous positions of the charges are PI and P 2 , as shown
in the figure. The particles are fixed in position relative to each other. The
electric force on the charge at P 2 due to the presence of an equal charge at
PI is Fe, whose magnitude is

The magnetic force on the charge at P 2 may be obtained by first computing
the magnetic field intensity H generated by the motion of the charge at PI
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with respect to the coordinate frame from Equation (30-6),
qvx ir
H=--·
471"1,2

The relationship between Band H in vacuum is given by B = MoH, so that
MoqvX ir
B=---·
47r1'2

Since the velocity v is in the z direction and the unit vector ir is in the y
direction, from PI to P 2 , the magnetic induction B is in the -x direction.
The magnitude of the magnetic force Fm on the charged particle at P 2 may
be obtained from

Fm

qvxB,

=

e.

F m = qvE sin

At P2 the magnetic induction B is in the -x direction, and the velocity of
the partide is in the z direction. Since the two vectors v and B are perpendicular to each other, the factor sin e in the vector product is equal to 1, and
the magnitude of the magnetic force is equal to
F

Mo q2 v2
41l" r 2

=--.
m

The ratio of the magnetic force to the electric force must be a pure number,
without dimensions. We obtain
mks units

Fm

-

Fe

MO~Ov

=

2

•

(31-7a)

Thus the quantity Mo~o must have the dimensions of II v2 ; that is, its dimensions must be (sec/m)2.
When the same calculation is carried out in Gaussian units, we find that
Gaussian units

v2

Fm

Fe

= ~.

(31-7b)

The ratio of the magnetic force to the electric force must be the same
in whatever system of units the calculation is carried out. In Gaussian
units both the velocity of the particle and the velocity of light are expressed
in centimeters per second, while in mks units the velocity of the particle is
expressed in meters per second. In order to equate the results of the two
calculations, let us now express all velocities in meters per second. This
will not alter the ratio in Equation (31-7b). We obtain
MOEOV

2

v2
=

:2'
c
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or
1

mh units

c=-='

(31-8)

V}lO€U

where c is the velocity of light in meters per second.
Our procedure in developing the mks system of electrical units was
first to define the size of the coulomb from the statcoulomb. This determined the choice of the constant €o. Once a choice of €o had been made,
there could be no freedom of choice of the constant flo, for the magnitude
of that constant was determined by the connection between electric and
magnetic forces, as developed in Equation (31-8).
31-4

Force on a Wire Carrying Current in a Magnetic Field

We have already seen in Section 30-7 that a charge dq moving with a
velocity v could be considered equivalent to a current I in an element of
wire ds through the relationship
v dq

= Ids.

(31-9)

From Equation (31-2) the force on a moving charge element dq is given by
dF = dqvxB,

Fig. 31-6

and, substituting from Equation (31-9), we find the force dF on a current
element I ds to be
dF = I dsxB.

(31-10)

This force is perpendicular to the plane formed by the current element and
the direction of the field. For the special case of a long straight conductor
of length s in a uniform field of magnetic induction B, the magnitude of the
force F on the wire is given by
F = BIs sin

(J,

(31-11)

where 8 is the angle between the direction of the current in the wire and the
direction of B, as shown in Figure 31-6. The force is perpendicular to the
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plane formed by sand B, and its direction may be found by the right-hand
rule for the vector product of Equation (31-10). The force on a wire carrying current in a magnetic field is the basis for the operation of electric
motors and galvanometers.
Illllstrative Example. A wire 5 m long lies along the x axis. Find the
components of the force on the wire when it carries a current of 2 amp in the
positive x direction if it is placed in a uniform magnetic field for which

Bx

=

0.3 weber/m 2 ,

By

=

0.4 weber/m 2,

Bz

=

1.2 webers/m 2•

Since the wire lies along the x axis, the force on the wire due to B x is zero.
The angle made by the wire with the y axis and with the z axis is 90°. The force
exerted on the wire due to the y component of the field is in the +z direction.
Calling this force F z , we have

Fz

=

Byls

=

0.4 weber/m 2 X 2 amp X 5 m

=

4.0 nt.

The force exerted on the wire due to the z component of the field is in the -y
direction. Calling this force F y, we have

Fy

=

-BzIs
-1.2 weber/m 2 X 2 amp X 5 m
-12 nt.

31-5

Torque on a Coil Carrying Current

Let us assume that a rectangular coil of sides a and b is carrying current I
in a region of space in which there is a uniform field of magnetic induction
B. If the plane of the coil is perpendicular to the direction of B, as shown
in Figure 31-7 where B is directed into the paper, symmetrical elements of
the coil at g and h at the top and bottom of the coil experience equal and
opposite forces. Since the forces on symmetrical elements of the wire are
directed along the same straight line, the resultant force on the coil and the
resultant torque on the coil due to these elements are zero. Similarly, the
elements at c and d contribute a net force of zero and a net torque of zero.
When the orientation of the coil is changed so that the normal to the
plane of the coil makes an angle cf> with the direction of B, as shown in
Figure 31-8, the symmetrical elements g and h at the top and bottom of the
coil still experience collinear forces in the -z and +z direction, respectively,
which are equal and opposite, and therefore contribute zero net force and
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torque. The forces on elements at c and d are still equal and opposite,
directed parallel to the x axis in the figure, but they are no longer in the
same straight line; they are now separated by a distance a sin c/> [Figure
31-8(a)].

xB

X
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dS
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X

x
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dS

dF

d

x

fix

x

x

x

dS

*I
xB

dF

x

h

x

Bx

Fig. 31-7

The force on each side b of the coil is given by Equation (31-11) as
F = Bib

for the angle 0 between the vertical wires, and the direction of B is 90°.
The resultant force on the coil is zero, for the forces on each side of the
coil are in opposite directions, but the torque G on the coil is now

G = BIba sin c/>.
Since the area A of the coil is given by

A = ba,
we may express the torque on the coil as

G = BIA sinc/>.

(31-12)

If the coil is closely wound, having N turns, a torque equal to that
given by Equation (31-12) is contributed by each turn so that we have

G = NBIA sin c/>.

(31-13)

Although Equation (31-13) was derived for rectangular loops or coils
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of wire, it may be seen that coils of any shape, whose conductors lie in a
single plane, may be approximated by a collection of rectangular coils laid
side by side, as shown in Figure 31-9. Thus Equation (31-13) gives the
torque on a coil of any shape when placed in a uniform magnetic field.

:>

(a)

B

/-Normal

The operation of a moving-coil galvanometer, or D' Arsonval galvanometer, is based upon the torque on a coil in a magnetic field. The essentials
of such a galvanometer are a strong permanent magnet shaped so that the
two poles face each other across a gap in which the magnetic induction is
fairly uniform, a rectangular coil of many turns of fine wire, and a fine
spring attached to the coil. This spring may be in the form of a spirallike
fine watch spring, in which case the coil is mounted on jeweled bearings, or
the spring may be in the form of a long wire, one end of which is rigidly
attached at the top of the frame housing the coil and the other end is
attached to the coil and is part of the conductor leading current into the
coil. As seen from Equation (31-13), the torque on the coil is proportional
to the current through the coil. At a particular value of the current, the
coil is deflected until the restoring torque of the spring is equal to the torque
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generated by the magnetic field. The deflection may be indicated by a
pointer moving over a scale or by means of a beam of light reflected from

Elastic fiber

Soft iron

s

N

Coil

Fig. 31-9 A plane coil of arbitrary shape
may be approximated by a set of rectangular coils. Note that the currents
on all interior wires cancel out.

Fig.31-10 Essentials of aD' Arsonval type of galvanometer. The soft
iron core is introduced to shape the
magnetic field so that it is radial,
thus obtaining a galvanometer in
which the deflection is proportional
to the current through the coil.

Fig. 3' -"
Essentials of a moving
coil galvanometer. C is the moving
coil, Nand S are t'le poles of a
permanent magnet, I.e. is the soft
iron core, P is the pointer, and H is
the hairspring.

a mirror which turns with the coil. Schematic diagrams of the essentials
of a D'Arsonval galvanometer, and a typical panel-type moving-coil
galvanometer are shown in Figures 31-10 and 31-11. In practice the pole
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pieces are curved so that the magnetic field is nearly radial. This produces
a galvanometer in which the deflection is nearly proportional to the angular
displacement.
31-6

Force between Two Parallel Conductors

When two parallel conductors carry current, there is a force between them
which is repulsive when the currents are in opposite directions and attractive when the currents are in the
same direction. The force is due to
the interaction between the current
in one wire and the magnetic field
at that wire due to current in the
other wire. We may calculate the
force between the two conductors
by utilizing the results of the preceding chapter. If the current in
the wire shown as 1 in Figure 31-12
is It, the magnetic field intensity at
the position of wire 2, due to the
current 11 in wire 1, is

o

Fig. 31-12

(30.1a)

where a is the distance between the wires. The magnetic induction B is
related to the magnetic field intensity H in vacuum or in air through the
equation

B

=

J..!oH;

thus the magnetic induction due to the current in wire 1 at the position of
wire 2 is

The direction of B is parallel to the direction of H and is shown in the figure
as directed into the plane of the paper, perpendicular to the wire 2. We
may find the force on a length s of wire 2 by application of Equation (31-11).
We note that the angle (J between the direction of the current in wire 2 and
the direction of B at wire 2 is 90°. Thus we have

F = BsI z

J..! oI 1I zs

~.~~.

27rO
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The force per unit length of wire is given by
F
JlaIlIZ
-=--.
s
271"a

(31-14)

From application of the rule for the vector product, as given in Equation
(31-10) for the direction of the force, the force on wire 2 may be seen to be
toward wire 1. An equal but opposite force is exerted on wire 2, as may be
seen from an application of the same procedure to wire 2. When the
currents are in opposite directions, the force is of the same magnitude but
is repulsive rather than attractive.
From Equation (31-14) we note that the units of Jla may be expressed
as nt/ampz as well as weber/nt m Z or weber/amp m. The units in which
Jla is expressed is a matter of convenience. Thus we may write
(31-15)

It is possible through Equation (31-14) to establish a definition of the
ampere in terms of the mechanical quantities of force and distance and the
constant Jla. Thus an ampere may be defined as that current flowing in
two infinitely long parallel wires separated by a distance of 1 m in air
which causes a force of 2 X 10-7 nt per meter of length between them. In
a device called the current balance, the force between two coils of wire
connected in series and separated by a distance of a few centimeters may
be used to make an absolute determination of current.
When there is an alternating current in a coil, the current is first in one
direction, then in the other, following a sine or cosine function of time. The
currents in adjacent turns are in the same direction, so that there is an
attractive force between adjacent turns which varies from some maximum
value to zero and back again. This periodic force may cause the wires of
the coil to vibrate and produce an audible hum; such a noise is sometimes
heard in a transformer of a radio set.
Illustrative Example. Find the force between two parallel conductors in a
power distributing station. The conductors are 10 m long, carry a current of
HiO amp each, and are separated by a distance of 1 em.
From Equation (31-14)

F

=

1!_oIlh~ .
2a

Substituting numerical values, we have
F = 471" X 10- 7 ntjamp 2 X 150 amp X 150 amp X 10 m ,
2 X om m
F = 4.5 nt.
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MKS AND GAUSSIAN UNITS
TABLE 31-1

Equation I

PRINCIPAL EQUATIONS IN MKS AND GAUSSIAN UNITS

Gaussian

MKS

vxB

q--

(31-2)

F

=

qv xB

F

=

(31-3)

B

= KmJ.LoH

B

= KmH

(31-5)

r

(31-6)

F

(31-10)

mv
Bq

mvc
r=Bq

=

q(E + v xB)

F=q(E+

dF

=

1 ds xB

(31-13)

G

=

NBIA sin</>

G=

(31-14)

F
s

0
= --

J.L /1/2

F
-s

-

TABLE 31-2

Quantity

=-

dF

211"a

=

Moving charge

c

Circular path

v

:

B
)

1
-dsxB
c

Charge
Element of wire
carrying current

NBIA sin </>
c

21 1 2
ac 2

1
= --

Torque on coil
Parallel wires

CONVERSION FACTORS RELATING MKS AND GAUSSIAN UNITS

Symbol

Magnetic
intensity

H

Magnetic
induction

B

Electric
intensity

E

MKS Unit
1 amp/m

1 nt/weber

=

1 weber/m 2
1 nt/coul

=

1 volt/m

Gaussian Unit
=

411" X 10- 3 oersted

(emu)

=

104 gausses

(emu)

10- 4 statvolt
cm
3
10-4 dyne
----3 stcoul

= --

=

(esu)
(esu)

Electric
displacement

D

1 coul/m 2

=

3 X 10 5 stcoul/cm 2

Charge

q

1 coul

=

3 X 109 stcoul

(esu)

Current

1

lamp

=

3 X 109 statamperes

(esu)

(esu)

Problems

31-1. A proton of charge +4.8 X 10- 10 stcoul moves with a speed of 109
cm/sec at right angles to the direction of a magnetic field of 300 gausses. Find
the force on the proton due to its motion with respect to the magnetic field.
31-2. The mass of a proton is 1.67 X 10- 24 gm. What will be the radius
of the circle in which the proton of Problem 31-1 moves?
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31-3. In a beta-ray spectrometer an electron moving perpendicularly to a
magnetic field of magnetic induction 150 gausses moves in a circle of 15 em diameter. Find the momentum of the electron.
31-4. A proton moves with a velocity of 104 m/sec in the +x direction in a
magnetic field whose components are B x = 0.03 weber/m 2 , By = 0.04 weber/m 2 ,
B z = 14 webers/m 2 • Find the components of the force on the proton.
31-5. A particle of charge 10 Mcoul has a velocity whose components are V x =
3 m/sec, V y = 4 m/sec. The particle moves in a magnetic field whose components are B x = 0.5 weber/m 2 , By = 1.2 webers/m 2 , and B z = 1.5 webers/m 2 •
Find the components of the force on the particle.
31-6. The magnetic induction between the poles of a large electromagnet
is 1,000 gausses in a direction from east to west. The field extends vertically
for a distance of 5 cm. A wire is suspended vertically in the field, and a current
of 15 amp is sent through it. Determine the magnitude and direction of the
force on the wire.
31-7. A wire parallel to the y axis carries a current of 10 amp. The wire
is 0.5 m long. The magnetic induction in the vicinity of the wire has an x component of 0.3 weber/m 2, a y component of -1.2 webers/m 2, and a z component
of 0.5 weber/m 2 • Find the components of the force on the wire.
31-8. A current of 8 amp is directed downward in a vertical wire 80 cm
long which is suspended in a place where the intensity of the earth's magnetic
field has a horizontal component of 0.25 oersted and a vertical component of
0.75 oersted. Determine the magnitude and the direction of the force on the wire.
31-9. A long uniform solenoid is wound with 1,000 turns/m of length and
carries a current of 10 amp. An electron, whose velocity component parallel to
the axis of the solenoid is 10 5 m/sec and whose velocity perpendicular to the axis
of the solenoid is 10 6 m/sec, is ejected from a radioactive source at the center
of the solenoid. The path described by the electron is a helix. (a) Find the
radius of the cross section of this helix and (b) find the pitch (number of turns
per meter) of the helix. The charge of an electron is -4.8 X 10- 10 stcoul, and
the mass of an electron is 9.10 X 10- 28 gm.
31-10. A rectangular coil of 150 turns of fine wire is suspended in a magnetic
field with its plane parallel to the direction of the field. The dimensions of the
coil are 2 cm by 4 cm. When a current of 0.5 amp is sent through the coil, a
torque of 18,000 dynes cm acts on it. Determine the magnetic induction of
this field.
31-11. A straight wire 12 cm long is placed in a magnetic field of 350 gausses
directed at right angles to the length of the wire. A delicate spring balance
attached to the wire measures a force of 160 dynes when a current is sent through
the wire. Determine the current in the wire.
31-12. A proton whose mass is 1.65 X 10- 27 kg travels in a circular path
of 0.35 m raditls in a magnetic field of 1.2 webers/m 2. Determine (a) the velocity
of the proton and (b) its period of revolution.
31-13. A rectangular galvanometer coil has 500 turns wound on a frame
2 cm by 4 cm. It hangs between the poles of a magnet where the flux density
is 0.080 weber/m 2 • Determine the torque which acts on this coil when the current in it is 3 X 10-8 amp.
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31-14. Derive Equation (31-7b).
31-15. Two eleetrons are moving down the axis of a television tube with a
velocity of 10 7 m/sec. The electrons are separated by n distnnce of 0.01 cm.
(n) What is the electric force between them? (b) What is the magnetic force
between them? (c) Whnt is the resultant force between them?
31-16. A circular coil of wire of radius 10 cm nnd containing 50 turns is
placed in a magnetic field in which B is 1.5 webers/m 2. The current in the coil
is 3 amp. (a) What is the torque on the coil when its plane is parallel to the
field? (b) When the normal to the plane of the coil makes an angle of 30° with
the field?
31-17. One end of a flexible copper wire is fastened to a post while the
other goes over a fixed pulley nnd hns a weight W hanging from it. The portion
of the wire from A to the pulley is horizontal and is in a uniform magnetic field
of flux density B in the vertical direction. A current I is sent through the wire;
determine the radius of the circular arc into which the wire is bent.

32
Electromagnetic Induction

32-1

Motion of a Wire in a Magnetic Field

When a wire moves through a uniform magnetic field of induction B,
in a direction at right angles to the field and to the wire itself, the electric
charges within the conductor experience forces due to their motion through
this magnetic field. The positive charges are held in place in the conductor
by the action of interatomic forces, but the free electrons, usually one or
two per atom, are caused to drift to one side of the conductor, thus setting
up an electric field E within the conductor which opposes the further drift
of electrons. The magnitude of this electric field E may be calculated by
equating the force it exerts on a charge q, to the force on this charge due
to its motion through the magnetic field of induction B; thus
Eq = Bqv,

E = Bv.

from which

If, as a result of the motion of the wire through the magnetic field, a
charge q is moved a distance s along the wire against the internal electric
field E, a quantity of work }Y is done by the agency moving the wire,
given by the expression
}Y =

Eqs = Bvqs.

Thus an electromotive force is generated within the wire as a result of its
motion through the magnetic field. The electromotive force across the
ends of the wire is the work per unit charge done by the agency moving
the wire. The emf e is thus

e =}Y
q

so that
590

Ie

= Bqvs,
q

= Bsv·1

(32.1)
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As shown in Figure 32-1, the direction of the emf is the direction in which
positive charges are made to move by the action of the magnetic field,
and therefore is opposite to the
x
x
x
x
direction of the induced electric
B
B
field E within the wire.
To gain further insight into
the effect of moving a wire
x
x
through a magnetic field, let us
v
suppose that the wire of length
s slides over a fixed conductor a
consisting of two parallel tracks
x
x
x
which are electrically connected
at one end, as shown in Figure
32-2. As the wire moves to the
B
B
X
X
X
X
right with velocity v, the induced
emf in the wire produces a curFig. 32-1
rent I in the closed circuit, in
the direction of the emf If in the moving wire. We have seen in Section
31-4 that a wire carrying current in a direction perpendicular to the magnetic field experiences a force given by

F

=

BIs.

In the figure this force is directed to the left. In order to satisfy the principle of conservation of energy, the agency moving the wire to the right

xB

X

X

X

x

x

nx
1
F

X

X

x

X

X

X

Bx

V
X

X

X

Bx

a

E

X

x

a

xB

x

x

X

Fig. 32-2

must exert a force equal and opposite to the force F above, and expend
mechanical power t? such that
t?

=

Fv

=

BIsv.
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At the same time the electrical power generated is
t? = 61.

Equating the mechanical power expended and the electrical power generated, we find

c=

Bsv,

which is Equation (32-1).
In calculating the emf developed by a wire moving through a magnetic
field, we have used two different points of view. The first calculation
was made from essentially a microscopic point of view in which our attention was directed to the forces on isolated charges within the wire. The
second calculation was made from a macroscopic viewpoint, in which our
attention was directed to the force on the wire and to the emf. The same
result was obtained in each case.
Many practical devices, such as electric generators and motors, are
designed so that conductors move across magnetic fields. In using Equation (32-1) to discuss the operation of these devices, it must be remembered
that B, s, and v were all considered to be perpendicular to one another.
If they are not mutually perpendicular in a particular case, then only the
components of the three quantities which are mutually perpendicular are
to be considered. As the wire moves through the magnetic field, it is
often described as "cutting" the lines of magnetic induction. Equation
(32-1) then shows that the emf induced in a wire depends upon the number
of lines of magnetic induction cut per unit time.
32-2

Magnetic Flux and Flux Density

It is convenient to represent the magnetic induction B by lines of magnetic
induction, sometimes called lines of magnetic flux. The direction of the
magnetic induction is tangent to the flux lines, and the magnitude of the
magnetic induction is given in the usual way by the number of lines per
unit area passing through a surface perpendicular to the flux lines. The
total number of lines passing perpendicularly through an element of area
is then called the magnetic flux <I> (capital phi) through that area. If the
area of an element perpendicular to B is ~A, then the flux ~<I> through
that element is given by
~<I>

= B

~A.

(32-2)

In the mks system of units, the magnetic induction is stated in units of
webers per square meter, and the area is stated in units of square meters.
The flux is expressed in units of webers. For this reason the magnetic
induction B is often referred to as the flux density.
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In the Gaussian system of units, the magnetic induction B is expressed in
gausses, the area in square centimeters, and the flux in maxwells. We have
already seen that
1 weber/m 2

=

104 gausses,

so that

1 weber = 10 4 gausses X 10 4 cm 2,

or

1 weber = 108 maxwells.

Following the procedure we have used throughout the development of
electricity and magnetism, unless otherwise indicated all equations are expressed
in the mks system of units, and the principal ones will be restated in the Gaussian
system of units in a table at the end of this chapter.

The magnetic flux ep is a scalar quantity, but the magnetic induction B
is a vector quantity; the area t..A may be considered as a vector quantity.
In dealing with closed surfaces, as in Gauss's theorem in electrostatics,
we considered the direction of an area as that of an outward drawn normal.
Although in the present instance the area is not part of a closed surface, it
may be thought of as a film or a cap bounded by a closed conducting
boundary. In choosing the direction of the area vector, we must associate
a positive direction of circulation around the boundary of the area in
accordance with a right-hand rule. Thus if in Figure 32-2 the direction of
the area vector is chosen as pointing toward the reader, the positive
direction of the current in the wire may be found by directing the thumb
of the right hand in the direction of the area vector. The curled fingers
of the right hand indicate the positive direction of the current or the emf
as in the counterclockwise direction. If the area vector is pointing into
the paper, the positive direction of the current is clockwise. Following
this convention, we may rewrite Equation (32-2) in vector form as the
scalar product of Band t..A as
(32-2a)

32-3

Faraday's Law of Electromagnetic Induction

The phenomenon of electromagnetic induction was discovered in 1831 by
Michael Faraday (1791-1867) in England and independently by Joseph
Henry (1797-1878) in the United States. One example of electromagnetic
induction is the emf generated in a wire moving through a magnetic field,
as discussed in Section 32-1. In Faraday's original experiment the apparatus consisted essentially of two neighboring circuits, shown in Figure
32-3; one cirCUit, which we shall call the primary circuit, contained a
battery B, a coil P, and a key K, for opening and closing the circuit; the
second circuit, or secondary circuit, consisted of a coil S and a galvanometer G. Faraday observed that when the key was closed, the galvanometer
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in the S circuit gave a momentary deflection and then returned to its zero
position and remained there as long as the key was closed. When the key
was opened, there was another momentary deflection of the galvanometer,
opposite in direction to the previous deflection, and then the galvanometer
needle returned to its zero position.
Analyzing this simple experiment, we find that when the key in the
primary circuit was closed, a current started flowing through the primary
coil P. This current produced a magnetic field in the neighborhood of P
and also around the coil S; that is, a change was produced in the magnetic
field around the coil S in the secondary circuit. The fact that the galva-

Fig. 32-3 Faraday's experiment on
electromagnetic induction.

nometer showed only a momentary deflection can be interpreted by saying
that a current was induced in the secondary circuit momentarily and that
this induced current was due to the change in the magnetic field around
the secondary circuit. As long as the current in the primary circuit remained constant, the magnetic field around both P and S remained constant, but the galvanometer read zero during this time. But when the
magnetic field was again changed, say by opening the key, a current was
again induced in the secondary circuit, this time in a direction opposite to
that produced when the key was closed.
The results of the above experiment on electromagnetic induction can
be explained qualitatively by stating that the change in the magnetic field
around the secondary coil induced an electromotive force in the coil, and,
since the coil is part of a closed circuit, this induced emf produced a current
in the secondary circuit.
There are many ways in which the magnetic field around the coil S may
be varied Suppose, for example, that the key of the primary circuit is
kept closed so that a steady current flows through the coil P. As long as
the magnetic field around the secondary coil S remains constant, there will
be no emf induced in it, and the galvanometer will read zero. But if we
move S away from P so as to decrease the magnetic field around S, the
galvanometer will show a deflection; similarly, if we move S toward P, the
galvanometer will show a deflection but now in the opposite direction.
If we put a variable resistor in the primary circuit so that the current
in it may be varied, and keep the distance between Sand P constant, there
will be an induced emf and hence an induced current in the secondary
circuit whenever the current in the primary circuit is changed. When the
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current in the primary coil is increased, the induced current in the secondary coil will be in one direction; when the current in the primary coil is
decreased, the induced current in the secondary coil will be in the opposite
direction.

Fig. 32-4 Michael Faraday (17911867).
Chemist and physicist.
Discovered the laws of electrolysis
and electromagnetic induction.
Introduced the concept of lines of
force to help understand the phenomena associated with electric and
magnetic fields.
(Courtesy of
Scripta Mathematica,)

The results of many experiments on electromagnetic induction can
be stated in the form of a law known as Faraday's law of electromagnetic
induction as follows:
The electTOmotive force induced in each turn of wire in any circuit is
equal to the time rate of decrease of the magnetic flux through it, or, in the form

of an equation:
(32-3)

Faraday's law may be considered as one of the fundamental empirical
laws of electromagnetism, or it may be derived by applying Ampere's law
and the principle of conservation of energy to typical cases, To show this,
let us reconsider the case of a wire moving perpendicularly with constant
velocity through a magnetic field of flux density B, as shown in Figure 32-2.
If the wire moves a distance /lx to the right, the change in area is
/lA

=

s /lx,

In accordance with the sign convention, the positive direction of the normal
to M is upward toward the reader. The flux density B is directed down-
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ward, so that B o 6A, the change in flux 6<1> through this area, is
6<1> = -Bs 6x.
If this change in flux takes place in a short time interval 6t, then

6<1>

-

6t

6x

= -Bs-,
6t

and, in the limit of short time intervals, we find
d<l>

dx

-

= -Bs- = -Bsv.

dt

dt

Substituting for the quantity on the right-hand side of the ahove equation
from Equation (32-1), we find
d<l>
dt

(32-3)

Although we have derived the result for a moving wire, Equation
(32-3) has been found to be true for the emf induced in any closed circuit
when the flux through that circuit changes with time.
Whenever the magnetic flux passing through a single turn of wire is
changing, the instantaneous emf developed in the loop is given by Equation
(32-3), regardless of the reason for the change in the flux. If the coil consists of N turns of wire, an emf will be induced in each turn by the changing
magnetic flux. The turns of a coil may be considered as connected in series,
so that the emf in the coil will be the sum of the emf's induced in the individual turns. If the rate of change of magnetic flux is the same through
each turn, then the total emf induced in the coil will he given by

(32-4)

Illustrative Example. A coil containing 750 turns of wire is wound on a
rectangular frame 20 cm by 30 cm. The magnetic induction normal to the area
of the coil is 0.3 weber/m 2• The magnetic field is reduced to zero at a uniform
rate in 0.25 sec. Determine the magnitude of the emf induced in the coil.
The total flux through the coil is
<I>

=

BA

=

0.3 weber X 0.06 m 2
m2

= 0.018 weber
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The rate of change of flux is given by
O.Olk weber
0.25 sec

d<l>

dt
=

Since N
the emf,

=

750 turns, we have, from Equation (32-4), neglecting the sign of

6'

=

c~ =

32-4

0.072 weber/sec.

750 X 0.072 volts,
54 volts.

Lenz's Law

The method for determining the direction of the current in a coil produced
by an induced emf was first clearly stated by H. F. E. Lenz (1804-1864) in
1834; it is based upon the application of the principle of conservation of
energy to the process of electromagnetic induction. Lenz's law states that
the induced current is in such a direction as to oppose, by its magnetic action,
whatever change produces the current.

s]

An emf is indueed in the
coil by the motion of a bar magnet.
Direction of the indueed eurrent is
shown by the arrows on the wire.
Fig. 32-5

L--_--{

G

Another way of stating Lenz's law is that the direetion of the induced
current is such as to oppose the change in the magnetic flux in the circuit.
If for any reason whatever there is an increase in the magnetic flux through
the circuit, the induced current will be in such a direction as to set up a
magnetic field to oppose the increase in the magnetic flux through it.
Similarly, if there is a decrease in the magnetic flux through the circuit, the
induced current will be in such a direction that it will set up a magnetic
field which will oppose the decrease in the flux through it. In the case of
the moving wire of Figure 32-2, the motion of the wire to the right tended
to increase the magnetic flux enclosed within the closed circuit. The increase in magnetic flux was directed into the plane of the paper. According
to Lenz's law the induced current in this circuit had to be in the counterclockwise direction, as shown in the figure. The magnetic field generated
by the induced current was directed out of the plane of the paper, so as to
oppose the change in the flux through the circuit.
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Let us suppose that a bar magnet is brought near a coil whose terminals
are connected to a galvanometer, as shown in Figure 32-5. When the north
pole of the magnet approaches the coil, the galvanometer registers a current
in one direction. When the magnet is removed from the coil, the galvanometer registers a current in the opposite direction. We may find the
direction of the induced currents by the application of Lenz's law. When
the north pole of the bar magnet is brought near one end of the coil, the induced current in the coil will be in such a direction as to set up a magnetic
field which will oppose the motion of the north pole toward it; that is, the
magnetic field caused by the induced current will repel the north pole of
the bar magnet. If the north pole of the magnet is moved away from one
end of the coil, the induced current will set up a magnetic field so as to
attract the north pole of the bar magnet and oppose its motion away from
the coil. Thus work must be done in moving the bar magnet with respect
to the coil because of the force which is generated when the magnet is
moved. This work is transformed into electric energy, as evidenced by the
existence of an induced current in the coil, and the conversion of this energy
into heat.
32-5

Electric Dynamo or Generator

The moving wire of Figure 32-2 is a simple form of electric generator. In
this illustrative dynamo, mechanical work is done on the wire, and this is
into electrical energy.
,.B converted
More practical forms of generators
are usually constructed so that the
A
motion of the conductor is rota----~<-----_v'------~ tional rather than translational. In
the simplest case a coil of N turns
is rotated about an axis in the
plane of the coil, in a magnetic
B field which is perpendicular to the
axis of rotation, as shown in Figure
32-6. The two ends of the coil are
connected to two insulated conducting rings called slip rings, mounted
Fig. 32-6
on the axis and rotating with the
coil. Two blocks of carbon, called
brushes, press against these rings as they rotate and provide electrical contact with the external circuit.
Let us suppose that the coil of area A is rotating in a field of uniform
flux density B. If the coil is oriented so that the normal to the plane of the
coil makes an angle () with the lines of flux, the component of the magnetic
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field which is normal to the plane of the coil is B cos 8, so that the flux
passing perpendicularly through the coil is
ep

= BA cos 8.

The emf 6' generated in a coil of N turns, as a result of the changing flux
through the coil as it rotates, may be obtained from Equation (32-4) as
6' = -N dep
dt

d
-NBA - (cos 8)
dt

= NBA sin8

d8
dt

.

Let us assume that the coil rotates with uniform angular velocity w, and
that at time t = 0, the angle 8 = 0°. We have
8

and
so that

d8

= wt,

- =
dt

w

'

6' = NBAw sin wt.

(32-5)

The emf is zero at time t = 0 and varies as a sine function of the time.
The emf changes direction after each half revolution of the coil. The emf
is said to be an alternating emf. The maximum value of the emf occurs
when 8 = wt = 90°; that is, when the plane of the coil is parallel to the

Fig. 32-7 Graph of the alternating
emf induced in the coil of the generator during one revolution.

magnetic field. The emf is zero when the plane of the coil is perpendicular
to the magnetic field (8 = 0°). The variation in the emf induced in the
coil is one revolution, as shown in Figure 32-7. The rate of change of the
magnetic flux through the coil is greatest when it is passing through the
position where it is parallel to the field, and is zero when the coil is perpendicular to the field.
In some small generators, such as those operated by hand and used
to supply current to ring bells in rural telephones, the magnetic field may
be supplied by a nermanent magnet; these generators are called magnetos.
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In mOtit generators the magnetic field is produced by current in field coil!;.
This current may be supplied by a battery or it may be supplied by the
generator itself. Instead of a single rotating coil of wire, there are usually
several coils, each consisting of many turns of wire, wound on an iron core,
rotating in the magnetic field. The whole assembly is called an armature.
Most large generators have a complicated field structure, with two or more
pairs of poles. The induced emf in the
coils of an armature is always an alternating emf, and the current in these
coils is always an alternating current.
For some purposes it is desired to
have a current which does not reverse its
direction, as in electroplating baths. For
such cases it is necessary to change the
alternating current developed in the armature to current which is always in the
same direction in the outside circuit. In
a simple form of d-c generator, this is
Fig. 32-8 Split-ring eommutator.
accomplished by a split-ring commutator,
P and Q are brushes in eontaet with
the segments of the eommutator.
shown in Figure 32-8. The two ends of
the armature are connected to the two insulated halves of the split ring. As the coil rotates, a given brush is always
connected to that part of the coil moving in a particular direction through

Fig. 32-9

Direet eurrent from a

single eoil.

the field, so that one of the brushes is always the positive terminal of the
generator and the other brush is always the negative terminal. The current
from an armature with a single turn is not constant but is pulsating, as
shown in Figure 32-9. The wave form is essentially a sine wave with the
negative half cycles reversed.
In modern d-c generators the armature consists of many coils connected in series, and the commutator contains many segments. Figure
32-10 shows the current from a generator containing two coils. The small
variations in the current are referred to as commutator ripple.
A simple generator coil rotated in an unknown magnetic field may be
used to measure the magnetic induction, using Equation (32-5), if the
dimensions of the coil and the speed of rotation are known, and the emf
generated by the rotation of the coil is measured.
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Fig.32-10 Direct current from a d-c generator having a commutator with many
segments. The dotted lines show the current from the two pairs of segments, while the
solid line shows the current from such a generator. Note that the current is not constant
but fluctuates about some average value shown as a dashed horizontal line.

32-6

Self-Inductance

The law of electromagnetic induction states that an emf is induced in any
circuit in which the magnetic flux is changing. The manner in which the
change in the magnetic flux is produced does not matter; the changes may
be induced by external currents or magnets, or by changes in the circuit
itself. The coil of a motor is caused to rotate by current passing through
the armature, and as a result of the rotation of the armature, the flux
through the coil is changed and a back emf is developed. When current is
sent through a coil, a magnetic field is established through it, and any
changes in the current generate changes in the magnetic flux through the
coil. These changes in flux induce an emf in the coil, which, according to
Lenz's law, must be in such a direction as to oppose the change in current.
The emf induced in the coil is proportional to the rate of change of current
in it, or, in the form of an equation,
I

I
j

di

: 6'= - L - ·

I
I

L_~J

(32-6)

The constant of proportionality L represents a property of the coil which
depends upon its dimensions and its geometrical shape; L is called the selfFig. 32-11 Schematic
tion of an inductor.

representa-

inductance of the coil. The minus sign is used to express the fact that the
emf induced in a coil by a change in current is opposite to the direction of
the change. In the mks system the unit of inductance is the henry, after
Joseph Henry. Thus a coil has an inductance of 1 henry if an emf of 1 volt
is induced in the coil when the current through it is changing at the rate of
1 amp/sec. A device having inductance is called an inductor and is represented schematically in Figure 32-11.
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Another interpretation of the self-inductance L of a circuit may be
obtained by comparing Equations (32-4) and (32-6), yielding
dip
L di = N
,
dt
dt

from which

Li = Nip,

so that

Nip
L=..

(32-7)

t

The quantity Nip is called the flux linkage of the circuit, hence the selfinductance L is the flux linkage per unit current of a circuit.
Let us determine the self-inductance of a uniformly wound toroid of
N turns, mean length s, and cross-sectional area A. The magnetic field
intensity within the toroid is uniform and given by
Ni
H=-·
s

When a toroid is in vacuum,
given by the equation

th~

B

(30-5)

magnetic induction within the toroid is

= }J.oNi,
s

and the flux of magnetic induction within the toroid is

Since
we get

}J.oNiA
ip=--.
s
Nip
L=-,
i
}J.oN2 A
L=--·
s

(32-7)

(32.8)

Thus the self-inductance of a toroid in air is a property of the geometry
of the toroid, just as the capacitance of a capacitor is a property of its
geometry. Any conducting element in an electrical circuit has the property
of inductance. The conductors which connect the various parts of an
electric circuit also generate a magnetic field when current passes through
them. The inductance associated with the leads is often called stray inductance or distributed inductance.
From Equation (32-8) we see that }J.O may be expressed in terms of the
unit of inductance as
7 henry
(32-9)
}J.O = 47l" X 10- - - ,
meter
and, indeed, these are the units in which }J.O is most commonly expressed.
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Inductive Transients

Let us consider the simple circuit of Figure 32-12 in which an inductor L
and a resistor R are connected in series to a battery B. Initially the switch
S is open. We may analyze the behavior of the circuit by applying Kirchhoff's laws (Section 27-6) to the circuit at any instant after the switch is
closed. Let us suppose that at a particular time t the current in the circuit

t~ -----lII------""'<-:~~----1
~

Fig. 32-12

B

~v

a

S

is in the clockwise direction, as shown in the figure, and that the current
is increasing so that the direction of the rate of change of current is in the
same direction as the current itself. Starting at the point a and applying
Kirchhoff's laws by moving a probe charge around the circuit in the direction of the current, we find
di
.
- L - - IR + V =
(32-10)
dt
'

°

where V is the emf of the battery, and -L (dildt) is the back emf in the
inductor.
Equation (32-10) is a differential equation whose solution is given by
V
_!it
i = - (1 - e L).
(32-11)
R
We may verify this solution by differentiation of Equation (32-11) and
substitution into Equation (32-10).

di
dt

-

V R _!it
- e L.
R L

= -

(32-12)

Substituting for i and for dildt from Equations (32-11) and (32-12) into
Equation (32-10), we find
_LY-e(-R/L)t -

L

V

+ Ve(-R/LH + V

establishing the correctness of the solution.

=

0,
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The current in the circuit is zero at the instant the switch is closed, and
gradually increases to a maximum value which is determined only by the
magnitude of the resistance and the emf of the cell, as shown in Figure
32-13. Initially, the rate of change of current is very large, and the emf
induced in the inductor limits the flow of current. At the instant the switch
is closed, the emf of the inductor is equal and opposite to the emf of the

i
. V
1=7'[

t=..l.
R

t
Fig.32-13

Growth of current in a circuit containing inductance and resistance.

battery, so that the current is zero. ~When the current reaches a steady
value and is no longer changing, there is no induced emf, and the current
is determined by Ohm's law. At a time t = LI R, called the time constant
of the circuit, the current has reached to within lie of its maximum value.

Fig.32-14 A spark-gap G placed
across the terminals of an inductor.

B

I-----;r/.
The curve describing the current as a function of time is called a transient,
for it describes the current shortly after the switch is closed rather than the
steady-state current that is established after a long interval of time.
In the process of establishing a current in the circuit, a magnetic field
is established in the inductor. If the switch is suddenly opened after the
current has reached a steady value, an emf will be induced in the inductor
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whose value will depend upon the rate of change of current. The more
quickly the current is intermpted, the greater will be the induced emf. If
a spark gap is placed across the terminals of the inductor, as shown in
Figure 32-14, a spark may pass between the terminals of the spark gap when
the switch is opened, because of the large induced emf in the inductor.
The energy of the magnetic field is then dissipated into the heat, sound,
and radiant energy generated at the spark gap. The emf generated upon
opening a circuit containing inductance is often called a switching transient,
and is responsible for the large arcs which are often observed when electrical
switches are opened.
32-8

Energy Stored in an Inductor

Let us calculate the energy of an inductor when there is a steady-state
current I in it. During the transient interval when the current is changing
from zero to the maximum value I, the emf of the inductor is given by

e=

di
-L-·

(32-6)

dt

An amount of power (p is expended by an external source of electrical
energy to establish this current. The applied potential difference is opposite
to the direction of the induced emf so that
di

= -ei = Li - .

(P

dt

The work dJY done by an outside agency in driving current through the
inductor against the induced emf in a time dt is

dJr

•

/i)

= II

dt

[di
~i

=

-- rit,
dt

or

riJY = Li rii.
Integrating between the limits of i = 0 and i = I, the final current through
the inductor, we have,

1
1

yielding

JY

=

JY

=

Li di,

!LI 2

(32-13)

for the energy of an inductor. When L is in henrys and I is in amperes,
JY is in joules.
When the current in a circuit builds up from zero to a value I, energy
is supplied to the magnetic field, its value being !LI 2 . As long as the
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current remains constant, no additional energy is supplied to the magnetic
field. In the circuit of Figure 32-12, all of the energy supplied during the
steady state is transformed into heat. When the current decreases from
I to zero, the magnetic field also decreases to zero; the energy that was
stored in the magnetic field is returned to the circuit.
We can use the equation for the energy of an inductor to determine
the energy per unit volume W v in a magnetic field by considering an inductor in the form of a toroid. Its magnetic field is confined entirely to the
volume within the toroid. The inductance of a toroid is given by
N2A
L = !J.o
--~ ,
(32-8)
S

hence the energy stored in the magnetic field of the toroid is, from Equation
(32-13),

The magnetic field intensity within the toroid is given by
NI
H=-·
s

(30-5)

Substituting for N from Equation (30-5) into the above equation for the
energy of the toroid, we have
W

=

!!J.oH2As.

The volume within the toroid is given by the product of its cross-sectional
area A by its mean circumference s. Thus the energy per unit volume W v
of the magnetic field is given by
W v = !!J.oH2 = !BH.

(32-14)

Notice that our procedure for finding the energy stored in the magnetic
field has been very similar to the caleulation by which we found the energy
per unit volume stored in the electric field. In the case of the magnetic
field, we utilized the energy in the field of a toroid, while in the electric field
we utilized the energy in the field of a capacitor. Recalling that result
from Equation (25-5), we may write the energy per unit volume W v in
the electromagnetic field as
W v = !(~OE2 + !J.o H2 ).
(32-150)
This formula may be rewritten as
W v = !(DE

+ BH).

(32-15b)

In the mks system of units, the energy density W v in the electromagnetic
field is in joules per cubic meter when the electric field is expressed in volts
per meter and the magnetic field intensity is expressed in amperes per metAL
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TABLE 32-1

Equation I
(32-2)

PRINCIPAL EQUATIONS IN MKS AND GAUSSIAN UNITS

MRS
~<I>

Gaussian

= B ~A
d<l>

1 d<l>

Electromagnetic
induction

(32-3)

e=

(32-4)

e

(32-6)

e=-LrJi

Same form as mks

(32-8)

L =

L

e=

dt

= -N d<l>

c dt
N d<l>

e=

dt

dt

J.l oN2A

c

N-turn coil

dt

Toroid or long
solenoid

sc 2

Same form as mks

(32-14)

Jr v

= -

Jrv

=

Jr v = ~(DE

TABLE 32-2

Quantity

+ BH)

H2

871"

Energy

BH

Energy density
in vacuum

=-

871"

1
871"

-(DE

+ BH)

Energy density

CONVERSION FACTORS RElATING MKS AND GAUSSIAN UNITS

Symbol

Flux
Inductance

Inductance

471"N2A

=

s

(32-13)

(32-15b)

Flux change

Same form as mks

L

Pole

MRS Unit

Gaussian Unit
(emu)

1 weber

=

108 maxwells

1 henry

=

---

1 weber

=

-

108
unit pole
471"

(emu)

=

471" X 1O- a oersted

(emu)

10 4 gausses

(emu)

1
stathenry
9 X 1011
.

(esu)

Magnetic
intensity

H

nt = lamp
I_

Magnetic
induction

B

1 weber/m 2

=

Electric
intensity

E

1-=1-

llt
coul

= 10- 4 statvolt = 10- 4 dyne (esu)

Electric
displacement

])

weber

m

volt
m

1 coul/m 2

3
=

cm

3 stcoul

3 X 10 5 statcoul/cm 2

(esu)
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Problems

32-1. The magnetic flux in a coil having 40 turns changes steadily from
zero to 20,000 maxwells in 2 sec. Find the induced emf in the coil.
32-2. The magnetic flux through a coil of 125 turns is changed at a constant
rate from zero to 0040 weber in 2.5 sec. Determine the emf induced in this coil.
32-3. A circular coil of 50 turns and radius 15 cm lies in the x-v plane. The
magnetic induction is changed in 0.001 sec at a constant rate from zero to a
value whose x component is 0.3 weber/m 2 , whose y component is 004 weber/m 2 ,
and whose z component is 0.5 weber/m 2 . Find the emf induced in the coil.
32-4. A wire 50 cm long is at rest along the x axis. A large magnet generating
a uniform field directed along the +y direction of 0.2 weber/m 2 is moved in the
+z direction with a speed of 30 m/sec. Find the magnitude and the direction
of the emf induced in the wire.
32-5. A wire 75 cm long is moved in the y direction at a speed of 25 m/sec,
so that the wire is always parallel to the x axis. The magnetic field has components B x = 0.2 weber/m 2 , By = -0.3 weber/m 2 , and B z = 004 weber/m 2 •
Find the emf induced in the wire.
32-6. A short solenoid, connected to ,a galvanometer, stands on one end
upon a table. The north pole of a long bar magnet is brought down from above
into the solenoid. Apply Lenz's law to find if the direction of the current induced in the solenoid is clockwise or counterclockwise, as viewed from above.
32-7. A rectangular coil of wire having 10 turns with dimensions of 20 em
by 30 em is rotating at constant speed of 600 rpm in a magnetic field in which
the magnetic induction is 600 gausses. The axis of rotation is perpendicular to
the field. Find the maximum value of the emf produced.
32-8. Part of a closed circuit consists of a straight wire 1.5 m long moving
at a speed of 2 m/sec perpendicular to a magnetic field of 10,000 gausses. (a)
What is the emf induced in the circuit? (b) What is the force on the wire when
the induced current is 5 amp?
32-9. A coil of 300 concentrated turns and an area of 800 em 2 is lying flat
on a, horizontal table. When the coil is turned over through 180° in 0.10 sec,
the average induced emf is 0.024 volt. What is the vertical component of the
magnetic intensity of the earth's magnetic field'!
32-10. A rectangular coil 12 cm by 25 cm and containing 15 turns is rotating
at a constant speed of 1,800 rpm in a magnetic field in which the magnetic
induction is 0.15 weber/m 2 • The axis of rotation is perpendicular to the field.
(a) Determine the maximum emf induced in this coil. (b) If the zero of time is
taken at the point where the coil is parallel to the magnetic induction, find the
emf in the coil when it has rotated by 53°.
32-11. When the current in a coil is changed at ,a constant rate of 5 amp/sec,
the emf induced in the coil is 0.25 volt. Determine the self-inductance of the coil.
32-12. Derive a formula for the self-inductance of a long solenoid. Assume
that the field is uniform everywhere within the solenoid.
32-13. What is the self-inductance of a solenoid 50 cm long and 5 cm in
diameter, wound with 400 turns of wire?
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32-14. What is the self-inductance of a toroid of mean circumference 25 Clll,
wound with 500 turns of wire, if the cross-sectional area of each turn is 2 cm 2?
32-15 An inductor has an inductance of 0.01 henry and an internal resistance
of b ohms. The inductor is connected to the terminals of a battery having an
emf of 12 volts. What will be the current in the circuit (a) in 0.001 sec? (b) In
0.01 sec? (c) In 0.1 sec? (d) Determine the time constant of this circuit.
32-16. An inductor of inductance 0.1 henry is connected in series with a
50-ohm resistor. This series combination is connected across the terminals of
a 100-volt battery. What will be the energy stored in the magnetic field of the
inductor when the current reaches a steady value?
32-17. Solve Equation (32-10) by separating the variables so that it becomes

~=
.

V
R

_!i dt

L --

L'

and integrating to obtain Equation (32-11). Evaluate the constant of integration, letting i = 0 when t = O.
32-18. Suppose that a switching arrangement is used in the circuit of
Figure 32-12 so that the battery is removed from the circuit and a connecting
wire is substituted in its place. (a) Show that Equation (32-10) becomes

L t!i

dt

+ iR

=

O.

(b) Solve this equation for the current as a function of the time. Evaluate the
constant of integration letting i = I when t = O. (c) Plot a graph of this equation
and compare it with the graph of Figure 32-13.
32-19. Referring to the toroid of Problem 32-14, calculate (a) the energy
in the magnetic field when the current is 10 amp and (b) the energy per unit
volume of this field.

33
Magnetic Properties of Matter

33-1

Introduction

Matter is composed of atoms consisting of positively charged nuclei and
negative electrons. These electrons occur in shells, and the periodic nature
of chemical properties of atoms as the atomic weight increases is a reflection
of the fact that the chemical behavior of an atom depends largely upon the
number of electrons in the outermost shell. In some parts of the periodic
table (see Table 5 of Appendix A), electrons occupy places in an outer shell
before an inner shell is completely filled; it is then observed that a number
of different elements have very similar chemical properties. The same
number of electrons lies in the same outermost shell of these different atoms,
but the inner shells contain different numbers of electrons. The chemical
similarity of the rare-earth elements, atomic numbers 57 to 71, may be
explained on this basis. A similar state of affairs exists in the group of
elements of atomic number 26 (iron), 27 (cobalt), and 28 (nickel), all of
which contain 2 electrons in their outermost shell but have 6, 7, and 8
electrons respectively, in their next inner shell, where 10 electrons are required to fill that shell. As a consequence the electrons in the unfilled shell
of one atom may exert an important influence on the electrons of the unfilled shell of a properly spaced adjacent atom in a crystal. The ferromagnetism of iron, nickel, and cobalt is explicable in terms of the electronic
configuration of these partially filled shells.
The magnetic properties of matter arise from two sources. An electron
in orbital motion about the nucleus constitutes a small circulating current,
which generates a magnetic field. The electron moving in its orbit has an
angular momentum about the nucleus. In addition to the magnetism due
to its orbital motion, an electron has an intrinsic magnetic moment and an
intrinsic angular momentum, owing to its spin.
In the absence of a magnetic field, the orbital magnetic moments and
the intrinsic magnetic moments of different electrons are randomly oriented
within matter. There may be relatively large local magnetic fields in small
610
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regions, but when these magnetic fields are averaged over a volume of even
a cubic millimeter, the average field is zero, so that, macroscopically, no
magnetism is displayed. Most materials are only very slightly magnetic
in the presence of external magnetic fields. They are said to be either
diamagnetic or paramagnetic. A diamagnetic material is one for which K m
is less than 1. The magnetic effects induced in the material are opposed to
the external field. We would expect materials to be diamagnetic if the
orbital electronic effects predominated, for, in accordance with Lenz's law,
the magnetic effects induced in a circuit must be in such a direction as to
oppose the change in magnetic field in the substance. A paramagnetic
material is one for which K m is greater than 1. When placed in a nonuniform
field, a diamagnetic substance will experience a force directed from the
stronger to the weaker part of the field. A paramagnetic substance will
experience a force in the opposite direction. In general, in all materials
except those called ferromagnetic (that is, those which behave like iron),
the magnetic effects are quite small, and these materials may be treated as
though their relative permeability K m is 1, to an accuracy of about 0.1 per
cent. The magnetic behavior of most substances is not substantially
different from vacuum. A ferromagnetic substance is attracted into a
magnetic field with a large force. The relative permeability K m of a ferromagnetic substance may be as large as 104 or 105 . Ferromagnetic substances
are therefore special cases of the general class of paramagnetic substances.
The subject of ferromagnetism is of great importance in electrical engineering, and is as complex as it is important. The properties of ferromagnetic
substances form the basis of the practical design of motors, generators,
transformers, magnetic amplifiers, tape recorders, loud-speakers, permanent
magnets, and a host of other devices. We shall attempt to develop only
some of the basic ideas of ferromagnetism, and to solve problems of the
simplest type in which symmetry considerations enable us to see the important principles most clearly without the confusion of detail which
cannot be neglected in practical engineering design.
33-2

Permeability

The basis of our study of the electrical properties of matter was the observed
change in the capacitance of a parallel-plate capacitor when the space
between the plates was filled with a dielectric. The dielectric constant was
defined in this manner in Section 25-5 and was interpreted in subsequent
sections in terms of the induced electric polarization. Lacking magnetic
conductors, we must find some other way to define the magnetic properties
of matter. One way is to compare the inductance of a long solenoid or
toroid in vacuum with the inductance of that same solenoid or toroid when
the space within the coil is filled with a medium. If L o is the inductance
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of a toroid in vacuum, and L is its inductance when filled with a particular
material, then
(33-1)

where K m is the relative permeability of the medium. The inductance of a
toroid in vacuum is given by the equation
_
La -

Remembering that

IJ.

=

IJ.a N

2

s
KmIJ.a,

we may write

A.

(32-8)
(29-16)

(33-2)

for the inductance of a toroid filled with a magnetic medium.
Upon measurement of the inductance of a toroid filled with a ferromagnetic core, it is found that the inductance of the toroid is not constant
but depends upon the magnitude of the current. That is, the permeability
of the medium in the core is not constant but depends upon the magnetic
field intensity within the toroid. Hence it is advantageous to study the
variation of the permeability with H, the magnetic field intensity within
the toroid.
In order to understand properly the effect of the induced magnetization of the medium on the magnetic field within the toroid, let us first
consider the behavior of a long rod of ferromagnetic material placed inside
a long solenoid, as shown in Figure 33-1. When current is passed through
N
N

N
N

i

5

11 ll]IJIII 1 J[JI! !tlUL J[lU 5

5
5

Fig. 33-1 A solenoid containing a
ferromagnetic core.

+

the solenoid, there is a tendency for the intrinsic electronic magnetic
moments of the electrons in the unfilled inner shells to align themselves
with the direction of the field, like a collection of compass needles. Just as
in the case of electric polarization, we may imagine the magnetized rod to
be replaced by a layer of north poles at one end of the rod and a layer of
south poles at the other end of the rod. The magnetic field intensity within
the rod may then be calculated as being due to two causes. First there is
the applied field intensity due to the current in the solenoid, and, second,
there is the magnetic field intensity due to the induced poles in the material,
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at the ends of the rod. Let us suppose that the field is such as to induce a
magnetic moment M per unit volume in the rod. The total magnetic
moment in the rod is the product of the magnetization M by the volume
of the rod. If the total strength of the induced pole at each end of the rod
is represented by p, the magnitude of the induced pole strength may be
found by representing the total magnetic moment in terms of the pole
strength and in terms of the magnetization, and equating these two quantities. Thus we have
AlAs = ps,
or
p = MA,
where A is the cross-sectional area of the rod and s is its length. We see
that the induced pole strength does not depend upon the length of the rod
but only on the magnetization and the area of the rod. If the rod is made
very long, the induced poles contribute very little to the magnetic field
intensity at the center of the solenoid, so that H at the center of the solenoid
is the same, whether the solenoid is filled with magnetic material or is in
vacuum. The same result is accomplished if the two ends of the solenoid
are joined to form a toroid. In this case the rod has no free ends, so that
there are no induced poles, and the value of H within the toroid is the same,
regardless of whether the toroid is filled with matter or is in vacuum. For
this reason experimental measurements are often made on a ringlike specimen, called a Rowland ring, after H. A. Rowland who first (1873) utilized
toroids wound on iron rings to measure permeability.
While the magnetic field intensity H within the toroid is not changed
when it is filled with a ferromagnetic material, the inductance, which depends upon the magnetic induction B, does change when the toroid is filled
with matter. To study the changes in permeability with H we shall examine, through use of the Rowland ring, the way in which the magnetic
induction within a substance changes with the imposed magnetic field
intensity H.
33-3

Magnetic Measurements with a Rowland Ring

To measure the magnetic properties of a material by means of the Rowlandring method, a specimen is machined in the form of a ring and is wound
with a toroidal coil, called the primary coil, as shown in Figure 33-2. The
primary coil is connected in series with a battery, an ammeter, and a
rheostat; the latter is used to change the current in the primary coil. A
small secondary winding is wound around the toroid and connected to a
ballistic galvanometer. Such a galvanometer is constructed with a coil which
has a relatively large moment of inertia, and a long period of vibration.
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When a short burst of current passes through the galvanometer, there is
very little rotation of the galvanometer coil until after the current has
ceased. The angular impulse delivered to the galvanometer depends upon
the torque, which is proportional to the current, and upon the time interval
during which the torque is applied. The ballistic galvanometer thus re-

Primary winding

Battery
Fig. 33-2

Rowland ring.

ceives an angular impulse which depends upon the product of the current
times the time, or the charge passing through it; its deflection is proportional to the total charge passing through in the time interval tlt, rather
than the instantaneous value of the current.
Suppose we start with an unmagnetized piece of iron and vary the
current through the toroid in a series of small steps. At each step the
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magnetic field intensity H may be calculated from Equation (30-5), for, as
we have seen, the magnetic intensity H within the toroid is unchanged by
the presence of the iron core. Each time H is changed, there is a corresponding change in B and, consequently, a change in the flux through the secondary coil. From Faraday's law of induction, an emf is thus induced in the
secondary coil.
Let us suppose that the change in B due to a change in H in a time
interval t:..t is represented by t:..B. If the cross-sectional area of the toroid
is A, the change in flux t:..<I> through the secondary coil is given by
t:..<I> =

A t:..B.

The induced emf in the secondary coil of N turns is

t:..B
t:..t

t:..<I>

E = - N - = -NA-·

t:..t

If the total resistance of the secondary coil and galvanometer is R, the
magnitude of the current induced in the secondary circuit is given by Ohm's
law as
. E NA t:..B
z=-=--·

R

R

t:..t

Multiplying through by the time interval t:..t, we find that the charge t:..q
flowing through the galvanometer when the current in the primary winding
of the toroid is changed is given by

t:..q

=

-

NA
-

R t:..B .

(33-3)

Thus each time the current through the primary coil is changed, a measurement of the charge flowing through the ballistic galvanometer enables us
to determine the change in B, t:..B, from the constants of the measuring
circuit.
If we start with H = 0 and with unmagnetized iron in which the
magnetization M is zero, then since

B

=

JloH

+ M,

(29-14a)

the magnetic induction wIthin the coil is zero initially. By measuring the
successive changes in B as H is varied, we get a series of values of B, as
shown in Figure 33-3. The magnetic induction B increases slowly at first,
with increasing H, then increases more rapidly until the flat portion of the
curve is reached at A. Along the flat portion of the curve the iron is said
to be saturated. Very little further magnetization in the iron is observed
when H is increased, and the increase in B is due to the increase in H itself.
The curve appears flat because of the difference in the scales used for Band
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H. The relative permeability
the relationship

Km

may be obtained from such a curve and

B =

Km J1. 0 H,

when the scales of the axes are represented in mks units. The shape of the
curve and the permeability itself depend upon the types of iron used. In
some laboratory samples of iron, a relative permeability as high as 106 has
been achieved.
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33-4

Hysteresis

Let us take a piece of unmagnetized iron in the form of a ring of circular
cross section, wind a toroid &round it, then wind a secondary coil around it,
and connect it to a battery and meters, as shown in Figure 33-2. If we
B
~-=-A

Fig. 33 -4

Hysteresis.
H

send current through the coil and magnetize the iron until the magnetic
induction has reached its saturation value, as shown in Figure 33-4, the
variation of B with H follows the magnetization curve OA. If we now
decrease the current in small steps, it is found that the demagnetization
curve does not follow the original curve OA but, instead, follows the curve
AC. The value of the magnetic induction remaining when the current in
the toroid is reduced to zero is given by OC. The iron is now permanently
magnetized, and the value of the induction OC is called the retentivity. In
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permanent magnets a high retentivity is required, while in other applications a low value of the retentivity is required,
To reduce the magnetic induction to zero, that is, to demagnetize the
iron, it is necessary to reverse the current in the magnetizing coil in order
to reverse the direction of H. When H has reached the negative value
B

---=".A

Fig. 33-5 Hysteresis loop in
cycle of magnetization of iron.

H

E

given by OD, the induction within the iron is reduced to zero. The value
of H needed to reduce B to zero is called Ghe coercive force. The fact that
B lags behind its previous value while H
B
returns to its former value is called
hysteresis.

All ferromagnetic materials exhibit
the phenomenon of hysteresis. One of
the effects of hysteresis is that the value
of B for any given value of H is not
always the same but rather depends -----++H4H-++---H
upon the magnetic history of the material. If an alternating current is sent
through the toroid wound on a ferromagnetic core, the B-H curve will be similar
to Figure 33-5 for each complete cycle of
current. From Equation (32-14) the
energy per unit volume in the magnetic Fig. 33-6 Hysteresis curves obtaiIH,t! by using alternating ('U1Tent
field depends upon the product BH. of successively smaller values in tllf'
While the iron is being magnetized, en- primary (,ireuit.
ergy is being stored in the magnetic field;
when the iron is demagnetized, some of that energy is recovered as eledrical energy. In traversing one cycle of the hysteresis loop, the energy per
unit volume of iron dissipated as heat is the area inside the hysteresis loop.
In the design of a-c machinery, it is important that a type of iron be used
in which the area enclosed within the hysteresis loop is small, so that a
minimum of energy is lost through this mechanism.
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A simple way of demagnetizing a substance is to place it inside a coil
and pass alternating current through the coil. The amplitude of the
alternating current is decreased slowly, so that the hysteresis loop gets
smaller and smaller in successive cycles, as shown in Figure 33-6, until
finally, when the current in the coil is zero, the values of Band H are zero.
ACTUAL

INTERPRETATION
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(d)
Fig. 33.7 (a) Photograph of magnetic domains of a magnet; (c) diagram of (a) showing
the directions of magnetization at the boundaries of the domains. (b) Photograph
showing the movement of the domain walls when an external magnetic field H is applied;
(d) diagram of (b) showing that the domains that are magnetized favorably with respect
to H grow at the expense of the other domains. (Photograph by H. J. Williams and
R. M. Bozorth; reproduced by permission of Electrical Engineering, 68, 1949, 471.)

The hysteresis loop is explained by means of the domain theory of
magnetization, first stated by P. Weiss in 1907. According to this theory a
ferromagnetic material is composed of many small regions, or domains,
each magnetized to saturation, and about 5 X 10-3 cm in width. When
a suspension of colloidal magnetite is applied to a highly polished piece of
iron while it is being magnetized, the colloidal particles collect near the
domain boundaries and may be observed with a microscope, as shown in
Figure 33-7.
In the unmagnetized state the directions in which the domains are
magnetized are distributed at random or in some other way such that the
resultant magnetization of the specimen is zero. Changes in the total
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magnetization of the specimen are produced by changes in the direction
of magnetization of the domains or by motion of the boundaries of the
walls of the domains, as shown in Figure 33-8. At weak fields the magnetization proceeds by boundary displacement. When the material is very

(a)
Fig. 33-8 (a) Original magnetization of
two adjacent domains. (b) Change in
magnetization as a result of the growth of
one domain at the expense of the other.
(c) Change in magnetization resulting
from a change in the direction of magnetization within the domains.

(b)

t

I~ I
t B
t 0
H

>

pure and homogeneous, the boundaries of the domains are easily changed,
and so the coercive force is small and the permeability is high. When
impurities are present, or the material is in a state of internal stress, the
material is inhomogeneous, so that the boundaries of the domains are less
easily displaced. The initial permeability is lowered, and the coercive
force is increased. By sintering a magnetic material of very fine powders,
or by precipitating an impurity or another metallurgical phase, the displacement of domain boundaries is hindered, and good permanent magnets
are made which require a large demagnetizing field to alter their magnetization. At high magnetic fields the magnetization is accomplished by
rotation of the direction of magnetization within the domains. When the
direction of magnetization in all the domains is parallel to the applied
magnetic field, the material is saturated.
The motion of the boundary walls of the magnetic domains does not
occur smoothly, particularly along the steep portion of the magnetization
curve. This irregular motion produces sudden changes in the magnetization of the specimen as the magnetizing force H is changed. If the galvanometer in the secondary circuit of Figure 33-2 is replaced by an amplifier
and loud-speaker, a succession of clicks will be heard when the magnetization is changing. This effect, known as the Barkhausen effect, was
discovered by H. Barkhausen in 1919.
From Figure 33-6 we see that the magnetization which remains in a
specimen when the applied magnetic field intensity is reduced to zero
depends upon the magnitude of the applied field. Through the residual
magnetization the specimen remembers the amplitude of the applied field.
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The mngnetic memory is the basis of magnetic tape recorders and of many
present-day electronic eomputers.
When a specimen is magnetized, it behaves as though there were
magnetic poles at the boundaries of the specimen. If there is a crack in
the specimen, poles of opposite polarity appear on the adjacent faces of
the crack. This is the basis of magnetic inspection of ferrous machine
parts, widely used in aircraft maintenance and production. A part is
magnetized and is then flushed with light oil which carries a suspension
of magnetic powder. The powder tends to cling to the crack, enabling an
inspector to identify a defective part. This is also the basis of the techniques used in making photographs of domains such as Figure 33-7.
33-5

Other Magnetic Effects

The intrinsic magnetic moment of the electron, associated with electron
spin, rather than the orbital motion of the electron, is responsible for
ferromagnetism. Electrons in completed shells are arranged so that he
total magnetic moment of the shell is zero. In iron, cobalt, and nickel the
electrons in the unfilled inner shell are responsible for ferromagnetism.
In ferromagnetic materials the inner electrons of neighboring atoms
are bound by forces called exchange forces which depend upon the orientation of the spins of these inner electrons. In ferromagnetic materials the
electrons of adjacent atoms are held parallel, whereas in other materials
these forces generally tend to align the spins so that they are antiparallel,
that is, in opposite directions, so that adjacent atoms tend to neutralize
each other's magnetic effects. When iron is heated to such a temperature
that the thermal energy of the electrons exceeds the energy associated
with the exchange foree, the electrons are no longer able to maintain their
parallel orientation, so that the iron is no longer ferromagnetic. The
temperature at which this magnetic transition occurs is called the Curie
temperature, which, in iron, is 760°C.
One would expect that ferromagnetism would also depend upon the
separation and arrangement of iron atoms in the crystal lattice. If the
atoms were sufficiently far apart, or were not laid out according to a proper
pattern, it would be impossible for adjacent atoms to influence each other;
indeed, this is the ease. In single crystals the magnetization curve is
different in different crystal directions. Furthermore, while iron is ferromagnetic, a type of stainless steel containing 18 per cent chromium and
8 per cent nickel is nonmagnetic. Similarly for the two common oxides
of iron, one, called magnetite, Fea04' is magnetic, while the other, called
hematite, FezOa, is nonmagnetic. It is also possible to make alloys which
display ferromagnetic properties out of elements, such as copper, manganese, and aluminum, which themselves are not ferromagnetic. These are
called Heusler's alloys. The way in which the atoms are arranged in the
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alloy or in a crystal is of fundamental importance in determining its
ferromagnetic properties.
Two extremely interesting effects have been observed, using macroscopic specimens, which confirm the theory that the spin of the electron
and its inherent magnetic moment are responsible for ferromagnetism. Let us suppose that
a rod of ferromagnetic material is suspended
by a fiber, inside a solenoid, as shown in
Figure 33-9. When current is passed through
the solenoid, the orientation of the magnetic
moment of a large number of electrons is
changed. This implies that the angularmomentum vector has been changed for each
of these electrons. According to the principle
of conservation of angular momentum, a system which has experienced no external torques
must retain a constant value of its angular
momentum, and so the rod itself must rotate
in such a direction that the total angular momentum of the system, made up of the crystal Fig. 33-9 Demonstration of
lattice and the electrons, remains equal to zero. the Einstein-de Haas effect.
This is called the Einstein-de Haas effect, in Magnetic specimen will rotate
which a specimen is observed to rotate when it when it is being magnetized.
is being magnetized.
The inverse of this effect is called the Barnett effect. In the Barnett
effect a specimen of ferromagnetic material is mechanically rotated, and
the specimen may be observed to become magnetized.
Both of the above phenomena are classed as gyromagnetic effects.
33-6

Magnetic Circuits

Lines of magnetic induction always form closed loops. If we think of a
tube of magnetic induction as a tube bounded by lines of induction, the
lines of induction may never cross each other, and the total number of
lines of induction contained within such a tube must be constant. Thus
the magnetic flux within a tube of induction is con~tant. This is the first
principle used in the calculation of a magnetic circuit, which may be considered as a closed path of magnetic material.
Let us consider the work done in carrying a magnetic pole around a
wire carrying current. The magnetic field intensity at a distance a from
a long straight wire is given by
I
H=-·

(30-1a)
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Suppose that a pole of strength p is carried around the circle of radius a,
concentric with the wire carrying current into the plane of the paper in
Figure 33-10, opposite to the direction of the magnetic field. The pole

H

lPofe

Fig. 33-10 Work done in carrying
a magnetic pole of strength p around
a wire carrying current. The direction of the current is into the paper.

is carried a distance 21l"a against the force exerted by the magnetic field,
so that the work done Jr is given by

therefore

Jr =

J

: =

J

pH ds

= Ipi

Hds = I.

(33-4)

The work per unit pole in carrying a pole around a wire carrying current
does not depend upon the radius of the circle but only upon the current
in the wire. Any arbitrary path
followed in carrying the pole
around the wire may be approximated by a combination of radial
paths, in which no work is done,
and circular paths, in which the
work done does not depend upon
the radius but only upon the fraction of the circle traversed, as
shown in Figure 33-11. By analogy with electromotive force, the
work per unit pole done in carrying a north pole around a closed
Fig. 33-11 Approximation of any path
path is called the magnetomotive around a current by radial and circular
force, abbreviated mmf, and repre- displacements.
sented by J.
If the closed path encircles a number of wires carrying current, the
work done in carrying a unit pole about each wire is given by Equation
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(33-4) and, in, mks units, the total work per unit pole done is equal to the
sum of the currents. This is the second fundamental principle for the
design of magnetic circuits. The first principle relates to the magnetic
induction B, while the second is concerned with the magnetic intensity H.
In order to relate these, we must make use of the concept of permeability,
imposing a third condition upon the magnetic circuit. These three conditions may be expressed in the following equations.
B = f.l.H = Kmf.l.oH.

J =
cI>

JHdS = 'LJ.

= BA = const.

(33-5a)
(33-5b)

(33-5c)

Let us consider the case of a magnetic circuit made up of a ring-shaped
core around which a uniform toroid has been wound. We shall imagine
that the core has been cut so that a small section of the core may be removed. We shall first compute the induction in the core when the core
is intact with a current I in the winding. Next we shall calculate the
induction in the core and gap when the cut section is removed. This is
the usual case of an electromagnet with an air gap.
Case 1. A uniform toroid of N turns is wound on a core of length S
and cross-sectional area A. Find the induction within the core when there
is a steady current I in the toroid.
We may assume that all of the magnetic flux is confined to the volume
of the toroid, so that the core itself may be considered as a tube of induction. The magnetic intensity is constant around the core. Applying
Equation (33-5b) and integrating around the mean circumference s of
the core, we find
J = Hs = NI,
or

NI
H=-,
s

a result we have previously stated as Equation (30-5). The magnetic
induction within the core may be obtained from Equation (33-5a) as
f.l.NI
B=f.l.H = - ·
s

The permeability of iron varies greatly from specimen to specimen,
depending upon heat treatment, purity, internal stress, and magnetic
intensity. In Figure 33-12 two graphs of the relative permeability of
Armco iron are shown displaying the great variation in relative permeability with H and with heat treatment. In order to determine B, it is
necessary to have such a curve for the particular iron being used. Alter-
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natively, if the iron was initially unmagnetized and the magnetization
curve is available, as in Figure 33-3, H may be computed from the formula
above and B read from the curve. Appropriate conversion factors must
be applied to Figure 33-3 if mks units are used, as in the formulas developed
in the text of this chapter. We recall that

and
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Relative permeability of soft magnet iron (a) with standard annealing and
(b) specially annealed. (Courtesy of Armco Steel Corporation.)

Fig. 33-12

Case 2. A uniform toroid of N turns is wound on a core of mean
circumference lc having an air gap of length lao The core and gap have
cross-sectional area A. Find the induction within the core and the gap
when there is a current I in the toroid.
Once again we shall neglect any fringing field (although here this is a
more serious approximation which, in practical prohlems, may give rise
to considerable error) and shall consider that the houndary of the toroid
is a tube of induction. We denote the magnetic intensity in the core hy
He and the magnetic intensity in the air gap by IIa. Similarly, the magnetic
induction in the core is Be, and the induction in the air gap is B a. Applying
Equation (33-5h), we find

J = Hel e

From Equation (33-.5c) we find

+ Hal a =

NI.

§33-6

MAGNETIC CIRCUITS

625

If the permeability of the core is Me and that of the gap is Ma, we may
combine these two equations through Equation (33-5c) to find
NI
<P =
(33-6)
la
le

+MeAe
MaAa

Equation (33-6) is often compared to Ohm's law for electric circuits. The
flux <P is thought to be analogous to the current, the quantity N I is the
magnetomotive force J, in analogy with the electromotive force, and the
quantity l/ MA is called the reluctance Uf in analogy with the resistance.
This is generally written as
(33-7)

where these quantities are given as
J

NI

(f

L

(ampere turns),

J..-

(ampere turns/weber),

vA

<P = BA

(webers).

In general, the permeability is not known as a function of the current
in the coil; in such a case, if the desired induction in the gap is known, the
induction in the core may first be computed from the formulas. The
magnetic intensity in the core appropriate to this value of induction may
then be obtained from the magnetization curve, giving the permeability,
and the current required may then be obtained from the formulas.
Since the current literature of magnetism is largely written in terms
of gausses and oersteds, we will calculate an example in Gaussian units,
for which appropriate equations are listed in Table 33-1 and units are
listed in Table 33-2.
Illustrative Example. The average circumference of a Rowland ring of
soft iron is 50.1 cm. The ring is cut by an ail' gap 0.1 cm wide. The crosssectional area of the ring (and gap) is 5 cm z. The ring is wound with 2,000 turns
of wire. Find the current required to produce an induction of 8,000 gausses in
the gap.
Assuming that all of the flux in the core passes through the gap, and noting
that the area of the gap is the same as the area of the core, the induction in the core
is also 8,000 gausses. From Figure 33-3 a magnetic intensity of H = 4 oersteds
produces this induction in soft iron. Thus, at an induction of 8,000 gausses, the
relative permeability Km is given by Gaussian units
B

Km =

Ii

= 8,000 gausses = 2,000.
4 oersteds
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The relative permeability of the air gap is 1.
magnetic circuit is

Cf
Cf

=

=

50 cm
2,000 X 5 cm 2

Thus the reluctance Cf of the

+ ~Clll_,
1 X 5 cm 2

0.025 gilbert.

The magnetomotive force J is given by

J

=

47rNI,
c

J = 411' X 2,000 X I .
c

The required flux <I> is given by
<I> = BA = 8,000 gausses X 5 cm 2,
<I> = 40,000 maxwells.

We relate these quantities by the equation
<I>

=~,
a?

40 000

=

,

Thus

I

411' X 2,000 X I
eX 0.025

= -

c

SlI'

statamperes.

Remembering that 1 amp = 3 X 109 statamperes, the current through the coil
needed to produce the required induction in the gap is
I

=

10
-amp
811'

=

0.399 amp.

Note that the reluctance of the air gap is much higher than the reluctance of the
iron path. In practical magnet problems it is necessary to take the fringing
field into account. In general, something less than one half of the flux which
passes through the iron also passes through the air gap.
Problems

33-1. Find the self-inductance of a toroid of 500 turns wound over an iron
ring whose relative permeability is given by Figure 33-12, (a) when the current
through the coil is 0.1 amp, (b) when the current through the coil is 0.2 amp, and
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MKS AND GAUSSIAN UNITS
TABLE 33-1

PRINCIPAL EQUATIONS IN MKS AND GAUSSIAN UNITS

Equation
(33-1)

MKS
L

-

Lo

=

Gaussian

iL N2A
L=
--

(33-2)

Relative
permeability

Same as mks

Km

L=

Km411"N2A

+M

Long solenoid
or toroid

sc 2

S

+ 411"M

(29-14)

B = iLoH

(33-5a)

B = iLH = KmiLoH

B = KmH

(33-5b)

.7= JHdS='L,l

(33-5c)

<P = BA

411"1
.7= J Hds='L.c
Same as mks

(33-7)

<P=

.7

Flux

.7 = 411"N1

Mmf

c

ct'='L.~

1
ct'='L.-

iL a

Reluctance

Kma

Magnetic
energy
density

1
Jr v = -BH
811"

Jrv=tBH

TABLE 33-2

Mmf

Same as mks

ct'

.7 = N1

(32-14)

B = H

CONVERSION FACTORS RELATING MKS AND GAUSSIAN UNITS

Quantity

Gaussian Unit

Symbol

MKS Unit

Magnetic intensity

H

1~-

Flux density

B

weber
1--

=

104 gausses

(emu)

1 weber

=

108 maxwells

(emu)

1 amp turn

=

-411"

(emu)

1 amp turn
weber

=

411" X 10-9 emu

(emu)

=,

10 4 unit poles
411"
cm 2

(emu)

Flux
Magnetomotive force

.7

Reluctance
Magnetization

M

amp

= 411" X 10

m

m2

weber
1--

m2

henry
weber
iLo = 411" X 10- 7 - - = 411" X 10- 7 - m
nt m 2

=

10

3

oersted

gl'lbert

nt
411" X 10- 7 - amp2

=

411" X 10

(emu)

_. weber
7 --amp m
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(c) when the current through the coil is 0.4 amp. The cross-sectional area of the
ring is 1 cm 2, and its mean circumference is 125 cm.
33-2. A coil of wire contains 8 turns and has a resistance of 24 ohms. The
coil is connected to a ballistic galvanometer which has a resistance of 60 ohms.
If the magnetic flux through the coil is changed from 0 to 0.003 weber, (a) determine the charge which flows through the circuit. (b) If the sensitivity of
the galvanometer is 25 JLcoul/cm, determine the galvanometer deflection in
centimeters.
33-3. A small coil of 200 turns of wire, having a circular area of 5 cm 2 and
a resistance of 12 ohms, is used as an exploring coil to measure the magnetic
field between the poles of a magnet. The coil is connected to a ballistic galvanometer whose resistance is 36 ohms and whose sensitivity is 0.18 JLcoul/cm.
(a) The coil is thrust into the magnetic field with the plane of the coil perpendicular to the lines of induction. The observed galvanometer deflection is
6.30 cm. Determine the magnetic induction. (b) While the coil is in this field,
it is rotated through 180 0 about a diameter as axis. Determine the deflection
of the galvanometer.
33-4. A solenoid 80 cm long has 500 turns and a cross-sectional area of
3.0 cm 2 • A short secondary coil of 20 turns is wound around the middle of the
first solenoid. The secondary coil, of resistance 1.3 ohms, is connected to a
ballistic galvanometer of resistance 26.2 ohms. Determine the charge which
flows through the secondary coil (a) when the switch is closed and the current
through the primary rises to 2 amp and (b) when the current in the primary is
increased from 2 amp to 3 amp.
33-5. A Rowland ring, wound with 1,000 turns of wire and having a mean
circumference of 50 cm, carries a current of 4 amp. The relative permeability
of the core is 800. (a) What is the magnetic intensity in the core? (b) What is
the induction in the core? (c) What is the magnetization of the core?
33-6. Repeat Problem 33-5 in the case that the ring has been cut so that
it has a gap 1 mm wide.
33-7. A ring of magnet iron, whose magnetization curve is shown in Figure
33-3, is wound with a toroidal coil of 250 turns. The mean circumference of
the ring is 15 cm, and its cross-sectional area is 5 cm 2 . Find the current in the
coil required to produce an induction of 2,000 gausses.
33-8. A piece of magnet iron is used as the core of a solenoid. The magnetic
field intensity inside the solenoid is 5 oersteds, and the induction within the core
is 2,000 gausses. (a) What is the magnetic energy per unit volume within the
iron? (b) What is the relative permeability of the iron at this induction?
(c) What is the magnetization of the iron?
33-9. A long, straight, hollow tubular conductor of radius T carries a current
I uniformly distributed around the conductor. Find the magnetic field intensity
(a) at a point PI inside the tube at a distance a less than T, and (b) at a point P 2
outside at a distance b greater than T. [HINT: Carry a unit pole around a circular
path concentric with the tube and apply a symmetry argument.]
33-10. Repeat the calculation in the illustrative example of Section 33-6 in
mks units.

34
Alternating Currents

34-1

Resistance in A-C Circuits

If the current in a resistor varies sinusoidally, as shown in Figure 34-1, the
potential difference across the terminals of the resistor will also vary
sinusoidally in the same manner, in phase with the current, in accordance

i~

t
I

I-+- T=
Fig. 34-1

I

2fT --J
OJ

Instantaneous values of the alternating current and voltage in a resistor.

with Ohm's law. Writing i for the instantaneous value of the current
and v for the instantaneous value of the potential difference, we have
v

=

iR.

(34-1)

The current and the potential difference reverse direction at the same time
and also reach their maximum values and their minimum values simultaneously. We may describe the sinusoidal variation of the current with
time by writing
i

=

1m sin wt,

(34-2)

where I m is the maximum value of the current and w is the angular frequency
expressed in radians per second. The angular frequency w is related to the
frequency f of the current through the equation
w

=

27rf.

(34-3)
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The potential difference across the terminals of the resistor is obtained by
substituting from Equation (34-2) into Equation (34-1) to obtain
v = ImR sin wt.

(34-4)

By analogy with Equation (34-2), we might describe the instantaneous
value of the potential difference by the equation
v

=

V m sin wt,

(34-5)

where V m represents the maximum value of the potential difference across
the resistor. Comparing Equations (34-4) and (34-5), we find
(34-6)

that is, Equation (34-1) is true for the maximum values of the current and
potential difference as well as every
other
instantaneous value.
y
It is convenient to think of the
current and potential difference in
v=Vmsinwt
a-c circuits in terms of the idea of
the reference circle developed in
our description of simple harmonic
i=Imsinwt
motion in Chapter 12. Let us
draw a vector of length 1 m along
X the x axis and imagine this vector
to rotate in the x-v plane with an
angular velocity w, in the counterclockwise direction. The instantaneous value of the current is given
by the projection of this vector
Fig. 34-2
onto the y axis. Thus, if the current vector is directed along the x
axis at time t = 0, the instantaneous value of the current at that time is
i = 0, as shown in Figure 34-2. This value is in agreement with Equation
(34-2). At some subsequent time t the current vector will have rotated
through an angle wt, and the projection of the current vector onto the
U axis will have a value given by
i = 1 m sin wt,

The potential difference between the terminals of a resistor may be represented by a vector of length V m which is rotating with the same angular
velocity. Since the current and potential difference are in phase with each
other, the voltage vector is also drawn along the x axis and may be imagined to rotate along with the current vector.
One way to keep the relationships of current and voltage in mind is
to think of these vectors as drawn on a transparent card which is rotated
with constant angular velocity. The instantaneous voltage and current
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are then the projection of the voltage and current vectors onto the
yaxis.
34-2

Effective Values of Current and Voltage

One of the important effects of a current is the production of heat in its
passage through a resistor. The heating effect is used to define the effective
value of a given alternating current as compared to a st~ady direct current.
The effective value of an alternating current I eff is equal to the direct current
which would develop the same heat in a resistor in the same period of time.
To find the effective value of the current, we must find the heat liberated
in a resistor in one complete cycle. The rate of development of heat is
the instantaneous power {P given by

= i 2 R = I~R sin 2 wt,

{P

and the heat Jr developed in a complete cycle of period T (= 2'n-jw) ]s
given by

Jr

f

Kow

=

iT I~R

'2
d
sm
xx

=

sin 2 wt dt.

11'2

Zx - 4" sm x,

so that
The heat which would be developed by a direct current I eff in the same
time would be

Jf = I;ffRT.
Equating these two values, we find
I;ff = !I~,

I

or

eff

=

1
V2
m

~ ~

= O./Od m .

(34-7)

The value of I eff calculated above is the square root of the average or
mean of the square of the instantaneous current. The effective value of
the current is therefore called the root mean square or rms current, I rms •
The effective value of the potential difference between the terminals
of the resistor may be found in the same way, for the instantaneous power
may be expressed in terms of the voltage as
{P

v2

V2
R

= - = _"'. sin 2 wt

Thus we may write

1/ eff --

R

v2 - °~071T

~~-

-

.,

.

. m'

(34-8)

Following convention, ,ve shall write the symbols I and V without
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suhscripts to designate effective values of current and potential difference
in a-c circuits. It must be emphasized that the effeetive values given by
Equations (34-7) and (34-8) are eorrect only when the current and voltage
are varying sinusoidally. The customary a-c power supplied by utility
companies is designated as 110 volt, GO cyde. This means that the
company endeavors to operate its generators so that the frequency of the
alternating voltage delivered to the user is 60 cycles/sec, and that the
effective voltage is 110 volts. The maximum or peak voltage available at
the receptacle is therefore V m = 156 volts.
In a-c circuits composed of resistors, induetors, and capacitors, the
only circuit element which consumes electrical power and converts it into
heat is the resistor. The power consumed in an a-c circuit in which V R is
the effective voltage across the terminals of the resistor is therefore

tP

V RIR,

(34-9a)

nR,

(34-9b)

=

tP =

V~

tP = - .
R

(34-9c)

In Equations (34-9) the symbol tP is understood to represent the average
power, while the symbols V R and I R are understood to represent the
effective values of the current through the resistor and the voltage across
the resistor.
34-3

Inductance in an A-C Circuit

We have already seen that if a potential difference v is supplied from an
external source to a circuit containing inductance L and resistance R, then
v

.

R~

=

di
+ L-·
dt

(32-10)

If the resistance of the circuit is negligible, then
di
dt

v=L--·
When the current in the inductor is sinusoidal,

i
and

=

1 m sin wt,

di

dt =:: Imw cos wt.

To find the phase relationship between the emf induced in the inductor
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and the current in it, we apply the trigonometric indentity
sin
Thus

(x

±~) =

±cosx.

v = LI mW sin ( wt

+ ~) .

(34-10)

This equation may be written as
v = V m sin (wt

+ ~).

(34-11)

where V rn is the maximum value of the voltage across the inductor. If
we wish to relate the maximum value of the voltage drop across the inductor
to the maximum value of the current in it, we find, comparing Equations
(34-10) and (34-11),
(34-12)

The maximum value of the current in the inductor and the maximum
value of the potential difference between its terminals do not occur at the
same time, for the potential difference is greatest when the rate of change

Fig. 34-3 The voltage leads
the current by 90° in an
inductor.

of current is a maximum; that is, when the current itself is zero. The
current and voltage relationships for an inductor are drawn as a function
of time in Figure 34-3. We describe these phase relationships by saying
that the voltage across an inductor leads the current through it by 90°. The
word lead is associated with the fact that at a time t, when the phase angle
of the current is given by Equation (34-2) as wt, the phase angle of the
voltage is given by Equation (34-11) as wt + 7f/2. This statement does
not imply that there is a voltage across the terminals of the inductor before
any current is flowing through it, but is rather to be applied to the steady
state when an alternating current has been established.
These phase relationships may be described with the aid of appropriate
vectors. If the maximum value of the current is drawn as a vector in the
+x direction, the maximum value of the voltage across the inductor may
be drawn as a vector in the +y direction, as shown in Figure 34-4. If we
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think of these vectors as drawn onto a transparent card which is rotated
in the countercloekwise direction with angular velocity w, the projection
of these vectors on the y axis at any instant of time t may then be thought
of as the instantaneous values of the current and voltage. At a time t,
when the phase angle of the current
y
vector is wt, the phase angle of the
voltage vector is wt + 11"/2. The
instantaneous value of the current
is, from Figure 34-4,
i = I", sin wt,

(34-2)

while the instantaneous value of the
voltage is

x

v = V", sin (wt

+

~),

(34-11)

so that, from Equation (34-12),
Fig. 34-4

v = I mwL sin (wt

+ ~).

(34-10)

It is customary to use the symbol X L, called the inductive reactance,
defined by means of the equation
XL

= wL = 27f"jL,

to describe the behavior of an inductor in an a-c circuit.
Equation (34-12) becomes
V",

=

IrnX L.

(34-13)

In these terms
(34-14)

The inductive reactance is expressed in ohms when the inductance is
expressed in henrys and the frequency j is expressed in cycles per second,
or the angular frequency w is expressed in radians per second.
34-4

Capacitance in an A-C Circuit

When a steady potential difference is applied to a capacitor, current flows
only while the capacitor is being charged. There is a transient rise of the
potential difference across the terminals of the capacitor which occurs in
an exponential manner, similar to the transient increase in current through
an inductor, described in Section 32-6. If an alternating voltage is applied
to its terminals, the capacitor is charged and discharged periodically, and
we say that current flows through the capacitor, even though no electrons
actually pass through the dielectric medium separating the capacitor
plates. While a steady direct current may flow through a resistor or an
inductor, it is clear that the average direct current in a capacitor in a
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sufficiently long time interval must be zero, for as much charge must flow
in one direction as in the other.
If the charge on one plate of the capacitor at any instant is q, the
potential difference between the plates of the capacitor at that instant is v,
given by
q
v = -.
C

The charge on the capacitor plate is equal to the integral of the current
over the time during which the charge was flowing into the capacitor,
so that
Cv

=

fi dt.

If the current is sinusoidal,
i

and we have

=

1m sin wt,

f

1m sin wtdt,

Cv

=

Cv

= --

V =

-1 m
w

(34-2)

cos wt,

7r)

m
1
- sin ( wt - - .
2

we

(34-15)

Fig. 34-5 The current in a eapacit(,r leadH
the voltage across the capaeitur by HOD, or
the voltage lags by 90 0 •

In the above development, the constant of integration, representing the
initial charge on the capacitor, has been set equal to zero. The potential
difference between the plates of the capacitor may be expressed as
v = VmSin(wt -

where

~),

(34-16)

(34-17)

Thus we see that the potential difference between the plates of the capacitor
lags behind the current by 90°, as shown in Figure 34-5. If the maximum
value of the current is drawn as a vector in the +x direction, the maximum
voltage across the capacitor may be represented as a vector drawn in the
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-y direction, as shown in Figure 34-6. Once again the instantaneous
values of the current and voltage are to be found by examining the projection of these two vectors on the y axis, and imagined to rotate in the counterclockwise direction with angular velocity w.
It is customary to use the symbol Xc, called the capacitive reactance,
defined by means of the equation
1
1
Xc = wC = 2'rrfC'
(34-18)

to describe the behavior of a capacitor in an a-c circuit.
Equation (34-17) becomes
V m = ImX c.

In these terms
(34-19)

When alternating current flows through an ideal capacitor, no electrical
energy is consumed by the capacitor. Instead, the capacitor stores energy
in the electric field between its plates while being charged, and returns that
energy to the circuit when it is discharging.

y

1m
./

?r

\

././"(wt
\

Vm

\

1m
\

\

'~Ym

X

c
L
t----r'006(
E.
"'v

Fig. 34-6

Fig. 34-7

In our initial discussion of capacitance in Chapter 25, we saw that one
application of capacitors was to store electrical energy. By far the largest
application of capacitors is as a circuit element in a-c circuits. One important use of capacitors is associated with the fact that direct current cannot
flow through a capacitor, but that alternating current does. The capacitor
may be used to block the flow of direct current.
34-5

Series Circuits

Let us suppose that an alternating current is flowing in a series circuit made
up of a resistor R, an inductor L, and a capacitor C, and that these are
connected to an a-c generator, as shown in Figure 34-7. At any instant of
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time the current must be the same in all parts of the circuit. If the current
varies sinusoidally with time, as given by
i = 1 m sin wt,

(34-2)

the potential difference across the circuit elements will be
VR

=

I m R sin wt,

VL =

1 mwL sin ( wt

Vc =

1 sm
. (
we
wt -

m

(34-4)

+ ~) ,

(34-10)

7r) ;
2

(34-15)

and the value of the emf across the terminals of the generator at any instant
will be the sum of these potential differences at the same instant of time,
according to Kirchhoff's second law (Section 27-6). To find the maximum
value of the emf from these equations, we should have to find the instant t
at which the sum of these equations
is a maximum, and then add the
y
separate potential differences at that
time. The problem may be greatly
simplified by use of the vector diagram.
If we draw a vector representing
thc maximum value of the current
I m along the +x axis, the vectors
reprcsenting the maximum values of
x
the potential differences across the
terminals of the various circuit elements are shown in Figure 34-8. We
imagine the diagram to be drawn on a
transparent card whieh is rotating in
the eounterclockwise direetion with
angular velocity w. The instantaneous value of the eurrent and of the
Fig. 34-8
voltage across eaeh element at a given
time t is to be determined by finding
the projection of the appropriate vector onto the y axis. Thus the instantaneous emf of the generator is given by adding the y eomponents of the
three voltage vectors.
The concepts of vector addition tell us that the sum of the y components of three vectors is equal to the y eomponent of their resultant.
Thus we may add the three voltages vectorially and draw a new diagram,
shown in Figure 34-9, in which the maximum value of the current 1 m is one
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vector, represented along the x axis, and the vector sum of the separate
voltages, represented as V m, is the other. The vector V m is clearly equal
to the maximum value of the potential difference across the three circuit
elements and is therefore the maximum value of the emf of the generator.
The angle c/> is the angle by which the voltage vector leads the current vector

I mXL 1m Xc

Fig. 34-9 Vector diagram of the voltages
and currents in a series circuit containing
resistance, inductance, and capacitance.

in the figure and is therefore the phase difference between voltage and
current.
From the figure we find that

cm =

+ (ImR)2}%,
X C)2 + R 2]%.

V m = {[Im(X L - X C)]2

Cm = V m

=

1m [(X L

-

(34-20)
(34-21)

The quantity in brackets in Equation (34-21) is called the impedance Z of
the series circuit. Thus
Z = [(XL - X c)2 + R 2]%.
(34-22)
The maximum value of the voltage across the terminals of an a-c circuit
may be expressed in terms of the impedance as
(34-23)

This equation may be taken as the definition of the impedance of any a-c
circuit.
The instantaneous value of the voltage may be seen from Figure 34-9
to be
(34-24)
v = V m sin (wt + c/»,
where the phase angle

c/>

is given by
c/> =

arc tan

XL-XC
R

(34-25)

The power delivered to the circuit is consumed only in the resistor.
The power consumed is therefore the product of the effective voltage across
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the resistor by the effective current, according to Section 34-2:

t?

=

VRI.

(34-9al

The effective values of voltage and current used in Equation (34-9a) are
equal to the maximum values of these quantities divided by the square
root of 2. Thus

t? = (V R)mIm .
2

From Figure 34-9 the maximum voltage across the resistor is related
to the maximum voltage across the entire circuit through the cosine of the
phase angle
(VR)m = V m cos ~,
so that the power consumed is

t?

=

VmI m cos ~
2

In terms of the effective voltage across the circuit and the effective current
through the circuit
t?=VIcos~.

(34-26)

The factor cos ~ is called the power factor.
It is customary to analyze a-c circuits in terms of effective current and
voltage rather than maximum current and voltage. Since the effective
values are related to the maximum values by a constant factor, the square
root of 2, a vector diagram may be drawn to relate effective values just like
Figure 34-9, without altering any of the phase relationships between voltage
and current.
In general, the voltage and current indicated by a-c measuring instruments are effective values rather than maximum values.
In terms of the effective values we have for each element:

V R = IR,

(34-27a)

VL

=

IX L ,

(34-27b)

Vc

=

IX c ;

(34-27c)

V

=

IZ.

(34-27d)

and for the entire circuit,
Illustrative Example. A series a-c circuit consists of a capacitor of 8 J.lfd,
an inductor of 600 millihenrys, and a resistor of 48 ohms resistance. Determine
(a) the current in the circuit, (b) the voltage across each element in the circuit,
(c) the phase angle, and (d) the power supplied to the circuit when the terminal
voltage of the 60-cycle generator is 220 volts.
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The capacitive reactance is

IX L

1
1
X o = -- =
ohms
2nfC
211" X 60 X 8 X 10- 6
= 332 ohms.

430 v

The inductive reactance is
XL

= 211"fL = 211" X 60 X 0.60 ohms = 226 ohms.

The total impedance is
Z

=

VR 2 + (XL
V(48)2

91.2v

I

- X O )2

+ (226

- 332)2 ohms

=

116 ohms.

(a) The current in the circuit is
V
220
I = - = = 1.90 amp.
Z
116

(b) Constructing the vector diagram as shown
in Figure 34-10, with the current I along the x
axis, we find that the voltage across the resistor is

V R = I R = 1.90 X 48 volts = 91.2 volts
in phase with the current and therefore drawn along
the x axis; the voltage across the capacitance is

v0

= IX 0 = 1.9 X 332 volts = 630 volts

in the negative y direction, since the curent leads the
voltage by 90°; the voltage across the inductance is

V L = IX L = 1.9 X 226 volts = 430 volts

IX c

in the positive y direction, since the current lags
behind the voltage by 90°.
The impressed voltage V is the vector sum
of these individual voltages and is given by

630v

Fig. 34-10

v = VV~ + (V L

-

V 0)2 = V(91.2) 2 + (630 - 430)2 = 220 volts.

This is a convenient way of checking the calculations.
(c) The phase angle is determined from the equation
tan cf> = XL - X 0 = 226 - 332 ,
R

so that

tan A'I'

=

-106
48

48
=

-2.21

and
hence the current leads the voltage by 65°40'.

'
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It will be noted that the voltage across a capacitor or an inductor in an a-c
series circuit may be much greater than the voltage across the terminals of the
circuit.
(d) The power supplied by the generator is

P = VI cose/>

= 220 X 1.9 X cos 65°40'
= 173 watts.
34-6

Resonance in an A-C Series Circuit

A case of very great interest is one in which the current and the voltage
are in phase in an a-c series circuit containing resistance, inductance, and
capacitance. This can be established by adjusting the values of C and £
so that

XL
in whieh ease the phase angle

e/>

tan

=

Xc,

(34-28)

will be zero, since

e/> =

XL -Xc

--R-~-'

(34-25)

Putting in the values for X L and Xc in Equation (34-28), we get
1

27i'f£ = 27i'fC'

from which

1

f = 27i'VLC'

(34-29)

When this condition is fulfilled, the current in the circuit will be a maximum,
since the impedance is a minimum, and will be given simply by

V

1=-,
R

sinee for this case

Z

=

R.

A eireuit for which Equation (34-29) holds is said to be in resonance at
the frequency f. When the frequency of the a-c supply is' that given by
Equation (34-29), there is a maximum transfer of energy from the generator
to the circuit, since the phase angle e/> is zero and the power factor is 1. For
example, if, in the illustrative example of the previous section, sufficient
inductance is added to the circuit either by inserting more iron in the
inductance coils or by adding additional inductance coils so that the circuit
is in resonance at 60 cycles/sec then the current in the circuit would be
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increased to its maximum value given by
I =

V

Ii

220

= 48 amp = 4.58 amp.

To determine the new value of the inductance, we can solve Equation
(34-29) for L and get
1

1

L = 47r2f2C = 47r2 X 3,600 X 8 X 10-6 henry

= 0.88 henry = 880 millihenrys.
34-7

The Transformer

The electric energy which is transmitted from the generating station
to the consumer is transmitted during a time interval t, and, in designing a
transmission system, it is the power or the rate at which the energy is transmitted that is of importance. If the terminal voltage of a d-c generator is
TT, the power delivered to the transmission line is

t? = VI,
where I is the current in the line. If the transmission line has a resistance
R, then the rate at which heat is developed in the line is 12R, and hence the
power t? delivered to the consumer is
(34-30)

A greater amount of power can be transmitted to the consumer by reducing
the resistance of the power line, that is, by using wires of larger diameters,
or else by transmitting the power at smaller currents. The latter method
means stepping up the voltage at the generating station.
It has been found difficult to build d-c generators which will develop
emf's greater than about 3,000 volts. Hence to transmit direct current at
higher voltages, it would be necessary to connect several generators in series.
This practice is not commonly followed in this country. Another difficulty
is that, for safe handling, the voltage at the consumer's end of the line must
be comparatively lmv-not more than a few hundred volts- and no efficient
methods have been developed for stepping down the voltage of a d-c line.
For a-c generating stations, however, the problem is entirely different.
With the aid of a device known as a transformer, it is possible to step up the
voltage at the transmission line to any desired value, and then to use
another transformer at the consumer's end of the line to step down the
voltage to a safe, usable value, the power having meanwhile been transmitted at a high voltage and low current. Modem transmission lines are
operated at voltages as high as 250,000 volts.
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A transformer consists of two coils near each other. In most transformers these coils are wound on closed iron cores such as that shown in
Figure 34-11(a). The conventional diagram of an iron-core transformer
is shown in Figure 34-11(b). For special uses, particularly in some radio
circuits, transformers are made without iron cores; these are usually called
air-core transformers.

3t
(b)

(a)
Fig. 34-11

Iron-core transformer.

Suppose that the primary coil P of an iron-core transformer is connected to an a-c source and that the effective voltage across its terminals is
e. Let us suppose initially that the terminals of the secondary coil are left
open. The current that now flows through the primary coil sets up a
magnetic field in the iron core. Because of the high permeability of the
iron, practically the entire magnetic flux is inside the iron core. Since the
current is alternating, the magnetic flux in the iron core is also alternating.
This alternating magnetic flux induces an emf in each turn of the secondary
coil, and hence the induced emf e s in the secondary coil is proportional to
the number of turns of wire ns in the secondary coil. Since the same
magnetic flux goes through each turn of the primary coil, an emf will be
induced in each turn of the primary coil so that the total self-induced emf
in the primary coil e p will be proportional to the number of turns np in the
primary coil. Since the magnetic flux is changing at the same rate inside
each coil, we can write that
es

ns

ep

np

(34-31 )

Equation (34-31) holds for both the instantaneous values of the emf's and
for their effective values.
In a well-designed transformer, e p will differ very slightly from the
impressed voltage e. Thus, to a very close approximation, Equation
(34-31) may be written as
e's

ns

e

np

-=-.

(34-32)

If the number of turns ns in the secondary coil is greater than the number of
turns np in the primary coil, the transformer is called a step-up transformer;
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if the reverse is the case, it is a step-down transformer. For example, if the
secondary coil has 1,000 times as many turns as the primary coil, the emf e s
induced in the secondary will be 1,000 times the voltage impressed across
the primary.
When a load is connected to the terminals of the secondary coil, a
current will flow in the secondary circuit, and power will be supplied by it.
This power must, of course, come from the source of power connected to the
primary coil. This transfer of power takes place through the interactions
of the magnetic fields because of the current in the primary coil and that in
the secondary coil. In well-designed transformers the efficiency is as high
as 98 or 99 per cent. Neglecting the slight loss of power in heating the coils
and the iron core, we find that the power drawn from the secondary coil
must equal the power supplied to the primary coil; that is,
(34-33)

where the symbols refer to the instantaneous values of the voltage and
current in the primary and secondary coils, respectively. Or

c

is

Cs

~p

(34-34)

Since Equation (34-34) holds at any instant, it also holds for the maximum
values and hence for the effective values, so that we can write

e
es

Is
Ip

-=-,

(34-35)

which, combined with Equation (34-32), yields

Is
Ip

-

=

np
--.
ns

(34-36)

Thus the effective values of the currents in the primary and secondary
circuits are in the inverse ratio of the numbers of turns in the two coils.
If we rewrite Equation (34-36) as

nsI s

=

npI p ,

(34-37)

we note that, if the current in the secondary is increased, as is the case when
the load on the secondary is increased, the current in the primary is also
increased.
In a step-up transformer the emf induced in the secondary is large but
the current Isis small, while the voltage across the primary is small and the
current I p through it is large. Both step-up and step-down transformers
are used in transmitting power. A simplified version of a transmission
system is shown in Figure 34-12. At the powerhouse, the a-c generator
develops electric power at, say, 120 volts; the terminals of this generator
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are connected to the terminals of the primary coil of a step-up transformer
T 1 which steps up the voltage to 12,000 volts at the terminals of the secondary coil. The two wires of the transmission line, which may be several miles
long, connect the terminals of this secondary coil to the primary of a step-

-----

P,

52

~l

[]
----Power lines

T,
Fig. 34 - 12

T2

Simple transmission line.

down transformer T 2 at the consumer's end of the line. Because of the
voltage drop in the transmission line, the difference of potential at the
primary of the step-down transformer may be only 11,500 volts, say. If the
ratio of turns between P2 and 8 2 is 100: 1, the emf at the terminals of 8 2 will
be about 115 volts, suitable for use with a great many electrie appliances.
Problems

34-1. The terminals of a series circuit consisting of a 32-millihenry inductor
and a 48-ohm resistor are connected to a source of emf supplying nO-volt, 60cycle power. Find (a) the reactance of the inductor, (b) the impedance of the
circuit, (c) the effective current (d) the maximum current, (e) the phase angle
between the current and voltage, (f) the effective voltage across the resistor,
(g) the effective voltage across the inductor, and (h) the power dissipated in
the circuit.
34-2. A coil with an inductance of 0.020 henry and an internal resistance of
8 ohms is connected in series with a 75-ohm resistor. The series combination is
connected to a nO-volt, 60-cycle generator. Find (a) the inductive reactance
of the coil, (b) the impedance of the coil, (c) the impedance of the series circuit,
(d) the current in the circuit, and (e) the power dissipated in the circuit.
34-3. By setting
i = 1m sin wt
and

v = V m sin (wt ± cP)

± V m cos wt
and integrating over one cycle, show that the power consumed in an inductor
or in a capacitor is equal to zero.
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34-4. A 2 ILfd capacitor is connected in series with a 36-ohm resistor, and the
series combination is connected to a 120-volt, 60-cycle power line. Find (a) the
capacitive reactance, (b) the impedance, (c) the current, and (d) the power
consumed in the circuit.
34-5. A 40-ohm resistor is connected in series with a 1.8-henry inductor and
a lO-lLfd capacitor. (a) Determine the inductive reactance, the capacitive
reactance, and the impedance of the circuit at 60 cycles. (b) Determine the current in the circuit when it is connected to a 60-cycle, 1I0-volt source. (c) Determine the effective voltage across the resistor, across the capacitor, and across
the inductor. Is the sum of these different from 110 volts? Why?
34-6. A 45-ohm resistor, an 8-lLfd capacitor, and an 0.06-henry inductor
are connected in series. (a) What is the resonant frequency of this circuit?
(b) When connected to a 100-volt power source at this frequency, what is the
current in the circuit? (c) Draw a vector diagram of the circuit at resonance.
(d) What is the voltage across the inductor at resonance? (e) What is the voltage
across the resistor at resonance? (f) What is the power factor at resonance?
34-7. Plot a graph of the impedance of the circuit of Problem 34-6 as a
function of frequency, giving particular emphasis to the shape of the curve
in the vicinity of resonance.
34-8. An iron-core transformer has 100 turns in the primary winding and
800 turns in the secondary winding and is operated from a 120-volt, 60-cycle
generator. Determine (a) the emf induced in the secondary, (b) the current in
the secondary circuit when it is taking 2.4 kw of power with a power factor of
0.75, and (c) the current in the primary.
34-9. A transformer is used to step down the voltage of a transmission line
from 13,200 volts to 240 volts. (a) What is the ratio of the turns on the two
windings? (b) If the secondary supplies 15 amp, determine the current in the
primary.
34-10. A capacitor is connected in series with a resistor, and the combination
is then connected to a battery whose emf is V. Show that the potential difference
across the terminals of the capacitor is given by

v

=

V (1 - e- Ct / RC )).

Follow the development of Section 32-7.]
34-11. An alternator furnishes 80 amp at 240 volts at a frequency of 60
cycles/sec to a IiJhop in which the power consumed is 17.6 kw. What series
capacitance must be introduced into the electrical lines to change the power
factor to unity?
34-12. A square-wave generator generates current of the wave form shown
in Figure 34-13. Find the effective value of the current.
34-13. A series circuit consisting of a 20-ohm resistor and an inductor whose
internal resistance is 10 ohms is observed to have an impedance of 50 ohms at a
frequency of 100/1T cycles/sec. (a) What is the current in the circuit when
the applied emf is 100 volts? (b) What is the inductance in the circuit? (c) What
is the impedance of the circuit at a frequency of 300/1T cycles/sec?

[HINT:
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Fig. 34-13

34-14. A series circuit has a power factor of 0.8 with the current lagging the
voltage at a frequency of 200/11' cycles/sec. (a) If this circuit has a resistance of
100 ohms, what is the impedance? (b) If this circuit has a capacitance of 10-4
farad, what is the inductance? (c) At what frequency will its power factor be
zero?
34-15. In a given circuit consisting of a resistor, an inductor, and a capacitor
in series, the voltage across the resistor is 100 volts, the voltage across the capacitor is 200 volts, and the voltage across the inductor is 150 volts. The power
consumed by the circuit is 150 watts. (a) What is the current in the circuit?
(b) What is the power factor? (c) What is the inductive reactance?

35
Electronics

35-1

Thermionic Emission

The electrons of an atom occupy certain energy levels when the atom is far
from other atoms. When a large number of atoms are assembled to form
a conducting metallic solid, the energy levels of the valence electrons are
displaced in position to form a conduction band, as discussed in Section 28-4.
The valence electrons occupy ene;"gy levels within the conduction band and

Energy
Fig. 35-1 The Fermi-Dirac distribution of electron energies in tungsten at OOK and
2500 oK, showing the position of the Fermi level E F, the binding energy E B, and the work
function Ew (not to scale). Electrons in the shaded area are thermally emitted at
2500 0 K if they are traveling toward the surface with sufficient energy.

are relatively free to drift from atom to atom within the metal. In accordance with a fundamental physical principle, known as the Pauli exclusion
principle, only 1 electron may occupy a particular energy level. The conduction electrons are not all in the state of lowest energy, for only 1 electron
can occupy that level. The conduction electrons tend to fill the bottom
region of the conduction band. The number of electrons to be found in a
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small energy interval centered about a particular energy follows a distribution known as the Fermi-Dirac distribution, shown in Figure 35-1. At the
absolute zero of temperature, the number of electrons in a given energy
interval increases with increasing energy, as shown in the figure. The
maximum energy of any conduction electron in the metal is known as the
Fermi energy E F. At the absolute zero all energy levels below the Fermi
energy are occupied by electrons, and no electron has an energy above the
Fermi energy. The particular value of the Fermi energy varies from metal
to metal but depends only upon the number of conduction electrons per
unit volume of metal.
Another parameter of great interest is the binding energy, the energy
required to remove an electron from the lowest energy state within the
conduction band to a point infinitely distant from the metal. Since electrons normally do not leave the metal, it is apparent that the binding energy
E B is greater than the Fermi energy E F . The difference between these
two energies is called the work function E w . Thus
EB

-

EF

= Ew.

If an electron at the Fermi level is to be emitted from the body of the
metal at the absolute zero, it must be given a quantity of energy E w . This
may be done in a number of ways. When the surface of the metal is struck
by a rapidly moving particle, such as a proton or an electron, the kinetic
energy of the moving particle is absorbed by the metal and may be given
up to some of the electrons in the metal. These electrons are then liberated
from the metal by a process called secondary emission, which is of great
importance in modern photomultiplier tubes. A second way for an electron
to acquire sufficient energy to be removed from the metal is by the absorption of the energy of a quantum of light; this process is known as photoelectric emission.
When the metal is heated to a high temperature, the distribution of
electrons within the metal is altered. The energy distribution of electrons
in metallic tungsten at 2500 0 K is shown in dotted lines in Figure 35-1.
Those electrons having energies above E B , shown in the shaded area of the
curve, have sufficient energy to escape from the body of the metal and are
said to be thermally emitted. The fraction of the total number of conduction
electrons having sufficient energy to be emitted at a particular temperature
depends upon the position of the binding energy E B with respect to the
Fermi energy E F , hence upon the value of the work function Ew. We must
therefore expect the thermionic emission from different metals at a given
temperature to vary from metal to metal, according to the differences in
work function. From the shape of the distribution curve, we must also
expect the thermionic emission to increase rather rapidly with temperature.
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The thermionic emission of electrons from a heated filament was discovered by Thomas A. Edison in 1883; it forms the basis of the modern
vacuum tube. In such tubes the electron emitter is the negative electrode,
or cathode. Because of its high melting point, tungsten is often used for
the filaments of tubes which are operated at high cathode temperatures.
It is possible to apply low work-function materials to metallic filaments so
that these materials act as the source of electrons and the filaments can be
operated at lower temperatures for the same emission. In the modern
vacuum tube the cathode is often a separate structure surrounding a heater,
in order to separate the problem of providing heat from the main function
of the cathode as a source of electrons.
35-2

The Diode Rectifier

A thermionic diode is a two-element vacuum tube, in which one element
consists of a filament or heated cathode which serves as a source of electrons,
and the other element, called the plate, serves as a collector of electrons.
Since the diode is asymmetric in
construction, it is also asymmetric
Temperature limited
in its electrical properties. Electrons can flow in only one direce IIl,I,
Space -charge - __
II
tion, from filament to plate.
I I
limited
When a potential difference is
Ji
b IJ
applied between the cathode and
)Iplate of the diode, the current
a
through the tube as a function of
\
\
applied voltage has the form shown
\
in Figure 35-2. The electrons which
SQt~ration
are emitted from the filament form
a space-charge cloud around the filament. 'Vhen a low positive voltage is applied to the plate, some of
Fig. 35 -2 Static characteristics of a
the electrons of the space-charge
typical diode. The filament temperature cloud are attracted to the plate;
is increasing from a to c.
the current is determined by the
characteristics of the space-charge
cloud. As the plate voltage is increased, more and more of the space charge
flows toward the plate, until the current reaches a value appropriate to the
cathode emission. The current is then saturated, or temperature limited.
When the temperature of the filament is raised, the current at saturation
is greater than previously, as shown in the figure.
Since there is only one direction in which current will flow in a diode,
this tube may be used as a rectifier. It is often convenient to think of the
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diode as a switch which is closed to permit current to flow when the plate
is made positive, with respect to the cathode, and which is opened to stop
the flow of current when the plate is made negative.
The basic circuit of a half-wave rectifier is shown in Figure 35-3(a).
An alternating emf e is generally supplied by a transformer connected to
the a-c line. The transformer is connected to a series combination of the
diode and a load, shown here as a resistor R l . The cathode is shown on the
diagram as externally heated. For simplicity, the heater filament and the
filament transformer have been omitted. The potential difference between
cathode and plate Cb is equal to the emf of the transformer secondary minus
the iR drop in the load resistor. Thus
(35-1)

so that the voltage across the load is given by the difference e - cb.
We may display the meaning of Equation (35-1) graphically by construction of a dynamic characteristic curve of the diode, from its static
characteristic, by means of the concept of a load line. The static characteristic of a tube is the plot of current through the tube as a function of plate
voltage, under a particular set of conditions, such as a fixed cathode temperature, as shown in Figure 35-2. The dynamic characteristic of the tube
in a particular circuit is a plot of the current through the tube i b plotted as
a function of the emf applied to the circuit c, when a particular load resistor
Rl is used.
One relation between the variables c, eb, and i b is expressed by Equation (35-1). A second relation between two of these variables is known
only as a graph, that is, the static characteristic, which expresses i b as a
function of eb. These two functional relationships may be solved simultaneously at specific values of c for Cb and i b, so that we can express i b as a
function of c.
Let us rewrite Equation (35-1) in the form
.

~b =

-

Sb

-

Rl

+-.
R
€

(35-2)

l

On a graph in which i b is the ordinate and Cb is the abscissa, as in Figure
35-3(b), this is the equation of a straight line of slope -1/ Rl and intercept
c/ R l , from the standard slope-intercept form of the equation of a straight
line
y = mx + b.
Equation (35-2) is the equation of the load line, which may be most simply
drawn as connecting the points of coordinates (0, c/ R l ) and (e, 0), as shown
in Figure 35-3(b).
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Fig. 35.3 (a) Schematic circuit of a half-wave rectifier. (b) Characteristics of a 5U4-GB
diode. Solid line (a) is the static characteristic; dashed line (b) is the dynamic characteristic with 100-ohm load; load line (c) for 100-ohm load resistor drawn for 6' = 80
volts. When an emf 6' is applied to the series circuit of diode and load resistor, the
voltage 6' A appears across the tube, and the current iA flows in the circuit. (Graph
courtesy of General Electric Company.) (c) Output current wave form obtained from
input voltage wave form from the dynamic characteristic of the diode used in the halfwave rectifier circuit.
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The point of intersection of the load line and the static characteristic
of the tube represents the solution of the two simultaneous functional
relationships for the circuit. For a particular value of the applied emf c,
the intersection of the two curves is at point A, and the current through the
tube is iA. Repeating this operation by displacing the load line parallel to
itself for different values of the applied emf c, we may find the values of Cb
and i b appropriate to each value of c.

0
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~

kG

input

i

1

....

+
Rt

3

0

--i t

1

2

2

1

2

1

2

(b)
L . . - . . _ - - L_ _. L - _ - - L_ _...L-_---L_ _....L...._

wt

Fig. 35 -4 (a) Full-wave rectifier circuit. (b) Current wave form from full-wave rectifier
is made up of contributions from the half-wave rectifiers of tubes 1 and 2 which operate
on alternate half cycles.

If the applied emf is a sinusoidal function of time, we may imagine
time axes to be superimposed upon the dynamic characteristic curve, as
shown in Figure 35-3(c), and thus find the wave form of the output current
as a function of time for the half-wave rectifier.
When two diodes are so connected that they are conducting during
alternate half cycles and yet permit current through the load resistor in a
single direction, they constitute a full-wave rectifier. A circuit diagram
and wave form resulting from such a rectifier are shown in Figure 35-4.
35-3

Triode Amplifiers

The three-element vacuum tube, or triode, has a third element, called a
grid, often constructed in the form of wire mesh inserted between the
cathode and plate. The tube elements sometimes take the form of plane
structures and sometimes of concentric cylinders. A potential applied to
the grid greatly alters the electric field between cathode and plate. Since
the grid is close to the cathode, a small change in grid potential exercises
considerable control on the electron current flowing from cathode to plate.
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The plate current i b is a function of two variables, the grid-cathode potential difference Ec and the cathode-plate potential difference Eb. The operation of the triode is best analyzed in terms of the static tube characteristics,
shown for a typical triode in Figure 35-5.
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Plate characteristics of the 6C5 triode. (Graph courtesy of General Electric

Company.)

In general, we are not interested in the steady or direct current or the
fixed electrode potentials except as a means of establishing the operating
point of the tube. It is of greater interest to examine the increments in
current associated with small increments in the voltage of one or another
of the tube elements. Thus we may define the incremental or dynamic
plate resistance Tp of a tube as the change in the plate-cathode potential
difference ~Eb divided by the resulting change in plate current ~ib when
the other tube element is held at constant potential. Thus
Tp

~Eb

= -. ; (E c = const).
~~b

(35-3)

A second widely used tube characteristic is the mutual conductance gm'
The mutual conductance is defined as the change in plate current ~ib which
results from a change in grid potential ~Ec when the plate potential Eb is
held constant. Thus
(35-4)

The amplification factor

}J.

is the ratio of the change in plate potential
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ASb to the change in grid potential AS e required to produce equal and opposit changes in plate current. If the plate potential is increased by an
amount ASb and the grid potential is altered by - Ase, there will be no
change in the plate current. We have

It =

-

ASb

-

;

(ib = const).

(35-5)

AS e

These three tube parameters are related by the equation
(35-6)

(a)

r

Signal
input

c

Cc

Signal
output

R

c
(b)

R

Fig.35-6 (a) One-stage triode amplifier; grid bias is provided by the voltage drop
across the cathode resistor R k . (b) Equivalent circuit of the amplifier. The combination of Rk and Ck is of negligible impedance at the intermediate signal frequencies, as
is the capacitor C.

The values of the plate resistance, the mutual conductance, and the
amplification factor are not constant for most tubes and depend upon the
operating conditions. Vacuum tubes are nonlinear devices which generally
do not obey Ohm's law. Nevertheless, it is often convenient to consider
that these parameters are constant for small changes in operating conditions, and to treat the tube as a linear device in discussing vacuum-tube
circuits and in preliminary design of such circuits.
A typical schematic circuit of a one-stage triode amplifier is shown in
Figure 35-6(a). A power supply consisting of a full-wave rectifier and
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suitable filters provides a constant positive potential, shown on the figure
only as B+. By suitable choice of a cathode resistor R k, the IRk voltage
drop in the cathode resistor establishes the cathode at a suitable positive
voltage with respect to the grid, called the grid bias.
An input signal is applied to the grid resistor Rg • The variations in
grid potential cause the plate current to vary, so that a varying potential
is generated at the point P. This varying potential is the output signal
of the tube. Since the potential of the point P varies about some high
positive potential, it is necessary to connect the point P to a blocking
capacitor C, and to take the varying signal output from the opposite terminal of the blocking capacitor, whose function is to permit varying currents
to flow while preventing the passage of steady currents. The capacitor C
blocks the passage of direct current but permits the passage of alternating
current.
One way of analyzing the behavior of such a circuit is to imagine the
tube to be replaced by an electrical generator whose emf is f.lE c and whose
internal resistance is r p , as shown in Figure 35-6(b). The signal voltage
appearing across the load resistor may then be obtained by the application
of principles of network analysis.
In this simplified discussion of the operation of a vacuum-tube amplifier, we have neglected the existence of interelectrode capacitances and
other limiting effects. Any pair of conductors separated by a nonconductor
constitutes a capacitor; there is thus a capacitance between the grid and
cathode and between the grid and plate. These interelectrode capacitances
are in parallel with the grid resistor. At high frequencies the impedance
of the grid network is greatly reduced. This means that the amplification
of a vacuum-tube amplifier drops off at high signal frequencies unless special
precautions are taken in the design of the tube itself. At low frequencies
the coupling capacitor C plays a dominant role in establishing the sensitivity
of an amplifier, for it is in series with the resistor R. The voltage division
between C and R is frequency dependent, and the amplified signal drops
off at low frequencies.
35-4

Other Electron Tubes

Many other electron tubes have been designed for special purposes. In a
tetrode, or four-element tube, an additional grid, called a screen grid, is

inserted between the plate and control grid to reduce the interelectrode
plate-to-grid capacitance. In a pentode, or five-element tube, another grid,
called a suppressor grid, is installed between the plate and screen grid. Its
purpose is to repel secondary electrons back to the plate; these would tend
to go to the more positive screen grid in a pentode operating at low plate
voltage.
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A photoelectric cell has a plate coated with a metal of low work function
so that it emits photoelectrons when illuminated with light. The photoelectrons are collected by a positive collector electrode; the current through
the tube depends upon the intensity of the incident light.
A cathode-ray tube, shown in Figure 35-7, is one in which a focused
beam of electrons from the cathode is accelerated by a series of electrodes
and caused to strike the phosphor on the screen at a point; the phosphor

K

Fig. 35-7 Cathode-ray tube showing cathode K, grid G, anode A, vertical deflection
plates V, horizontal deflection plates H, and screen S. Thermally emitted electrons are
accelerated and focused by the anode to strike the screen.

fluoresces when struck by rapidly moving electrons. The electron beam
is deflected by transverse electric or magnetic fields and can be made to
produce a pattern on the screen if the deflecting field is varied. Such a
tube is widely used in the laboratory in a device called a cathode-ray
oscillograph. In a television set the electron beam is swept across the face
of the screen in a series of lines. The intensity of the beam is caused to
vary in accordance with the signal transmitted from the television station,
producing a pattern of light and dark areas on the screen which we see as
a picture.
A photomultiplier tube, shown in Figure 35-8, achieves a high output
signal by the process of secondary emission. A small number of photoelectrons, emitted from the photoelectric surface, is accelerated by the
electric field and caused to strike the first plate or dynode. Several secondary electrons are emitted by the dynode for each primary electron which
strikes it. These secondary electrons are accelerated and caused to strike
a second dynode, and so on, so that after striking some nine dynodes there
are about 105 to 107 electrons collected by the plate for every photoelectron
emitted from the photoelectric surface.
In addition to the vacuum tubes in which the electron is the conductor
of electricity, there are many tubes filled with gas at low pressure, in which
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Fig. 35-8 Photomultiplier tube. Schematic diagram showing arrangement of electrode structure. (Courtesy of RCA Victor Division.)

gaseous ions and electrons are the carriers of electricity. In fluorescent
lighting units, to be discussed in a subsequent chapter, the gas is used as a
source of light. Gaseous rectifier tubes are often used to carry currents
larger than can be carried in vacuum-tube diodes. Some gas tubes have
the special property that the voltage across the tube is practically independ-

Anode
Cathode
Fig. 35-9

Geiger counter tube.

ent of the current through the tube. These tubes are used as voltage
regulators, for, if they are connected across a particular load, the voltage
supplied to the load remains constant, regardless of the fluctuation in line
voltage.
The Geiger-counter tube, shown in Figure 35-9, is a special gas tube
which is widely used in nuclear physics. Here a cylindrical anode surrounds
a cathode made of a fine wire. The space between the anode and cathode is
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filled with a gas at low pressure, approximating 1/10 atm, and a high voltage
is applied to the tube. If incident radiations have sufficient energy to
ionize a few of the molecules of the gas, the electric field is high enough to
accelerate these ions so that they will cause additional ionization when they
collide with other gas molecules. In this wayan avalanche of gaseous ions
is created, and a large burst of current passes through the tube whenever
ionizing radiation penetrates the tube.
35-5

Transistors

We have already seen in Section 28-4 that it is possible to construct a
rectifier, called a semiconductor diode, from a semiconducting crystal.
It is also possible to assemble semiconducting crystals into a device which
has properties similar to those of a vacuum-tube triode. Such a device is
called a transistor.
We will recall that a crystal of germanium, which itself has 4 valence
electrons, can be altered by the presence of an antimony impurity, which
has 5 valence electrons, so that the excess valence electron can migrate
through the crystal. A germanium crystal with this type of impurity is
called an n-type semiconductor, for its conductivity is due to negative
carriers of electricity.
If indium, having only 3 valence electrons, is introduced as an impurity in germanium, there is a deficiency of electrons at the location of
the impurity, and electrons from the germanium may migrate to and from
the impurity site. In this case we may think of the hole, or vacancy, as
the carrier of electricity, and we designate such semiconductors as p-type
semiconductors, for the carrier of electricity may be thought to be the
"positive hole."
.A transistor is a crystal having two p-type regions separated by an
n-type region, in which case it is known as a p-n-p transistor, or having two
n-type regions separated by a p-type region, in which case it is called an
n-p-n transistor. Figure 35-10 is a schematic diagram of an n-p-n transistor.
The electrode connected to the p region is called the base. One electrode
connected to an n region is called the emitter, and the other electrode is
connected te the other n region and is called the collector.
The behavior of a transistor can be demonstrated by connecting one
battery B 1 so that the base is positive with respect to the emitter, while a
second battery B 2 is connected so that the base is negative with respect to
the collector. The voltage bias on the collector is positive with respect to
the base. As we have seen in Section 28-4, the direction of easy flow in a
transistor diode occurs when the n region is connected to the negative
terminal of a battery and the p region is connected to the positive terminal.
Thus the collector-base interface will have a high resistance when the
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emitter-base interface has a low resistance. If the thickness of the intermediate p region is very small, many electrons from the n region on the
left will diffuse through the p region without combining with a hole, and
will diffuse into the p region on the right toward the collector. Practically
all of the current flowing from the emitter will pass to the collector electrode,
while a very small current flows from the base to either the emitter or the
collector.

Motion of electrons

:>

n

p

n

Emitter

Collector
Base

B1
I-----.-f
Fig. 3S.1 0

B2

111-----+----1 111110----'

Schematic diagram of the n-p-n transistor.

The base may be likened to the grid of a vacuum triode, the emitter
to the cathode, and the collector to the plate. The current flowing from
the emitter to the collector depends upon the voltage applied to the base.
The signal to be amplified is connected between the emitter and the base.
Because of the way the bias voltage is applied, the resistance of the path
from emitter to base is small compared to the resistance between emitter
and collector.
If we call the current in the emitter branch Ie and the resistance of
this branch R e, the power developed in it is I;R e. Similarly, the power
developed in the collector branch is I~Re, where Ie is the current in the
collector branch, and R e is its resistance. The value of R e is usually much
greater than R e , mainly because of the way the electric fields produced
by the batteries B 1 and B 2 are biased in the different sections of the crystal.
The ratio of the power delivered to the collector to that in the emitter is
I~Re

I;R e '
Even though Ie may be only slightly larger than Ie, there will still be a
large gain in power in the ratio Rei R e. The power gain may be as high
as 105 •
The transistor has several advantages over vacuum tubes in many
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circuit applications. Since there is no filament to heat, the power consumed
by the transistor is very small. The transistor is light in weight and of
small physical size. The transistor has good inherent mechanical stability
as compared to a vacuum tube, for there are no tube elements whose position may be altered by vibration or shock. At the present time the transistor is limited to the production of small amounts of signal power, of the
order of several watts, as compared to a power output of the order of
kilowatts which may be obtained from vacuum tubes used in radio transmitters.
35-6

Radiation of Electromagnetic Waves

An electric charge which moves with constant speed in a straight line can
radiate no energy. Only when the charge is being accelerated will it radiate
electrical energy_ A charge, moving at velocities which are small compared

Fig. 35 -11 Polar plot of relative
rate of radiation from a charged
particle whose acceleration vector
is a in directions making an angle q,
with the direction of the acceleration; the radius vector R from the
position of the particle to the curve
is proportional to the rate of radiation in the direction of R.

to the velocity of light in vacuum, does not radiate energy uniformly in
all directions. The radiation is a maximum in a direction perpendicular to
the direction of the acceleration and is zero in the direction of the acceleration. The rate of radiation of electromagnetic energy from an accelerated
charged particle is given by

where S is the rate of radiation in ergs per second from a particle of charge q
stcoul moving with an acceleration of a cm/sec 2 j C = 3 X 10 10 em/sec.
The relative intensity of radiation in directions making an angle <p with
the direction of the acceleration vector depends upon a factor sin 2 <p and
is plotted in Figure 35-11.
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A steady current in a wire may be considered as being composed of a
collection of charges moving with constant velocity. Thus no radiation
results from direct current in a wire. Only when the current in the wire
is changing is there radiation. Thus, whenever a switch is closed, or whenever there is an impulsive flow of charge, as in an automobile ignition
system, we must expect electromagnetic radiation to take place. Indeed,
this is the reason for the interference observed on radio and television sets
caused by passing automobiles.
When a charge is oscillating in simple harmonic motion with angular
frequency wand amplitude A, the magnitude of the acceleration varies
with the displacement in accordance with Equation (12-7).
a

= w 2A

cos wt.

Since the rate of radiation depends upon the instantaneous acceleration of
the charged particle, the energy radiated from an oscillating charge must
display the same time variation, hence must have the same frequency, as
the charged particle. In addition we note that the magnitude of the
acceleration varies with the amplitude A of the simple harmonic motion
and with the square of the frequency w 2 • We must therefore expect a
greater rate of radiation from an oscillating charged particle when that
particle oscillates at higher frequencies.
A transmitting antenna consists of a wire or some other electrical
conductor connected to an oscillator. The antenna may be thought of as
a capacitor which becomes charged and discharged as the emf of the oscillator alternates. Electric charges flow to and from the antenna with the
frequency of the oscillator. Wp may relate the behavior of the antenna
as a radiator of electromagnetic waves to the radiation from oscillating
charged particles.
With the restriction that the antenna is short compared to its wave
length (to avoid the complication of standing waves), the longer the
antenna, the greater the amplitude of oscillation of the electric charges
whose motion constitutes the current. Therefore, a long antenna is a
more effective radiator than a short one. Furthermore, the energy radiated
depends upon the square of the frequency of oscillation. We must therefore expect the fraction of the energy to be radiated from a 50-cycle power
line to be small under the same circumstances that the energy radiated
from a I-megacycle radio antenna is quite large.
The energy which is radiated leaves the antenna in the form of an
electromagnetic wave, consisting of an oscillating electric field and an
oscillating magnetic field which are coupled together. The changing magnetic field may be thought to generate an electric field in accordance with
Faraday's law of induction. The changing electric field may be thought
of as though it were generated by a virtual alternating current, called the
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displacement current, which generates a magnetic field in accordance with
Ampere's law. This exchange of energy between electric and magnetic
fields constitutes a wave motion which is propagated with the velocity of
light.
Practical antennae are not quite so simple as those we have discussed
here, but any element of conductor carrying current may be considered as
the source of the wave, and the radiation from the antenna as a whole may
be calculated from Huygens' principle. In general, the reciprocal relation
between radiation and absorption developed in our discussion of black-body
radiation is equally applicable here. Thus an antenna which is an effective
transmitter of electromagnetic radiation will also be effective as an absorber
of radiation, hence a good receiving antenna.
The mechanism by which an antenna receives a signal transmitted by
electromagnetic radiation is the inverse of the mechanism by which it
transmits radiation. The passing electromagnetic field induces currents
in the antenna which alternate with the frequency of the radiation. These
currents flow through a resistor and are subsequently amplified and converted into a useful signal in the receiving set.
Like the transmission of light, the transmission of electromagnetic
waves is along the line of sight. Radio communication is received at large
distances from the transmitting antenna, at points obscured from the
antenna by the curvature of the earth, by reflection from a region of ionized
atmosphere known as the ionosphere, or the Kennelly-Heaviside layer,
located at high altitudes. This layer of ionization behaves like an electrical
conductor at some frequencies. Radiation at these frequencies may be
reflected back and forth between the earth and the ionosphere, so that it is
propagated halfway around the earth. The ionosphere is generated by the
action of solar radiation upon the atmosphere. Solar flares and other solar
disturbances affect the ionization and consequently affect radio transmission
and reception at large distances from a transmitting antenna.
Problems

35-1. The peak current in a half-wave rectifier is 100 rna. Find the effective
or rms current from this rectifier.
35-2. In the circuit of Figure 35-3(a), the applied 50-cycle alternating emf
has a peak or maximum voltage of 150 volts. Find the peak values of (a) the
current through the load resistor and (b) the voltage across it when it has a
resistance of 500 ohms.
35-3. In the full-wave rectifier of Figure 35-4(a), the applied 50-cycle
alternating emf is 300 volts rms across the entire secondary winding of the
transformer. The load resistance R L = 500 ohms. Find (a) the peak current
through the load resistor and (b) the peak voltage across it.
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35-4. Find the plate resistance, the amplification factor, and the mutual
conductance of the triode of Figure 35-5 when the plate voltage is 200 volts
and the grid bias is (a) -12 volts and (b) -8 volts.
35-5. Find the plate current in a 6C5 triode whose static characteristics are
given in Figure 35-5 when its cathode is connected to the negative terminal of
a 300-volt battery, its plate is connected to the anode of the battery through a
30,000-ohm resistor, and Cc = -4 volts.
35-6. A triode amplifier has an amplification factor of 20 and a plate resistance of 10,000 ohms. What is the gain of the amplifier when the plate load resistor is 20,000 ohms? Draw the equivalent circuit of the amplifier.
35-7. The change in plate current of a triode may be expressed as the sum
of two terms, for the change in plate current t::..i b may be due to the change in
plate potential t::..cb and to the change in grid potential t::..cc, as
t::..ib =

~ t::..cl, + gm t::..cc.
l'p

From the ahove expression prove that

35-8. A two-stage amplifier has a gain of 10 3 • What is the gain of each
stage, assuming these to be equal.
35-9. In a television set, a ghost pattern caused by reflection of the signal
from a distant building is observed to follow the main pattern by 1 J.lsec. What
is the difference in the length of the path from the transmitter to the tube between the direct signal and the reflected signal?

Part Five
LIGHT

36
Light and Its Measurement

36-1

The Nature of Light

The word light, as commonly used, refers to the radiant energy which
produces a visual effect. It was first shown by Maxwell that light is an
electromagnetic radiation, propagated with a speed whose value was
numerically determined by the relationship between electric and magnetic
units. As we have seen in Section 31-3, the velocity of light in vacuum,
represented by the symbol c, is given by the equation
c = (~OMO)-Y.,
where c has the numerical value of 3 X 108 m/sec, or 186,000 mi/sec.
Light waves are now understood to be electromagnetic waves of shorter
wavelength and higher frequency than the electromagnetic waves used in
radio.
If light is propagated as an electromagnetic wave, its origin must
ultimately be traced to electric charges. Thus an analysis of the light
emitted by a substance may be used to determine the electronic constitution
of that substance, and so to give information about the structure of nuclei,
of atoms, and of aggregates of atoms. The emission of light by a source
involves an interaction between matter and radiant energy. To explain
the phenomena associated with the interaction of matter and radiant
energy, it has been necessary to supplement Maxwell's electromagnetic
theory of light by what is known as the quantum theory of light. Radiant
energy, in its interaction with matter, behaves as though it consists of
bundles of energy. The amount of energy e in each bundle, or quantum, is
related to the frequency f by the equation
(36.1 )
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where h is a universal constant called Planck's constant whose value is
h = 6.62 X 10-27 erg sec.
A quantum of light energy hf is also called a photon. We shall return to the
quantum theory later in discussing the analysis of light and atomic structure. For the present we shall concern ourselves with the propagation of
radiant energy, and shall emphasize particularly that form which produces
a visual effect.
The normal human eye is capable of responding to those waves whose
wavelengths lie in the range between 3.8 X 10-5 cm and 7.6 X 10-5 cm.
Wave length in em (logarithmic scale)
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Fig. 36-1 The complete electromagnetic spectrum. Because of the wide range in wavelengths, the latter have been drawn to a logarithmic scale.

This is a very narrow region of the electromagnetic spectrum, corresponding
roughly to that region of the solar spectrum which is transmitted by the
earth's atmosphere. The electromagnetic spectrum is indicated in Figure
36-1, and ranges from waves of very short wavelength known as x-rays or
gamma rays, to waves of very long wavelength used in radio broadcasting.
The distinction between the terms "x-ray" and "gamma ray" lies in the
origin of the radiation rather than in its wavelength; the term "gamma
ray" is reserved for radiation emitted by the nucleus of an atom.
36-2

S,ources of Light

Our principal source of light is the sun, but when sunlight is not available,
other sources of light must be used. Before electric power became generally
available, the sources of light widely used were the kerosene lamp, the
candle, and illuminating gas. Light is emitted from these sources as a
result of the chemical reactions in combustion. With the development of
large sources of electric power, many new sources of light were developed
to convert electric energy into light. Edison's incandescent electric light
consisted of a carbon filament sealed into an evacuated glass bulb. The
modern incandescent lamp contains a tungsten filament which may be
heated to a temperature as high as 3000°C. The glass bulb is generally
filled with an inert gas, such as argon, to retard evaporation of tungsten
from the filament.
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The carbon arc is frequently used as an intense source of light, as in
searchlights or motion-picture projectors. The carbon arc consists of two
carbon rods connected to a source of power through a resistor. The arc is
started by momentarily touching the two carbon rods together. The rods
are heated at the points of contact where the current density is very high.
Some of the carbon vaporizes and becomes ionized, acting as the conducting
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Fig. 36-2 Spectral distribution of solar radiation. The solid line shows the spectrum
obtained from light from the entire solar disk, while the dashed line shows the spectrum
of light from the center of the solar disk. Dotted lines indicate the spectrum of black
body radiation at temperatures of 6500 0 K and 5800°K. (After R. N. Thomas, The
Scientifi~Monthly, September, 1956.)

path for the current between the two electrodes. The positive terminal
may reach a temperature of 3700°C, becoming white hot. This terminal
is the principal source of light in the arc. Some carbon arcs, used primarily
for spectroscopic or therapeutic purposes, have the cores of the positive
electrodes filled with some material other than carbon. The light obtained
from cored carbons is characteristic of the core material and is superimposed
on the white light from the hot carbon.
Sunlight comes to us from a layer of the sun where the transition from
opacity to transparency takes place. This layer is known as the photosphere
and is at a temperature of about 6000°C. Sunlight is whiter than the light
from either the tungsten lamp or the carbon arc. The hotter the source,
the closer will the light it emits approach the color of sunlight. The mean-
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ing of the temperature of the sun or of the photosphere is somewhat vague.
One way of assigning a number to the temperature of the sun is to compare
the solar spectrum to the radiation spectrum emitted by a black body. If
light from the entire solar disk is admitted to the spectroscope, we find that
the spectrum is in approximate agreement with a black-body spectrum at
a temperature of 5800 o K, while the maximum intensity of the light from the center of the solar disk
corresponds to a temperature of 6500 o K, as shown in
Figure 36-2.
Another important source of light is the mercury
arc. In the low-pressure mercury arc a pool of mercury is plaeed at the bottom of a glass or quartz tube
eontaining t,YO metal electrodes sealed into the ends,
as in Figure 36-3. The mercury is in contact with one
electrode, and mercury vapor at a low pressure fills the
rest of the spaee in the tube. To start the arc the tube
is tilted so that liquid mercury makes momentary contact with both electrodes, and then the tube is returned
to its vertical position. The electric discharge through
the ionized mercury vapor is similar to the electrie
discharge through a gas at low pressure; the light
emitted is rich in blue, green, and violet light and is
characteristic of the mercury. A mercury arc also
Fig. 36-3 Mereury
emits ultraviolet light; this is readily absorbed by ordiare.
nary glass but is transmitted by quartz.
The high-pressure mercury arc contains a small amount of liquid
mercury which is completely vaporized by the heat developed by the
passage of current through the tube. The pressure increases as the temperature of the vapor increases. Pressures of 50 to 100 atm and temperatures
of 5000 0 K are common in these ares. The high-pressure mercury arc is
an intense source of illumination.
A fluorescent lamp is a low-pressure mercury arc in a long glass tube
which has a coating of some fluorescent material on the inside surface.
Some argon gas is also put into the tube to make it easier to start the lamp.
Two filaments are built into the ends of the tube. When heated, these
filaments emit electrons which collide with and ionize the gas within the
tube, thus starting the arc. The construction of a typical fluorescent lamp
is shown in Figure 36-4. A special starting arrangement must be used with
fluorescent lamps, similar to the schematic diagram in Figure 36-5. When
the lamp is switched on, alternating current flows through the two filaments
in series, through the inductor L, and through the switch S. After a short
time the switch S is opened, producing a large induced emf across the filaments which now act as electrodes and start the arc in the tube. The
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starters built into fluorescent lamps automatically open and close the switch
S through the use of a bimetallic strip.

,IBASE PINS
EXHAUST
TUBE
INSIDE OF TUBE COATED
WITH FLUORESCENT MATERIAL

CATHODE COATED WITH
ACTIVE MATERIAL

Fig. 36-4 Details of the construction of a fluorescent lamp. (Courtesy of Westinghouse
Electric Company.)

There are essentially two sources of light in a fluorescent lamp. The
mercury vapor emits green, blue, and violet light and, in addition, a large
amount of ultraviolet radiation which is absorbed by the fluorescent coating

110v-A.C.
Fig. 36-5 Starting arrangement for a
fluorescent lamp. S is the switch, F and
F are filaments, and L is the inductance.

on the wall of the tube and is re-emitted as visible light. There are many
substances which fluoresce under the action of ultraviolet light. These
substances are called phosphors. By a suitable choice of phosphor, many
different colors, such as red, orange, or yellow, can be added to the light
from the mercury, so that the fluorescent lamp can have almost any desired
color.
36-3

Electric Discharge through Gases

For the study of the passage of an electric current through a gas, let us
put the gas into a very long glass tube which has a circular electrode sealed
into each end, and which is provided with a small side tube which can be
. connected to a pumping system, as sketched in Figure 36-6.
Suppose that there is air in the tube, and that the two electrodes A
and C are connected to the terminals of a source of high potential, say
50,000 volts. When the pressure of the air inside the tube is reduced to a
few millimeters of mercury, the passage of electric current through the gas
will be accompanied by the emission of light from the gas. At this pressure
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the entire space between the electrodes will be filled with a pink or reddish
glow. When the pressure of the air in the tube is reduced to about 0.1 mm,
there is no longer a uniform glow' between the electrodes but a series of
dark and light regions, as shown in Figure 36-7. A bluish velvety glow,
known as the cathode glow, covers the entire negative electrode, or cathode

r--

50,000 vo1'5

----I

~-~

Fig. 36-6

A gas-discharge tube.

'·1

To pump

C. This is followed by a dark space called the Crookes dark space which
ends at the negative glow. This is separated by the Faraday dark space from
the luminous column, known as the positive column, which extends up to
the anode. The positive column usually appears to be striated, consisting
of a series of bright and dark regions, equally spaced. Covering the entire
anede, or positive terminal A, is the anode glow.
Crookes dark
space

Faraday dark
space

Striated positive
column

Anode
glow

c

!

To pump

Fig. 36-7 Appearance of the electrical discharge when the pressure of the air in the tube
is about 0.1 mm.

Experiments show that there are always some ions present in the air.
These ions may have been produced by the action of light, or as the result
of collisions between molecules, or by ionizing agents, known as cosmic rays,
which are always present at the earth's surface. Whatever the original
source of these ions may be, when a potential difference of several thousand
volts is placed across the electrodes A and C, the charged ions will be
accelerated toward the appropriate electrode. Let us call the average
distance between collisions of molecules with each other by the term mean
free path. If the pressure of the gas is in the neighborhood of 1 atm, the
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ions will have very short mean free paths and will acquire very little energy
before making a collision. But when the pressure is reduced to about 1 mm
of mercury, the mean free path is longer, and the ion may acquire sufficient
kinetic energy to ionize the molecule with which it collides. This process is
known as ionization by collision. As the pressure is lowered, a greater
number of collisions result in the production of ions and electrons in the gas.
At the same time some of the positive and negative charges recombine to
form neutral atoms and molecules. When the pressure of the gas in the
tube becomes very low, the mean free path may exceed the length of the
tube, so that an ion may travel the entire length of the tube without colliding with a second molecule. At such low pressures, in the neighborhood of
0.001 mm of mercury, the positive ions reaching the cathode have a great
deal of energy. One of the results is that the cathode may emit electrons
under the bombardment of the positive ions. These electrons are called
cathode rays; they leave the cathode in a direction at right angles to its
surface, since the cathode is an equipotential surface and the electric field
is perpendicular to it.
An electric discharge can be maintained through any gas at a low
pressure. The light emitted is characteristic of the gas and comes principally from the positive column. The spectrum is a line spectrum, rather
than a continuous spectrum, with the energy concentrated in very narrow
wavelength intervals which appear as lines in the spectrometer. The color
of the discharge is the visual impression of the combination of the intensity
and wavelengths of the spectral lines. Thus neon appears red, argon appears blue, and so forth. When examined on a spectroscope, the light
yields information about the structure of the atoms and molecules of the
gas. As sources of light, these gases are used chiefly for display purposes.
Another interesting aspect of electrical discharge in gases is the formation of free radicals, such as the hydroxyl radical OR, the methyl radical
eR3 , and so on. Free radicals are highly reactive and play an important
part in maintaining chemical chain reactions. Thus, if a chlorine molecule
is split in two, the chlorine radical may attach a hydrogen molecule R 2 in
its vicinity, forming stable RCI and releasing a hydrogen atom as a free
radical. The hydrogen radical then combines with a second chlorine
molecule C1 2 , and so on. Most free radicals are short-lived at ordinary
temperatures, lasting about 10-3 sec, but some free hydrocarbon radicals
have lifetimes of many days. Recent research has shown that it is possible
to maintain normally short-lived free radicals at low temperatures by
trapping them in a chamber cooled with liquid helium. This study is of
great interest in the field of low-temperature chemistry. The free radicals
liberated in a gaseous discharge may serve to form unusual chemical compounds in the discharge tube.
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Color Sensitivity of the Eye

The problem of color vision embraces three distinct fields-physics, psychology, and physiology. Here we shall touch only upon a few important
aspects of the subject. The normal eye is sensitive to a short range of
wavelengths. It is customary to express wavelengths in Angstrom units
(abbreviated A), where 1 A = 10-8 cm, and in microns, where 1 fJ. =
10-6 m = 10-4 cm = 104 A. The sensitivity of the normal human eye
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Wavelength in Angstrom units
Fig. 36-8

Relative brightness sensitivity of the average human eye for daytime vision.

under normal daylight illumination is not constant over its range of sensitivity, ranging from 3,800 A to 7,600 A, as shown in Figure 36-8, but has
a maximum response to light of 5,500 A, in the yellow-green region of the
spectrum. Daytime sensitivity coincides approximately with the radiation
maximum of the sun; this is an adaptation. In rod vision (see Section
39-3) the most sensitive wavelength is in the blue-green region. Purely
nocturnal creatures have only rods; purely diurnal creatures have only
cones.
A very narrow band of wavelengths constitutes a spectral color. The
color identification ranges from violet for the shortest wavelengths to blue,
green, yellow, orange, and red as the wavelength increases toward the
maximum wavelengths visible. Light of any given color can be analyzed
into its component wavelengths by means of a spectroscope, and the intensity at each wavelength, or within each narrow band of wavelengths,
can be measured with an appropriate instrument. It must be emphasized
that many problems within the field of vision are outside the realm of
physics, for physics deals only with phenomena that may be observed by
every ohserver. While we may agree that the colors on two different cards
match, and we may agree to call them orange, it is impossible for anyone
of us to be certain that the sense impression he receives is the same as the
sense impression anyone else receives from the same card.
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Intensity and Brightness of Light Sources

We may express the intensity of a source of light in terms of the rate at
which it emits radiation, in units of power, or energy emitted per unit time.
Since all sources emit some radiation to which the eye is not sensitive, and
since the eye is not equally sensitive to all wavelengths emitted by the
source, a special unit must be used to express the rate at which a source
emits visible radiation. Commercially obtainable lamps are presently
rated in terms of the electrical energy consumed by the lamp rather than
in terms of light output. A 60-watt lamp is one which consumes 60 joules
of electrical energy in each second. Only a small fraction of this energy is
converted into light. If the energy radiated by a given lamp is known as
a function of wavelength, the energy radiated as light can be determined
by applying weighting factors in each wavelength interval from Figure
36-8 to the lamp's spectral distribution. This is a cumbersome
Light
procedure and is not generally
followed. Instead, a light source
of special construction has been
adopted as standard, by inter- Thorium
oxide
national agreement, and other
sources are visually compared to sighting"
tube
the standard source.
The present standard of light
intensity is a black-body radiator
/'
/
at the temperature of molten
platinum, at 2047°K, as shown in Insulation
Figure 36-9. The unit of luminous intensity is called the candela
Fig. 36-9 Standard light source.
(formerly called the candle), defined as the intensity of an opening in the standard source 1/60 cm 2 in area, when observed in a direction
normal to the plane of the opening, along the axis of the cylindrical tube
which makes up the black body. This body is used as a practical approximation to a point source of light.
The rate at which visible radiation is emitted by a source is called the
luminous flux, expressed in lumens. The luminous flux from a source of
radiation may not be the same in all directions, so that it is necessary to
specify the luminous flux emitted into a narrow cone whose axis is in a
particular direction, expressed in lumens per steradian. The steradian is a
unit of measuring the solid angle.
To describe the solid angle subtended by a cone, in steradians, we
construct a sphere of arbitrary radius r centered at the apex of the cone.
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If the area of the sphere bounded by the cone is L\A, the solid angle L\w
subtended by the cone is given by
L\w =

L\A
sterad.tans.
r

-2

(36-2)

The definition of the steradian is analogous to the definition of the radian.
Since the area of a sphere is 471"r 2 , the solid angle subtended by a sphere at
its center is 471" steradians. As
shown in Figure 36-10, if we wish
to determine the solid angle subtended by a surface a at the point
P, we draw a set of lines from P to
the boundary of a, thus generating
a conelike figure. From P as center, we describe a spherical surface
of radius r and follow the procedure
outlined above to find the solid
angle subtended by this cone.
A point source of light of luminous intensity 1 which radiates uniformly in all directions is said to
radiate a luminous flux of 471"1 luFig. 36-10
mens. The luminous intensity 1 of
an arbitrary source, when viewed
from a particular direction, may be determined by measuring the light flux
L\F, expressed in lumens, which passes through an element of solid angle
L\w, expressed in steradians, by the equation

1

=

L\F.
L\w

(36-3)

From Equation (36-3) we see that a luminous intensity of ] candela is
equivalent to a luminous flux of 1 lumen/steradian, and that an isotropic
source of luminous intensity 1 candela radiates a total luminous flux of 471"
lumens. From the definition of the standard light source, we see that the
lumen is the luminous flux emitted from 1/60 cm 2 opening in the standard
source, into a solid angle of 1 steradian.
Practical sources of light are not point sources but radiate light from
an extended area, as in a fluorescent lamp or a tungsten filament. The
brightness of an extended source is referred to technically as its luminance,
and is expressed in units of luminous intensity per unit area, as candelas per
square meter. Thus a source of unit luminance which is 1 m 2 in area has a
luminous intensity of 1 candela. The luminous flux emitted normally from
such a source is 1 lumen/steradian, when viewed from afar, so that th",
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source appears to be a point source. Many varied units of luminance are
used. For example, the luminance of cathode-ray-tube screens is quoted
by the manufacturer in units of foot lamberts, where a luminance of 1 foot
lambert is equal to Vir candela/ft 2 •
Most diffuse radiating or reflecting objects appear equally bright
visually from whatever direction they are viewed. Thus the sun and the
full moon are seen as uniformly bright disks, in spite of the fact that they
are spheres. This observation is formulated quantitatively as Lambert's law
which states that the luminance, or
brightness, B of an element of area
AA in a direction making an angle 0
with the normal to the element varies
with the cosine of the angle O. In
other words, the radiant flux per
\
unit solid angle radiated by the ele- (.1A)o T\~-'-------~
ment of area varies with the angle in
such a way that

(1: )0

( AF)
Awo

=

(AF) cos O.
Awo

(36-4)

From Figure 36-11 we see that the
projected area (AA)o of the source in
the new direction is related to the
actual area (AA)o of the element by the equation
(AA)o = (AA)o cos O.

Fig. 36-11

When we view the source from a direction making the angle 0 with the
normal, we calculate the luminance of the source by dividing the radiant
flux per unit solid angle, as we see it, by the projected area of the source,
as we see it. Thus the brightness at the angle 0, B o is given by
Bo =

or

(AF/ Aw)o
(AF/ Aw)o cos 0
=
,
(AA)o
(AA)o cos 0

B o = B o;

that is, the apparent brightness of a source at an angle 0 is equal to its
brightness when viewed in the normal direction, provided that Lambert's
law is obeyed. Thus the brightness of a diffuse source is independent of
the direction from which it is viewed. Most commonly encountered light
sources, such as the tungsten filament, the carbon arc, and so on, obey
Lambert's law.
In optical projection systems the brightness of the source determines
the brightness of the image. In efficiently designed optical systems, using
a lamp of increased wattage does not appreciably increase the brightness
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of the image, for the extra power consumption and increased light output
are obtained by increasing the size of the filament rather than its brightness.
It is for this reason that carbon arcs are used in theater projection systems.
Sources of illumination are rated as to their luminous efficiency in units
of lumens per watt. The eye is most sensitive to light of wavelength 5,500
A. At this wavelength a lumen is equivalent to 0.00147 watt; that is, a
source radiating 1 lumen of luminous flux at this wavelength radiates energy
at the rate of 0.00147 joule/sec. From Figure 36-8 we note that the sensitivity of the eye at 5,000 A is only 0.4 of its sensitivity at 5,500 A, so that
a source which radiates 1 lumen of luminous flux at 5,000 A radiates energy
at the rate of 0.0037 watt. The brightness, luminous efficiency, and power
consumption of a number of light sources are given in Table 36-1.
TABLE 36-1

POWER CONSUMPTION, LUMINANCE, AND EFFICIENCY
OF LIGHT SOURCES

Luminance
(candelas/cm 2)

Luminous Efficiency
(lumens/watt)

100
1,000
100
1,000
1,500
14,000
40

650
1,100
1,800
2,450
15,000
100,000
0.6

13
19
23
28
16
30
58

80
1,000
45

680
48,000
9

38
60
55

-

680

Source

Watts

Tungsten lamp, gas filled
Tungsten lamp, projection
Ca,rbon arc
Fluorescent lamp (white)
Mercury arc
10 atm
115 atm
Sodium vapor
Ideal monochromatic
source (5,500 A)

36-6

I

1

Illuminance of an Illuminated Surface

The illumination of a surface is called the illuminance E and is the amount
of luminous flux per unit area of the surface. Let us suppose that a point
source of luminous intensity I is located a distance r from a surface of area
llA, as shown in Figure 36-12, and that the line joining the point P to llA
makes an angle () with the normal to the area element. The solid angle
llw subtended by llA at P is given by
llw

llA cos ()

= ------,-2
r

From Equation (36-3) the luminous flux llF radiated into a solid angle llw

§36-7

PHOTOMETRY

by a source of luminous intensity
I is

!::J.F

677

p

I !::J.w.

=

Thus the luminous flux incident
upon the area !::J.A is

_ I!::J.A cos (J

!::J. F -

1'2

,

and the illuminance of the surface
IS

E
=

!::J.F
!::J.A

I cos (J
=

-1'-2-

•

(36-5)

The illuminance of a surface which
is perpendicular to the line of
sight, that is, a surface for which
e = 0 0 , will vary inversely with
the square of the distance from
Fig. 36-12
the point source. The units of
illuminance are lumens per square
meter, termed lux. The British unit of illuminance is the lumen per square
foot, formerly called the foot candle, for it is the illuminance of a surface
located at a distance of 1 ft from a l-candle source. Similarly, the lux was
sometimes called the meter candle.
Proper illumination has come to be considered essential not only for
comfort and enjoyment but also for safety and efficiency. For example, it
is now considered desirable to have an illuminance of 10 lumens/ft 2 on
library reading desks, and 75 lumens/ft 2 in hospital operating rooms.
Although these values may be considered bright for artificial light, they
are quite small when compared to the illumination provided naturally on
an overcast day, when the illuminance is approximately 1,000 lumens/ft 2 •
36-7

Photometry

The measurement of illuminance and luminous intensity is called photometry, and instruments used for such measurements are called photometers.
A Bunsen photometer is simple in design and illustrates the principle used
in many photometers for determining the intensity of a source of light. The
Bunsen photometer has a screen S which consists of a white sheet of paper
with a translucent grease spot G in its center, as shown in Figure 36-13.
This screen is mounted in a box containing two mirrors MM, so arranged
that both sides of the screen can be viewed simultaneously. The box is
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mounted on an optical bench, and the two sources which are to be compared
are mounted on the bench on opposite sides of the photometer. Most of
the light which strikes the paper from each source is diffusely reflected,
while most of the light which strikes the grease spot is transmitted through

Fig.36-13 Bunsen
spot photometer.

grease-

it. The experimental procedure is to move the screen 8 until the grease
spot cannot be distinguished from the rest of the screen. In this case the
illuminance of the photometer screen due to the source II located a distance
d I from the photometer is equal to the illuminance of the screen due to the
source 1 2 located a distance d 2 from the screen. From Equation (36-5) we
have
(36-6)

If 12 is the luminous intensity
of a standard lamp, the luminous intensity of any other
lamp can be determined with
this photometer.
The Lummer-Brodhun photometer is an improvement on
the Bunsen photometer, in
which the grease spot is replaced by the photometer head
~~
of
view shown in Figure 39-14. Light
from the two sources 8 1 and 8 2 ,
of intensities II and 12 , respecFig.36-14 Diagram of a Lummer-Brodhun
tively, falls on a diffuse white
photometer head.
surface W. Some of the light
which is scattered by this surface
is reflected from the mirrors Af l and Af2 into two right-angled prisms PI and
P 2 · Part of the base of prism P 2 is ground away so that only that portion
of the light which strikes the surface of contact passes into the telescope
T. The light striking the base of PI from M I is totally reflected into the
telescope from the part of PI which is not in contact with P 2 • The field
of view seen through the telescope is sharply divided into two sections,
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one brighter than the other, except when their illuminations are equal, in
which case the dividing line disappears.
Difficulties are encountered in visual photometry when two sources of
different color, or two lamps at different temperatures, are compared. In
this event a device called a flicker photometer is used, in which opposite sides
of the photometer head are alternately illuminated. At sufficiently high
Light

Fig. 36-15 A photoelectric tube used for
measuring illuminance.

frequencies of alternation, the difference in appearance of the two sections
of the photometer field which are due to color seems to disappear, and
differences in intensity may be compared.
Besides the photometers which depend upon the visual matching of
illuminated surfaces, other photometers are used which are based on some
electrical effect resulting when light is incident upon a surface. In one
type of photoelectric effect, light incident upon a metallic surface causes the
ejection of electrons from the surface. When light falls on the cathode C
of the photoelectric tube, shown connected to a simple circuit in Figure
36-15, electrons are ejected from the surface and are attracted to the anode
A, because of the difference in potential between anode and cathode. The
number of electrons emitted per second, and hence the current through the
galvanometer, is proportional to the intensity of the incident light. The
relative sensitivity of the surface to various wavelengths is different from
the relative sensitivity of the eye, but, with the use of proper filters, such
photocells can be used to measure illuminance. Filters have also been
developed to match the sensitivity of photographic films for use of photoelectric cells as exposure meters. By use of appropriate filters, photoelectric
cells have been used industrially to match color as well as intensity.
Another type of photoelectric effect which is widely used is the photovoltaic effect, in which a difference of potential is developed in an illuminated
cell. For example, the Weston photronic cell consists of a very thin film of
selenium formed on an iron plate. Light incident upon the selenium passes
through it to the iron and produces an emf between the two substances,
with the iron as positive terminal and the selenium as negative terminal.
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The current through a galvanometer of internal resistance less than about
100 ohms is proportional to the illuminance of the surface. Such cells are
widely used in photographic exposure meters, and similar cells are used in
the newly developed solar battery which has recently been placed in service
to charge storage batteries which power isolated telephone lines.

36-8

Speed of Light

The earliest determinations of the speed of light were based on astronomical
{)bservations. In 1675, Roemer, a Danish astronomer, observed that the
time of occurrence of the eclipse of one of
/./ .....~oon of Jupiter
Jupiter's moons differed from that calcu,
,
lated on the assumption that light
,
'J
travels with infinite speed. He explained
\"---//
Jupiter's
this discrepancy by assuming a finite
orbit
speed of light and calculated this speed
with the data then available. Referring
I
to
Figure 36-16, suppose that the time
I
I
1
of
occurrence
of an eclipse of one of
Earth's
I
I
orbit
Jupiter's moons is observed when the
I
1
earth is at E l , and a calculation is then
made as to the time of occurrence of an
I
I
I
eclipse of this same moon of Jupiter 6
I
I
I
months later, when the earth is at E 2 • If
I
I
I
this calculation, which takes into consideration the motion of Jupiter as well as
Fig.36-16 Roemer's method of
the earth, is made on the assumption that
determining the speed of light.
the speed of light is infinite, observation
will show that the eclipse occurs about
1,000 sec later than the calculated time. The diameter of the earth's
mbit around the sun is about 186,000,000 mi. If the difference between
the observed time and the calculated time is ascribed to the finite speed of
light, we find the speed of light to be about 186,000 mijsec.
One of the earliest terrestrial determinations of the speed of light was
made in 1849 by Fizeau, who timed the passage of a beam of light a distance
{)f 8.633 km from a source to a mirror and then back to the source. On its
way from the source the light passed through the space between two teeth
{)n a wheel whose speed was adjusted so that, on its return, the light failed
to pass through this space but hit the adjacent tooth and was eclipsed. In
this experiment the wheel had 720 teeth and the light was eclipsed when
the speed was 12.6 rps. In 1850, Focault measured the speed of light using
a rotating mirror instead of a toothed wheel.
I

,

I

e
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Some of the best determinations of the speed of light were made by
Albert A. Michelson (1852-1931), who began his experiments in about
1878 and continued them for about 50 years. In one of Michelson's experiments, a beam of light was sent from Mt. Wilson to Mt. San Antonio and
back again, a distance of about 22 miles, measured very accurately by the
U. S. Coast and Geodetic Survey. The essential arrangement for this
experiment is shown in Figure 36-17. An octagonal mirror M 1 is mounted
on the shaft of a variable-speed motor so that it rotates about an axis
through its center. Light from a source S strikes mirror M 1 at an angle of

s
••

Michelson's
method for measuring
the speed of light.

---------~

Fig.36-17

MI. Wilson

~----------------~
22.5 miles
M
MI. San
Anlonio

1

T
45° and is reflected from it to the distant mirror M 2 and back again, in such
a way that when the octagonal mirror is stationary, the light is reflected
from face 3 into the telescope. When the mirror is rotating, the image of
the source is seen in the telescope when the time required for the light to
traverse the path is equal to the time for face 2 to rotate into the position
formerly occupied by face 3. In these experiments the angular speed of
the mirror was about 530 rps. A measurement of the distance and the
speed of the motor suffices to determine the velocity of light.
The speed of light in a material medium is less than its speed in
vacuum. Focault placed a tube of water between the two mirrors and
found that the speed of light in water is less than that in vacuum. Michelson used a tube 3 ft long and found the speed of light in carbon disulphide
to be about four sevenths that of the speed of light in vacuum.
The presently accepted value for the velocity of light in vacuum is
c = 2.997923 ± 0.000008 X 1010 em/sec. This is one of the most important
constants of modern physics. Present-day methods for measuring the
velocity of light use electronic devices rather than rotating mirrors to
produce and detect very short bursts of light, but the basic concept in many
of these experiments remains the same as that of Fizeau. In other methods
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the velocity of light is inferred from the equation
c

=

Ai

and the measurement of Aand f of an electromagnetic wave. The precise
knowledge of the velocity of light is used in radar, in which the distance of
any object such as an airplane from a radar antenna is determined by
measuring the time for a pulse of electromagnetic radiation to return to the
antenna after reflection from the object. A very precise surveying instrument called the geodimeter is capable of measuring distances to an accuracy
of 1 part in 1,000,000 by measuring the time interval between the radiation
of a light beam modulated at a frequency of 107 cycles/sec and its detection
after reflection from a distant mirror.
It is one of the cornerstones of Einstein's special theory of relativity
that the velocity of light must have a constant value when measured by
any observer, regardless of his velocity of translation. Near the turn of
the last century, a number of experiments were conducted by Michelson,
Morley, and many others in attempts to measure a difference in the velocity
of light in the direction of the earth's motion and transverse to that motion.
It was reasoned that light was propagated in a universal medium, called
the ether, and that the velocity of light was a velocity with respect to the
ether. In this case the velocity of light with respect to the earth would
depend upon the velocity of the earth with respect to the ether. The
velocity of light was found to be independent of its direction of propagation
with respect to the earth or with respect to the stars. Einstein proposed
his theory of relativity in an attempt to explain this result. If it were
possible for an observer to find that the velocity of light, as he measured it,
depended upon his own velocity, then the observer could determine his
velocity simply by carrying out a measurement of the velocity of light, say
in an airplane. Such a result would imply that motion was absolute rather
than relative. To date, no such result has been obtained, and we must
infer that all motion is relative motion.
Problems

36-1. What is the solid angle subtended by a sphere 1 cm in radius at a
distance of 5 m?
36-2. A distant object of circular outline subtends an angle of 1°. (a) What
is the solid angle subtended by the object? (b) What is the cross-sectional area
of the object if it is 3 m distant?
36-3. A sodium lamp emits essentially monochromatic light of wavelength
5,890 A. (a) What is the energy, in ergs, of one quantum of this radiation?
(b) If the radiant power emitted by the lamp is 0.1 watt, what is the number of
quanta radiated per second?
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36-4. A point source of light whose luminous intensity is 2 candelas is
placed 3 m above a horizontal table. The table is provided with a square hole
of edge length 0.5 cm, whose center is 5 m from the light source. (a) Find the
solid angle subtended by the hole at the light source. (b) Find the luminous
flux passing through the hole.
36-5. A 25-watt tungsten-filament electric lamp operates at a luminous
efficiency of 10.4 lumens/watt. (a) How many lumens of luminous flux does it
radiate? (b) What is its efficiency in the production of light? (c) If we are
sufficiently far away from the lamp that it may be approximated as a point
source, what is its luminous intensity? (d) Assume that the bulb is spherical,
5 cm in diameter, and is perfectly diffusing, and neglect the area occupied by the
base of the bulb. What is its luminance?
36-6. The bulb of Problem 36-5 is hung 4 ft above a desk top. What is the
illuminance on the desk top at a point (a) directly beneath the lamp and (b) 5 ft
from the lamp?
36-7. A lamp emits 100 lumens of luminous flux at a wavelength of 6,500 A.
(a) What is the radiant power, in watts, emitted by the lamp? (b) The lamp is
supplied with 500 watts of electrical power. What is its luminous efficiency?
36-8. Two sources of light are mounted 2 m apart on an optical bench, and
a grease-spot photometer head is placed between them. One source is rated as
41.6 candelas. Determine the luminous intensity of the second source if the
grease spot is observed to vanish when at a distance of 120 cm from it.
36-9. A lamp whose intensity is to be measured is placed 200 cm from a
standard lamp rated at 450 lumens. Equal illuminances are produced by the
two lamps when the Lummer-Brodhun photometer head is 60 cm from the
standard source. Determine the luminous intensity of the test lamp.
36-10. Two lamps of luminous intensity 40 candelas and 60 candelas,
respectively, are placed at opposite ends of a photometer bench 200 cm long.
(a) Where will the photometer have to be placed to show equal illuminance from
these two lamps? (b) Determine this illuminance.
36-11. A workbench 6 ft long and 3 ft wide is illuminated by two 100-watt
tungsten lamps hung 3 ft above the center line of the bench, each lamp being 2 ft
from the end of the bench, at the opposite ends. Compute the illuminance of
the bench at a point (a) directly under one lamp, (b) at one corner of the bench,
and (c) at the center of the bench.
36-12. The distance between Mt. Wilson and Mt. San Antonio is 35.426 km,
and the angular speed of the motor in one of Michelson's experiments was
528.76 rps. Calculate the speed of light from these data.
36-13. If the price of electric power is 8 cents/kw hr, what is the daily cost
of illuminating a room 20 ft long by 15 ft wide by 8 ft high with an average
illumination of 10 lumens/ft 2 with (a) 100-watt tungsten lamps and (b) 40-watt
fluorescent lamps? Assume that the room is illuminated 8 hrs a day, and that
there is no reflection of light from the walls.

37
Reflection and Refraction

37-1

Passage of Light through a Medium

[n the passage of a beam of light through a medium, some of the radiant
energy is absorbed and is transformed into internal energy, while some of
it is scattered in all directions. The oscillating electric field associated
with the light wave sets some of the electrons of the medium into oscillation, thus giving up some of its energy, and these oscillating electrons
subsequently reradiate energy as scattered electromagnetic radiation.
Scattering therefore takes place only in the presence of matter. The color
of the sky is due to the small amount of scattering of sunlight by the molecules of the air. At high altitudes the number of scattering particles
diminishes, and the sky is darker. In the stratosphere the sky appears
almost black. The molecules of the air are more effective in scattering
short wavelengths, so that the scattered light appears blue. Since the
shorter wavelengths are scattered from the direct beam, the beam appears
redder as it passes through larger thicknesses of air. It is for this reason
that the setting sun looks redder than the noonday sun. The scattering
of light by the air is responsible for twilight. In microwave communications the distance between transmitting and receiving antennae is limited
by the curvature of the earth, because of the straight-line propagation of
electromagnetic waves. By transmitting a stronger initial signal and
detecting the scattered microwaves, it has been possible to reduce the
number of transmitting and receiving stations in the microwave communications network by increasing the distance between relay stations
beyond the line of sight.
If a beam of light of luminous flux F is incident upon a slab of matter
of thickness AX, some of the incident flux is absorbed in the substance as
heat, and some is scattered out of the incident beam, as shown in Figure
37-1. The luminous flux reaching the detector is diminished by an amount
AF in such a way that the fractional loss in luminous flux is proportional
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to the thickness of the slab.
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Thus we have
tiF

Ii

= -}J.tix,

(37.1)

where }J. is a constant of proportionality called the absorption coefficient.
The minus sign appearing in the equation is associated with the fact that
a positive increment in thickness is accompanied by a negative increment

Llx

Fa

Detector

Fig. 37-1

in luminous flux. When a beam of incident flux F 0 is incident upon a slab
of thickness x, the emergent beam is of flux F, whose value may be obtained
by integrating Equation (37-1). We have

J d; = - .Lx
or
yielding

}J.

dx,

F
In F = - }J.X,
o
(37-2)

Thus the luminous flux in a beam of radiation is exponentially absorbed
on its passage through matter. The absorption coefficient }J. depends upon
the wavelength A and upon the nature of the material through which the
radiation is passing.
When a beam of light strikes the surface separating one medium from
another-for example, the surface between air and glass-some of the light
is reflected back into the first medium at the surface of separation, and the
remainder enters the second medium. The light which passes from one
medium to another is said to be refracted. If the surface of separation
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between the two media is smooth, the light which is reflected back into
the first medium is said to be regularly reflected or specularly reflected. If
the surface is rough, the light is diffusely reflected. Unless otherwise stated,
we shall assume that the surface between two media is smooth.
In general, smooth polished metal surfaces will reflect about 90 per cent
of the incident light, while smooth polished glass surfaces will reflect about
4 to 10 per cent for angles of incidence from 0° to 60°. In the case of a
metal, the light which is refracted through the surface is absorbed in a
very small thickness of the surface; that is, the absorption coefficient of a
metal is very high. Glass, on the other hand, has a very low absorption
coefficient for visible light; that is, very little light is absorbed in its passage
through reasonable thicknesses of glass.
The electrical conductivity, the permittivity, and the permeability of
a substance all affect the transmission of light through that substance.
These properties depend upon the frequency, so that substances which are
good conductors at one frequency may be poor conductors at a much higher
frequency. As a general statement, electrical conductors transmit light
poorly. An optically transparent substance cannot be a good conductor
of electricity. Because of the variation of electrical properties with frequency, we find that materials which are transparent to visible light and
to radio waves may be opaque to infrared or ultraviolet radiation. While
all metals are opaque to visible light, it is possible to transmit a beam of
x-rays through them. Sea water, which is a relatively poor conductor,
reflects about 80 per cent of the normally incident light. It is possible to
coat the surface of glass with a thin layer of silver to make a mirror which
will reflect about half the incident light and will transmit the other half.
In such cases the layer is very thin, :and its electrical resistance is high.
Although reflection and refraction can be studied by considering the
detailed interaction between the light and the individual particles of the
medium through which it travels, we may obtain useful results by assuming
that light travels along straight lines through optically homogeneous
media, the direction of motion being indicated by rays of light. These
rays are drawn at right angles to the wave front. The wave front is the
envelope of the waves emitted by the particles of the medium; all points
on a wave front are in the same phase. This method of treating reflection and
refraction is a first approximation only. Later, in the discussion of interference and diffraction, we shall consider some of the modifications that
must be made because of the wave character of light. The simpler treatment is called geometric optics.
37-2

Laws of Reflection

When a narrow beam of light strikes a smooth surface separating two
media, the angles of incidence, reflection, and refraction are all measured
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from a normal to the surface; a normal to a surface at a given point is a
line drawn perpendicular to the surface at that point. In Figure 37-2 NP
is the normal to the surface at P, AP is the incident ray, PE is the reflected
ray, and PC is the refracted ray. The angle of incidence i is the angle
between the incident ray and the normal; the angle of reflection r is the
angle between the reflected ray and the normal; the angle of refraction r'
is the angle between the refracted ray and the normal.
The two laws of reflection may be stated as follows: (a) The incident
ray, the normal, and the reflected ray all lie in one plane, and (b) the angle
of incidence is equal to the angle oj reflection. The laws of reflection are
empirical laws and have been known since the tenth century. As we

Incident beam

Fig. 37 -2 Light reflected and refracted at a surface separating two
media.

Fig. 37 -3 The angle through which
the reflected beam rotates is twice
the angle through which the mirror
rotates.

have seen in Section 20-4, the equality of the angles of incidence and
reflection may be derived from Huygens' principle for an incident plane
wave. If a wave front is spherical, we can take a sufficiently small portion
of the wave and treat it as a plane wave.
Rotating mirrors are often used in physical apparatus to provide
an instrument with a long weightless pointer, as in the wall galvanometer.
When the mirror turns through a small angle 01, the angle of incidence is
increased (or decreased) by 01 so that the angle of reflection is also increased
(or decreased) by 01. As shown in Figure 37-3, we observe that when
a plane mirror, originally in position M, is rotated through an angle 01, the
reflected beam will rotate through an angle 201.
An observer whose eye is directed toward the reflecting surface of a
mirror, Figure 37-4, sees rays of light reflected from the mirror. The
eye observes the light rays QC and Q'C', and the observer interprets these
rays as coming from the point P' behind the mirror. If the observer's
head is turned toward the point P, the rays QP and Q'P enter his eye, and
he interprets these rays as originating at the point P. If the mirror is
perfectly reflecting, the observer sees the real source at P and the virtual
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source at p' as sources of equal brightness. The point P' is called the
image point of P in the mirror. Since the rays QC and Q'C' do not actually
come from P' but only appear to do so, the point pi is called a virtual
image of the point P in the plane mirror. A plane mirror forms a virtual
image of a real object, and the image is located as far behind the mirror as the
object is in front of the mirror.
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Fig. 37 -4 Determining the position of
the image formed by a plane mirror.

B' ......
......
A'
Fig. 37-5 The image formed by a plane
mirror appears reversed to an observer
atE.

If an object of finite size, such as the arrow BA of Figure 37-5, is
placed in front of a plane mirror, each point on the object is imaged behind
the mirror. Thus the point B is imaged in the point B ' , the point A is
imaged in the point A', and so on. An observer looking into the mirror
sees the virtual image B ' A' of the arrow BA, in the position indicated on
the figure, no matter from what position he observes the image. An
observer at E sees the head of the real arrow AB on his right, while the
head of the imaged arrow A'B ' appears on his left. The image is said to be
reversed from right to left. The size of the image formed in a plane mirror is
the same as the size of the object. The image is formed in a region behind the
mirror in which there is no light, so that it is impossible to form the image
on a piece of paper or a ground glass. Nevertheless, the eye has interpreted the rays of light reflected from the mirror as though there really
were a source of light behind the mirror.
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Refraction of Light

Refraction occurs whenever light passes from one medium to another and
is due to the fact that light travels with different speeds in different media.
Refraction was studied, and the laws of refraction were derived empirically,
long before the cause of refraction was known. Experimental observations
on the refraction of light at a plane interface may be summarized in the
following laws of refraction: (a) The incident ray, the normal, and the refracted ray are in the same plane, and (b) for monochromatic light, the ratio
of the sine of the angle of incidence to the sine of the angle of refraction is a
constant. In the form of an equation we have
sin i

-.--, =
SIn r

n.,

(37-3)

in which i is the angle of incidence, r' is the angle of refraction, and n r
is a constant known as the relative index of refraction of the second medium
with respect to the first medium. Equation (37-3) is often referred to as
Snell's law, after Willebrord Snell (1591-1626), who is thought to have
discovered this empirical relationship in 1621.
We have shown in Section 20-7 that the existence of a relative index
of refraction can be derived from Huygens' principle, a derivation first
presented by Huygens to the Royal Academy of Sciences at Paris in 1678,
and that the relative index of refraction is equal to the ratio of the velocities
of light in the two media, as in Equation (20-5)
(37-4)

in which VI is the velocity of light in the first medium, and V2 is the velocity
of light in the second medium.
We may define the absolute index of refraction n of a medium as the
index obtained when light passes from vacuum into the medium. From
Equation (37-4) we find that

(37-5)

where c is the velocity of light in vacuum, and v is the velocity of light in
the medium. The absolute index of refraction n is customarily found in
tables. Since the velocity of light in a medium is dependent upon its
frequency, and therefore upon its wavelength, the absolute index of refraction varies with the wavelength, as shown in Table 37-1 for several
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TABLE 37-1

ABSOLUTE INDICES OF REFRACTION

Substance
Wavelength
Borosilicate
crown glass
Dense flint glass
Water 20°C
Carbon disulphide
18°C
Diamond

Absolute Indices of Refraction
7,682 A

6,563 A

5,893 A

4,861 A

1.5191
1.6441
1.3289

1.5219
1.6501
1.3311

1.5243
1.6555
1.3330

1.5301
1.6691
1.3371

1.6198

1.6255
2.417

1.6541

4,047 A
1.5382
1.6901

substances. From Equation (37-5) the absolute index of refraction for a
medium 1 is given by nl = c/vI, while for a second medium, 2, the absolute
index of refraction is given by n2 = C/V2. Dividing the second of these
equations by the first, we find
n2

C/V2

nl

C/Vl

- =so that

VI

=-,
V2

(37-6)

If we relabel the angle of incidence </>1 and the angle of refraction </>2, we
may rewrite Snell's law, as given in Equation (37-3), in a more convenient
form as
(37-7)

where we may interpret </>1 as the angle the ray makes with the normal in
medium 1, and </>2 as the angle the ray makes with the normal in medium 2.
From the symmetry of Equation (37-7), we see that the direction of the
light beam may be reversed without altering the path taken by the light
beam. Thus a beam which makes an angle </>1 with the normal in medium
1 will make an angle </>2 with the normal in medium 2, regardless of
whether it passes from the first to the second medium or from the second
medium to the first.
A medium whose absolute index of refraction is high is sometimes
called an optically dense medium, while a medium whose index of refraction
is low is called an optically rare medium. Optical density bears no relation
to actual physical density for different substances. The velocity V of light
in a medium is related to its electromagnetic properties through the
equation
(37-8)
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As we have already seen in Sections 25-6 and 29-8, both the permittivity E
and the permeability J..! of a medium depend upon the number of molecules
per unit volume of a medium. If there are no molecules present, there can
be no induced dipole moment. The induced electric and magnetic
dipole moments per unit volume vary directly with the number of molecules
per unit volume, provided that the molecules are far enough apart so that
there is no appreciable interaction between them, as in the case of a gas.
Thus we must expect both E and J..! to increase with the density of a gas, and
consequently we must expect the velocity of light in a gas to decrease with
increasing density. A gas whose physical density is relatively high has a
correspondingly high index of refraction and is therefore an optically
denser medium than the same gas at low density.
37-4

Refraction Effects

When a beam of light from a distant source passes through a transparent
medium with parallel surfaces, the beam is displaced parallel to itself, but
its direction is unaltered. The beam is displaced but is undeviated, as

Air

Fig. 37 -6 Displacement of a ray of light
by a transparent plate with parallel
surfaces.

Fig. 37 -7 The point of divergence of a
beam of light appears displaced after
passing through a plate of glass with
parallel faces.

shown in Figure 37-6. A beam of light from a source close to the transparent plate must be treated as a divergent beam, made up of spherical
waves. Each ray striking the plate is displaced a different amount. If
the divergence is not too large, the rays seem to come from a plilint I,
Figure 37-7, displaced from the source of light 0 by an amount which
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depends upon the thickness of the glass. By reversing the directions of the
rays in this diagram, we note that the effect of a parallel plate of glass on a
bundle of rays converging to a point, or to a focus, is to shift the point of
convergence away from the plate of glass. This method has been used to
change the focal length of camera lenses.

~Eye
Air
----------

---------

/

I --------

water-----

-I~------

-------- 0-------

(a)
Fig. 37 -8

o

(b)

Shallowing effect produced by refraction.

Another interesting effect produced by the refraction of a narrow
bundle of rays is illustrated in Figure 37-8(a). Rays from some point 0
at the bottom of a pool of water are viewed by an observer whose eye is
vertically above this point in the air. The narrow bundle of rays entering
the eye appears to come from a point I above point O. The pool seems
shallower. Redrawing the path of one rayon an exaggerated scale in
Figure 37-8(b), we note that
nl sin cf>l = n2 sin cf>2,

and, if the angles cf>l and cf>2 are sufficiently small, we have
nl tan cf>l = n2 tan cf>2'

From the figure we note that tan cf>l = slda , and tan cf>2 = sid,
so that

ndda = n2ld,

and since medium 1 is air with nl = 1, we may write n for n2, dropping the
subscript 2 to find
(37-9)
da = din.
Thus the apparent depth da of a transparent medium is its actual depth
divided by the index of refraction of the medium. This method may be
used to measure the refractive index of a glass microscope slide whose
thickness is measured with a caliper, and whose apparent thickness is
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measured by determining the distance the microscope must be lowered
when it is first focused on the top surface of the slide and them focused on
the bottom surface of the slide.
37-5

Critical Angle.

Total Reflection

A ray of light traveling from a region of high refractive index n2 to a region
of low refractive index nl may penetrate the surface of separation and
enter the medium 1 only if the angle of incidence cP2 is less than a certain
angle cPc, called the critical angle. If the angle of incidence is greater than
the critical angle, the light will not be able to penetrate the surface but will
be totally reflected back into medium 2. From Snell's law
nl sin cPl = n2 sin cP2'

Fig. 37-9

Critical angle of refraction; total reflection.

and since n2 is greater than nI, the angle cPl must be greater than cP2; that
is, the ray is refracted away from the normal. The greatest value cPl may
have is 90°. Thus we find that
sin cP2 = ndn 2
for the greatest angle of incidence at which a ray will emerge in medium 1.
This angle is the critical angle cPc. In case air is the rarer medium, nl = 1,
and, dropping the subscript 2, we find that
sin cPc = lin.

(37-10)

At incident angles greater than the critical angle, Snell's law yields an
imaginary solution, for which the sine of the angle of refraction is required
to be greater than 1.
As illustrated in Figure 37-9, light incident upon a plane interface
between an optically dense and an optically rare medium is partially re-
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fleeted and partially transmitted as long as the angle of incidence is less
than the critical angle. At angles greater than the critical angle, the light
is totally reflected.
The property of total internal reflection is applied in optical instruments where glass prisms rather than silvered surfaces, are used to reflect
light, for even the best silvered surface absorbs several per cent of the
incident light. In prism binoculars a pair of 45 right-angle prisms, called
Porro prisms, are used in each monocular to provide two reflections in
each prism so that the resulting image is not reversed as shown in
0

R~~---1
\

I

11->

,).1--

r

\_.1

Fig.37-10

Porro prisms, as used in a prism binocular.

Figure 37-10. The prisms are used to shorten the distance between the
objective or front lens of the binocular and the eyepiece. A long piece of
plastic rod may be used as a light pipe, and the light may be made to bend
around corners by the property of total internal reflection. The rod is
illuminated at one end and emerges from the other end of the polished rod.
This concept is presently being extended in the field of fiber optics, where a
bundle of fine glass fibers transmits the light incident at one end of the
bundle down to the other end. Thus the image focused on one end of the
bundle may be made to appear at the other end of a flexible bundle of
fibers. This appears to have very promising application in medical research,
permitting the visual examination of the interior of the stomach, for
example. Display signs of glass or plastic are sometimes illuminated at
the edge, and light emerges from the sheet of transparent material where
the sheet has been engraved or lettered, so that the lettering is luminous,
on a transparent background.
37-6

Refraction and Dispersion

As we have seen, the speed of light in a medium depends upon the nature
of the medium and upon the wavelength of the light. A medium in which
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the velocity of propagation of a wave depends upon the wavelength is
called a dispersive medium. The index of refraction of a dispersive medium
also depends upon the wavelength. If a narrow beam of white light is
incident upon the face AB of a triangular glass prism, as shown in Figure
37-11, the emergent beam is not white but consists of an array of colors
extending from red through orange, .yellow, green, blue, and violet. The

B

D'
Ispersion

RED

-YELLOW
V/OI. Er
Fig. 37 -11 Deviation and dispersion of a beam of white light by a triangular prism.
The angle DR is the deviation of the red light and Dv is the deviation of the violet light.

prism is said to disperse the incoming radiation into its spectrum. The
white light incident upon the surface AB at some angle i is refracted and
dispersed. The different wavelengths, or colors, which constitute the
white light are bent toward the normal at the surface AB by different
amounts, depending upon the index of refraction at the particular wavelength. The dispersed rays travel through the prism at different speeds
and are refracted again at the surface AC, this time being refracted away
from the normal to the surface AC, thus deviating the rays still more. The
greater the index of refraction, the greater the angle of deviation. Thus
red light, for which the index of refraction of glass is smallest, is deviated
least by a glass prism, while violet light is deviated the greatest amount,
corresponding to its high index of refraction.
If a very narrow beam of monochromatic light, that is, light of a single
wavelength such as the yellow light from a sodium flame or a sodium arc,
is sent through a triangular prism ABC which is made of some transparent
.substance, the beam will be deviated from its original direction'through an
angle D, the angle of deviation. If the angle of incidence is changed by
rotating the prism with respect to the incident beam, the angle of deviation
will also change. It may be shown by a rather tedious computation that
the deviation is a minimum when the angle of incidence i and the angle of
emergence e are equal, and when the ray within the prism is parallel to the
base BC of the prism, as shown in Figure 37-12. There is a simpie relationship connecting the angle of minimum deviation Dm , the angle A between
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the two refracting faces of the prism, and the index of refraction n of the
material of the prism, for the particular wavelength at which the angle of
minimum deviation is observed. In Figure 37-12 we note that D m is an
exterior angle to the isosceles triangle whose base angles are each i - r', and
we get
D m = (i - r') + (i - r') = 2(i - r').

A

------ --

Fig. 37 -12

--- --,Dm

Angle of minimum deviation.

The angle opposite A in the quadrilateral formed by the sides of the prism
and the normals is equal to 7C' - A. Since the sum of the angles of a triangle
is equal to 7C', we may write

r'

+ r' + (7C' 2r'

so that

=

A) = 7C',

A.

Hence

Dm

or

Dm+A
i=--2

=

2i - A,

Using Snell's law,

n

sm t
smr

= -.--, =

sin! (A + D m )
. A
sm-

(37.11)

2

If a transparent substance is fashioned in the form of a prism of
refracting angle A, its index of refraction for any desired wavelength can
be determined by measuring the angle of minimum deviation for this
particular wavelength.
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Problems

37-1. What is the velocity in water (a) of red light of wavelength 6,563 A
and (b) of blue light of wavelength 4,861 A? Use the data of Table 37-1.
37-2. A narrow beam of light, of wavelength 7,600 A, is incident on the
surface of water at an angle of 40°. Determine the angle of refraction in the
water.
37-3. A narrow beam of white light is incident upon one face of a sheet of
crown glass of thickness 5 cm at an angle of 45°. (a) Determine the displacement
of the red light of the beam of wavelength 7,600 A. (b) Determine the displacement of the blue light of the beam for which A = 4,000 A.
37-4. Water is placed in a flat-bottomed jar made of crown glass. The depth
of the water is 5 cm, and the thickness of the glass bottom of the jar is 1 cm.
Trace the path of a ray of light of wavelength 5,893 A which is incident on the
top surface of the water at an angle of 45° and passes through both the water
and the glass. (a) What is the angle of refraction in the water? (b) What is
the angle of refraction at the glass-water interface? (c) What is the displacement
of the beam when it emerges from the glass bottom of the jar? (d) What is the
deviation of the beam when it emerges from the glass bottom of the jar?
37-5. The angle between the two refracting surfaces of a crown-glass prism
is 60°. Trace the path of a ray of yellow sodium light (A = 5,893 A) through
the prism if the angle of incidence is 55°. (a) What is the angle of refraction at
the first surface? (b) What is the angle of emergence at the second surface?
(c) What is the angle of deviation of the emergent ray?
37-6. The absorption coefficient of a filter for a particular wavelength of
light is 0.2 per centimeter. (a) What thickness of filter is required to reduce the
incident flux upon the filter to lie of its original value? (b) What fraction of the
incident flux will pass through a filter 0.5 cm thick? (c) If a thickness t of filter
reduces the intensity of the beam by one half, what thickness will reduce the
beam by one fourth?
37-7. A sheet of aluminum 0.4 cm thick reduces the flux of an incident
beam of x-rays by 30 per cent. What is the absorption coefficient of aluminum
for this radiation?
37-8. (a) Determine the angle of minimum deviation for a beam of light of
wavelength 5,893 A passing through a 60° glass prism if its index of refraction
is 1.65. (b) Determine the angle of incidence of this beam when its deviation
is a minimum.
37-9. A low-power microscope is used to measure the index of refraction
of a sample of glass which has parallel surfaces and is 1.20 cm thick. The microscope is first focused on a small dot on the lower surface; the microscope tube is
raised until a small dot on the upper surface is in focus. The distance the
microscope tube has been raised is found to be 0.80 cm. Determine the index
of refraction of the glass.
37-10. When the refracting angle A of a prism is small, the angle of minimum deviation is also small. Show that, for a prism of small angle, the angle
of minimum deviation is given by D m = A(n - 1). [HINT: For small angles
the sine of () may be approximated by (), in radians.]
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37-11. Using the equation derived in Problem 37-10, calculate the deviation
of a ray of light going through a glass prism having a 5° refracting angle if the
index of refraction of the glass is 1.65.
37-12. A drop of water of refractive index 1.33 is placed on the top face of
a cube of glass of refractive index 1.66. At what angle should a ray of light be
directed into the side face of the cube in order that the ray is reflected from the
glass-water interface at the critical angle?
37-13. Show that the path taken by a light ray in reflection from a plane
mirror is the path which requires the shortest time. [HINT: Show that the actual
path length is a minimum.]
37-14. Show that the path taken by a light ray in its travel between a point
A in medium a to a point B in medium {3, which is separated from medium a
by a plane interface, is the path of shortest time which can be taken by the light
ray which passes from A to B.

38
Mirrors and Lenses

38-1

Spherical Mirrors

A spherical mirror consists of a small section of the surface of a sphere with
one side of the surface covered with a polished reflecting material, usually
silver or aluminum. If the outside, or convex surface, is silvered, we have
a convex mirror; if the inside, or concave surface, is silvered, we have a

c

(a)

Principal
/ axis ' ......
I

c

...

(b)

Fig. 38-1 Light parallel to the principal axis (a) converges toward F after reflection
from a concave mirror, and (b) diverges from F' after reflection from a convex mirror.

concave mirror, as shown in Figure 38-1. Most mirrors used commercially
are made of glass, with the rear surface silvered and then coated with a
layer of paint or lacquer for protection. Mirrors for astronomical telescopes (')f other accurate scientific work are provided with a reflective
coating on the front surface, for back-silvered mirrors give rise to two
images, one from the glass-air interface and one from the glass-silver
interface. This results in a loss of light from the primary reflection from
the silvered surface. In the following discussion only front-surface mirrors
will be considered. As a convention we will draw our diagrams in such a
way that light incident upon the optical system is traveling from left to
right.
699
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The paths of light rays incident upon the surface of a mirror may be
determined by application of the laws of reflection. The principal axis of
a mirror is a line through the center of curvature C of the mirror, and the
vertex V, as shown in Figure 38-1. A bundle of rays parallel to the principal
axis of a concave mirror will be reflected from the mirror to converge to a
point on the principal axis, called the principal focus F of the mirror, provided that the diameter of the mirror is small compared to its radius of
curvature R. The principal focus lies midway between the vertex V and
the center of curvature C of the mirror. A beam of light parallel to the
principal axis of a convex mirror appears to diverge from a virtual focus
F ' after reflection from the mirror. As in the case of the concave mirror,
the point F' lies midway between the vertex of the mirror and its center
of curvature.
38-2

Image Formation in Spherical Mirrors

Let us examine the path of a ray of light P A emitted by a source at P and
reflected from a concave mirror at A, as shown in Figure 38-2. The vertex
of the mirror is at V, and the line PV is the principal axis of the mirror.

p

1+---------5--------+1
Fig. 38-2

The center of curvature of the mirror is at point C. To find the direction
of the reflected ray at A, we draw the radius CA, of length R from the
center of curvature C to the point A. The reflected ray AQ is drawn so
that the angle of incidence PAC (or i) is equal to the angle of reflection
CAQ (or r). The reflected ray intersects the principal axis of the mirror
at point Q. Let us label the angle APC by a, the angle ACQ by {3, and the
angle AQB by 'Y. Since the exterior angle of a triangle is equal to the sum
of the interior angles, we find from triangle APC that
{3

=

a

+ i,

while from triangle ACQ we find that
y = {3

+ r.
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Making use of the fact that i = r, we find that
a

+ 'Y

= 2{3.

If the mirror represents a small section of a spherical surface, the angles
a, {3, and 'Yare small and may be taken as equal to their tangents. We
designate the length AB of the perpendicular from A to the principal axis
as h, the distance PV of the source to the vertex of the mirror as s, the
distance QV as s', and the distance CV as R. In addition we shall take the
distance BV as negligibly small. We then have
a = tan a = his,
{3 = tan{3 = hlR,

and

'Y = tan'Y = his!.

Substituting these results into the preceding equation, we find
112

-+,=-.
s
s
R

(38-1 )

The above equation was derived by examination of a single reflected ray,
under the restriction that the ray made a small angle with the principal
axis of the mirror. Such a ray is called a paraxial ray. Since the ray chosen
was arbitrary, all paraxial rays emitted from P, at an object distance s from
the vertex of a concave mirror of radius R, will intersect at the point Q,
called the image point, located an image distance s' from the vertex of the
mirror. Since angle i equals angle r, a paraxial ray from Q will pass through
P after reflection from the mirror; that is, the path of a ray of light that
has undergone reflection, or refraction, can be reversed. Since the path
of a light ray is reversible, all paraxial rays emitted from a source of light
.at Q will be brought to a focus at P. The points P and Q are therefore
called conjugate points of the mirror.
From Equation (38-1) we note that when the source P is infinitely
distant from the mirror, the image Q is located at a distance RI2 from the
vertex. The light from P striking the mirror consists of a parallel beam.
From the discussion of Section 38-1, the point where a parallel beam,
parallel to the principal axis, is brought to a focus is called the principal
focus of the mirror. The image distance of an infinitely distant object,
located on the principal axis, is called the focal length f of the mirror. Thus
we find

f = RI2

(38.2)

for the concave mirror, as indicated in Section 38-1.
It may be shown that Equations (38-1) and (38-2) are correct for all
positions of the image and object of both concave and convex mirrors,
provided that the following sign conventions are employed:
(a) Light is assumed to come to the mirror from the left.
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(b) The distance s is positive when the object is to the left of the mirror.
(c) The distance s' is positive when the image is to the left of the
mirror.
(d) The radius of curvature R and the focal length j are to be taken
as positive for a concave mirror and negative for a convex mirror.
(e) The positive and negative signs are to be used only when numerical
values are substituted for s, s', j, and R.
We may examine the images of a finite object formed by a mirror by
considering four particular rays from the object, called principal rays,
chosen for their simplicity in graphical construction. In the imaging process, all rays from the object intersect at the image point. Consequently,
the image point may be located by finding the intersection of any two rays
after these have been reflected from the mirror. The principal rays generally chosen are: (a) a ray which is parallel to the principal axis, and which

A
y

v

p

'Fig. 38-3 A real, inverted, smaller image is formed by a concave mirror when the object
distance is greater than 2f.

therefore must pass through the principal focus of the mirror after reflection
(or, in the case of the convex mirror, which appears to diverge from the
principal focus); (b) a ray which is directed toward the vertex of the mirror
and is reflected as though the mirror is plane; (c) a ray which is directed
toward the principal focus and which is reflected from the mirror parallel
to the principal axis; (d) a ray which is directed to or from the center of
curvature of the mirror, and hence strikes the mirror at normal incidence;
this ray is reflected back along its incident path.
From Equation (38-1) we note that
111

,=---'
s

f

s

As long as the object distance s is greater than the focal length j of a concave
mirror, the image distantle is positive. In the event that the object distance
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is greater than 2f, the image distance is less than 2f, and the image is reduced
in size, as shown in Figure 38-3. The position of the image A' of the head
of the arrow at A is located by the use of a principal ray parallel to the
principal axis and a' second principal ray reflected from the vertex of the
mirror. The image is smaller then the object and inverted. From the
similar triangles A VP and A'VQ we note that the size of the image y' is to
the image distance s' as the size of the object y is to the object distance s'.
We may define the linear or transverse magnification m of the system as
11

,

m=-,
y

(38-3)

where we adopt the convention that the distance y (or y') is positive above
the axis and is negative below the axis. From the figure, and the sign
conventions on sand s', we note that

s'

m = --.
s

(38-4)

As before, the positive and negative signs associated with the sign conventions are to be used only when numerical values are substituted into the
above equations. In the case illustrated in Figure 38-3, the magnification
is negative, which means that the image is inverted, and the value of m is
less than 1, which means that the image is smaller than the ohject.

Fig. 38-4 A real, inverted, enlarged image is formed by a concave mirror when the
object is between C and F.

In Figure 38-4 we examine the case of an object which lies between
the center of curvature and the focal point of the mirror. The principal
rays used are the ray AB, which strikes the mirror normally and is reflected
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back along its own path, and the ray AF, which passes through the focus F
and is reflected parallel to the principal axis. These rays intersect in the
point A', the image of A. The image is real; it can be seen on a ground
glass as the point where light rays actually intersect.' The image A'Q is
inverted and enlarged. The magnification is negative and greater than 1.

A.'

--

_--/",/?t.
---.............
..........

_____f""'-?::*/

:

v
F P

.
I

Q

~sJ

Fig. 38-5 A virtual, enlarged image is formed by a concave mirror when the object
distance is less than f.

Concave mirrors are often used as shaving mirrors to produce an erect,
enlarged image. In Figure 38-5 we see that the image A' of a real object
A, placed between the focal point and the v;ertex of the mirror, is enlarged
and erect. The magnification is positive and greater than 1. Since the
rays reflected from the mirror do not actually intersect but only appear
to do so, as shown by the dotted lines, the image is virtual. An observer
looking at the image A' sees rays which appear to diverge from A' and
interprets this point as the origin of the rays. While the image can be
seen, it cannot be focused on a ground glass, for rays from A do not converge to any point to the left of the mirror, which is the only region of
space in which there is actually any light.
These relationships may all be calculated analytically by use of
Equations (38-1) through (38-4) and by use of the sign conventions given
above.
Illustrative Example. An object is placed 7.5 em from a concave mirror
whose focal length is 15 em. Determine the position and character of the image.
The graphical solution is shown in Figure 38-5. We imagine the object to
be to the left of the mirror. The object distance is s = 7.5 em, and the focal
length is f = 15 em. We have
1

1
s'
1
s'
s'

1

-+-=-,
8

f

1

1

=--=

15
7.5
-15 em.

1
--,
15
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Thus the image is formed a distance of 15 cm to the right of the mirror. Since
the image appears where there is no reflected light, the image is virtual. The
magnification produced is
s'
-15
- ~- = +2.
m=
s
7.5
The image is erect and is twice the size of the object.

No matter where the object is placed in front of a convex mirror, its
image will always be virtual, erect, and smaller than the object, as shown
in Figure 38-6. A ray from A parallel to the axis is reflected back as though

Fig. 38-6 A virtual, erect, smaller
image is formed by a convex mirror
for any position of a real object.

c

it came from the virtual focus F'. A second principal ray, taken normal
to the mirror, is reflected back on itself. These two rays do not meet but
appear to have originated from the point A', the virtual image of A. The
image A'Q is virtual, erect, and smaller than the object.
Illustrative Example. An object is placed 45 cm in front of a convex mirror
whose radius of curvature is 30 em. Determine the position and character of
the image.
Following the sign conventions indicated above, we have· s = +45 em,
f = R/2 = -15 em, and, substituting into the appropriate equation, we find
1
1
1
-+-=-,

s

s'

f

1
s'

1
1
---15

45

4
--,

45

s' = -11.25 em.

The magnification is

m=

s'

-11.25
-~~-

s

45

+0.25.

The image is virtual and is situated 11.25 em behind the mirror. Since the
magnification is positive, the image is upright and, in this case, is one fourth the
size of the object.
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Lenses

Lenses, either singly, or in combination, are used for the formation of
images and are made of a transparent material provided with spherical or
plane surfaces. For certain special cases, other surfaces may be used to
eliminate certain defects of spherical lenses, or to provide certain desired
effects, but the great advantage of spherical surfaces is that they are easiest

Fig. 38-7 Spherical lenses: (a), (b), and
(c) are converging lenses; (d), (e), and
(f) are diverging lenses.

(a) (b) (e)

(d)

(e)

(f)

to make. Spherical lenses are classified as either converging or diverging
lenses. Some common forms of lenses are shown in Figure 38-7, where we
note that a converging lens is thicker at the center than at the edges, while
a diverging lens is thinner at the center than at the edges.

Fig. 38-8 Rays parallel to the principal
axis are converged toward the principal
focus F by the converging lens.

Principal
axis

A beam of parallel light incident on a converging lens will be converged
toward a point F, known as the principal focus of the lens, as shown in
Figure 38-8. A beam of parallel light incident upon a diverging lens will
Fig. 38-9 Rays parallel to the principal
axis are diverged by the diverging lens.
After passing through the lens the rays appear to come from the virtual focus at F'.

diverge after passing through the lens as though it came from F', the
principal focus, as shown in Figure 38-9. The point F' is called a virtual
focus, since the rays do not actually pass through it.
The action of the lens is due to the refraction of the light as it enters
and leaves the spherical surfaces bounding the lens. The effect of a converging lens on the plane wave fronts of a beam of parallel light is shown
in Figure 38-10. The part of the wave front which passes through the
center of the lens is retarded more than the part which passes through the
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outer part of the lens, so that the emerging wave front is spherical, with its
center at the principal focus F. Parallel wave fronts incident upon a

Fig.38-10 Change in wave front produced by a eonverging lens on a parallel
beam of light incident upon the lens.

Fig. 38-11 Change in wave front produced by a diverging lens on a parallel
beam of light incident upon the lens.

F'

diverging lens are retarded more at the thicker edge of the lens than at its
center, and again the emergent wave front is spherical, with its center at
F ' , as shown in Figure 38-11.
38-4

Lensmaker's Formula

Let us consider the process of image formation in a thin, converging lens,
as shown in Figure 38-12. We shall neglect the thickness of the lens and
shall assume that the diameter of the lens is small in comparison with the
radius of curvature of either surface, so that all angles with which we must
deal may be approximated by their sines or tangents. For definiteness we
shall study the image of an object point located on the principal axis of the
lens, but none of the approximations made will depend upon this fact.
Thus the object and image relationships that will be derived will be equally
valid for pairs of conjugate points lying on any line parallel to the principal
axis, and, just as in the case of mirrors, we shall find that points lying on
a plane perpendicular to the principal axis, called the object plane, will be
imaged on a second plane perpendicular to the principal axis, called the
image plane. We shall assume that the lens is constructed of a medium of
refractive index n and that the lens is immersed in air or vacuum.
Let us choose an arbitrary ray P A from the object P which strikes the
lens at A. The line AC in Figure 38-12(b) is the normal to the front surface
of the lens, and the refracted ray is in the direction AB. By making use
of the theorem that the external angle of a triangle is equal to the sum of
the two interior angles, we see from triangle ACP that
i1 =

(Xl

+ (31,
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A 0
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(a)

(b)
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(c)

Fig. 38-12 (a) Path of a ray of light through a thin lens. (b) Refraction at first surface.
(c) Refraction at second surface.

and, from triangle A Be we find
rl

=

(31 - ')'.

For small angles Snell's law may be stated as

n = i/r,
so that

(Xl

+ (31

=

n({31 -

')').

(38-5)

The refracted ray AB never really reaches the point B on the principal
axis but, instead, is refracted at the second surface of the lens, at the point
D, Figure 38-12(c), and intersects the principal axis at the point Q, the
image of point P. The normal to the second surface of the lens is DE.
From the figure we find from triangle DEQ that
i2 =

{32

+ (X2,

while from triangle DEB we find that

r2 = (32

+ ')'.
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For small angles we have n = i21r2' so that
132

+

(X2

=

n(132

+ ')').

(38-6}

By eliminating')' from Equations (38-5) and (38-6), we find
(Xl

+

(X2

=

(n - 1)(131

+ (32).

We make a number of approximations consistent with the idea of a thin
lens of small diameter. Thus we say that the distance from A to the
principal axis is very closely equal to the distance from D to the principal
axis, and we label this distance h. The object distance s is the distance
from P to the lens, and the image distance Sf is the distance from Q to the
lens, neglecting the thickness of the lens. We may approximate a small
angle by either its sine or its tangent, so that (Xl = his, (X2 = his', 131 =
hi Rr, 132 = hiR 2, and, substituting these relations into the above equation,
we find

-1 + -,1 =
s

(n - 1) (1
-

HI

S

1)

+- .
R2

(38-7)

We may find the principal focal length I of a thin lens by finding the
image distance of an infinitely distant object. When s is infinity, we find
s' = I, and from Equation (38-7)
-1 = (n -

I

1) ( - 1

HI

+ -1 ) .

(38-8)

R2

Equation (38-8) is called the lensrnaker's equation. We may write Equation
(38-7) as
(38-9)

It may be shown that Equations (38-7), (38-8), and (38-9) are applicable
to all thin lenses, through the use of the following sign conventions:
(a) The radius of curvature R is positive for a convex surface and
negative for a concave surface.
(b) Light is assumed to come to the lens from the left.
(c) The object distance s is positive when the object is to the left of
the lens.
(d) The image distance s' is positive when the image is to the right
of the lens.
(e) The focal length I is positive for a converging lens and negative
for a diverging lens.
(f) The positive and negative signs are to be used only when numerical
values are substituted for the symbols.
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The above equations were derived on the assumption that the lens
was in air or vacuum and that n was the absolute index of refraction of the
material of the lens. The equations are also correct when the lens is
immersed in any medium, provided that n is interpreted as the relative
index of refraction of the material of the lens with respect to the medium.
Just as in the case of mirrors, we may define the transverse magnification m of a lens by the equation
rn

=

y'
-~,

y

(38-10)

where y is the transverse dimension of the object, and y' is the transverse
dimension of the image, taken positive as above the axis and negative
below the axis. In terms of the object and image distances, this equation
may be rewritten as
s'
(38-11)
m=
s
38-5

Image Formation by Thin Lenses

We may examine the images formed in a lens by considering three principal
In the imaging process,
all rays from the object intersect at the image point, so that the image
point may be located by finding the intersection of any two rays after they
have passed through the lens. The principal rays generally chosen are:
(a) a ray which is parallel to the principal axis, which must pass through
the principal focus of a converging lens after refraction (or, in the case of
a diverging lens the ray must diverge from the principal focus); (b) a ray
which is directed toward the principal focus of the lens, and which is
refracted by the lens so as to emerge parallel to the principal axis; and
(c) a ray which is directed toward the center of the lens and passes through
,the lens undeviated, for the section of the lens at its center may be approximated as a plane parallel plate of negligible thickness.
The types of images formed by a converging lens may be determined
with the aid of Equation (38-9),
rays, chosen for their simplicity in construction.

111

-+,=-.
s
s
j
We note that as long as s is greater than j, the image distance will be
positive, and the image will be formed to the right of the lens. Figure 38-13
shows an object AB located a distance from a converging lens greater than
2f. The image A' of the head A of the arrow is located by means of a ray
parallel to the principal axis and a ray passing through the center of the
lens. It is observed that the image is smaller than the object, inverted, and
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real. The image can be seen by looking along the axis from a point beyond
the image, or the image may be formed on a screen at the location of A'B'
and then viewed from any convenient position as a result of the light
scattered by the diffuse screen.

A

Fig.38-13

Image formed by a converging lens when the object distance is greater

than2f.

In the event that the object distance s lies between f and 2f, the image
distance s' is greater than the object distance. The image is real, inverted,
and is larger than the object, as shown in Figure 38-14.

Fig. 38-14 Real, enlarged image formed by a converging lens when the object distance
is greater than f and less than 2f.

When the object distance is smaller than f, we see that the image
distance is negative. As shown in Figure 38-15, the rays from A do not

B'

2F

F

B

Fig. 38-15 Virtual, enlarged image formed by a converging lens when the object
distance is less than f.

meet after passing through the lens, but when projected back through the
lens, the refracted rays, when seen by the eye, appear to have originated
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from the point A', on the same side of the lens as the object. The image
in this case is virtual, erect, and is larger than the object. The virtual
image cannot be formed on a ground glass but can be seen by looking
through the lens.
Illustrative Example. An object 6 cm tall is situated 45 cm from a converging
lens of 15 cm focal length. Determine the position, size, and nature of the image.
This problem is illustrated in the ray diagram of Figure 38-13. The object
distance is s = +45 cm, and the focal length is + 15 cm. We find
1
-1 + -1 =-,

s

f

s'

and, substituting numerical values,
1

1
15

1
45

2
45

-=---=-,

s'

s' = 22.5 cm.

To find the size of the image
y'

s'

y

s

m=-=
Since y = 6 cm, we find
y'

s'
= - y - = -6 cm X 22.5 em = -3 em.

s

45 cm

The image is real, for s' is positive, and is inverted and half the size of the object.

F

Fig. 38.16

Virtual image formed by a diverging lens.

The formation of an image by a diverging lens is illustrated in Figure
38-16. The rays from A diverge after passing through the lens and do not
meet on the right-hand side of the lens. The rays appear to originate in
the point A', the virtual image of A. A diverging lens cannot form a real
image of a real object. In Equation (38-9) we note that the focal length
of a diverging lens is negative, so that the image distance 8 ' is negative for
all positive values of the object distance 8.
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Illustrative Example. An object is placed 25 em in front of a diverging lens
of 15 em focal length. Find the position and character of the image.
An optical diagram of the system is shown in Figure 38-16. We have
s = +25 em, f = -15 em, and
1
s'

- -1 - -1,
15

25

s' = -9.4 em.

The magnification produced is
s'

m=--=

-9.4
25

+0.38.

----

s

,The image is virtual, erect, and reduced with respect to the object.
38-6

Combinations of Lenses

Two or more lenses are frequently used in combination to produce a desired
result. We may treat the effect of the lenses sequentially, first determining
the image formed by the first lens of the eombination, then using the image
of the first lens as the object of the second lens, and so on. If two thin
lenses are placed in contact, so that their principal axes coincide, the combination may be treated as a single lens of focal length I such that
1

1

1

I

h

fz

~=-+-.

(38-12)

We may easily obtain this result by writing Equation (38-9) twice, once
for lens 1 and once for lens 2, and adding these equations, as
1

1

1

1

1

1

--+-+,+-, =-;-+-.
81
82
81
82
.t 1 fz
If the lenses are sufficiently thin so that we may neglect their thickness,
we note that the numerical value of the image distance 8~ is the same as
theinumerical value of the object distance of the second lens 811 but that
the image distance of the first lens has an opposite sign from the object
distance of the second lens. These two terms caneel, and we have
1

1

1

1

81

82

11

fz

-+,=-+-'
Since the lenses are thin, there is no longer any need to use subscripts to
distinguish the object and image distances, and, comparing the above
equation with Equation (38-9), we note that the quantity on the right is
the effective focal length of the combination of lenses, as given in Equation
(38-12), and that the two-lens combination may be replaced by a single
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lens of focal length j, in accordance with this equation. This result is often
used by oculists in fitting eyeglasses. The focal length of the required
correction lens is determined by placing a variety of thin lenses in contact
before the patient's eye and computing the focal length of the combination
from Equation (38-12).
Illustrative Example. An object is placed 14 cm in front of a converging
lens of 10 cm focal length. Another converging lens of 7 cm focal length is placed
at a distance of 40 cm to the right of the first lens. Determine the position and
character of the final image.

,IA',,
,, ,,
I

,

,

,

,

,

,

I

,

I

I

I

I

I

I

I

1/

, I

,/

II

II

'f'

A"
Fig. 38-17

The graphical solution is shown in Figure 38-17. The image produced by
the first lens is A'B' which is real, inverted, and larger than the object. This is
used as the object of the second lens. To find the image in the second lens, we
again use a principal-ray construction, with A'B' as an object for the second lens.
This is only a convenience in locating the image, for we do not infer that the
light rays are suddenly deviated at the point A '. The final image is A"B",
which is virtual, larger than A'B', and erect with respect to it. Thus the final
image is inverted, with respect to the original object, and is virtual.
We can solve the problem by two successive applications of the lens equation.
For the first lens L 1,!I = 10 cm, and Sl = 14 cm, so that
111
- = - --,
s~
10
14
s~

=

35 cm.

Since the two lenses are 40 cm apart, the image A'B' is 5 cm from the second
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lens L 2 • Using A'B ' as the object for the second lens,
we find
= -17.5 cm;

s; = 5 cm, h

715

= 7 cm, and

s;

that is, the final image is 17.5 cm to the left of the second lens and is virtual.
Since the second lens magnifies the image produced by the first lens, the
total magnification of the system is the product of the magnification m1 of the
first lens by the magnification m2 of the second lens; that is,
I

m

m

or

=

m1m2

,

S1

S2

S1

S2

=- X - ,

= - 35 X 17.5 = -8.75.
14

5

The negative sign shows that the final image is inverted with respect to the
original object AB.

\FI
\

\\

\

\

\

\

\

\

\

\

\

\

Fig. 38-18

Illustrative Example. Two converging lenses L 1 and L 2 are placed 40 cm
apart, their principal axes coinciding. An object AB is placed 15 cm in front
of L 1 • The focal length of L 1 is 12 cm, and the focal length of L 2 is 10 cm.
Determine the position and character of the final image.
The graphical solution is shown in Figure 38-18. Principal rays from the
object AB would have intersected at the image A'B ' had they not been intercepted by the lens L 2 • For purposes of construction, we may imagine the
lenses L 1 and L 2 to be of any diameter. If the lens L 1 were sufficiently large,
there would have been rays through L 1 to the point A' in many different directions. Thus there would have been a ray from A through L 1 to A' parallel to
the principal axis. Another possible ray from A through L 1 to A' might pass
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through the center of lens L 2 • The second of these rays passes undeviated
through L 2, while the first must pass through the principal focus F 2 of L 2 after
passing through this lens. A third possible ray from A through L 1 to A' might
have passed through F~ and, upon passage through the lens L 2 , would have been
deflected parallel to the principal axis. We draw two of these rays and locate
the final image by their point of intersection as A"B".
The object for lens L 2 is the image A'B' formed by lens L 1 ; it is a virtual
object for lens L 2 , for the rays striking L 2 are converging toward A'B' rather
than diverging from it.
Analytically, we find
1

-

8~

=

1
12

-

8~ = 60

1
15

--,

em.

Thus A'B' is 20 em to the right of lens L 2 , and, by our sign convention, the
object distance for the second lens is 82 = - 20 em. The position of the image
formed by L 2 may be found from
1

1
10

1

,=----,
82

s~

=

-20

6.7 em;

that is, the final image is 6.7 em to the right of L 2 • The magnification produced
by this combination of lenses is
8~
8~
60
6.7
m = - X - = - X - - = -1.34.
81
82
15
-20
The negative sign shows that the final image is inverted with respect to the
original object.
38-7

Spherical Aberration of Lenses and Mirrors

In the discussion of spherical mirrors, it was stated that the mirror should
be a small portion of the sphere. If the mirror surface is a large portion
of the sphere, the images are blurred. This blurring of the image is due to
spherical aberration; that is, rays from one point of the object reflected by
different portions of the spherical surface do not meet in a point but cover
a sizable area. When a beam of parallel rays is incident upon a large mirror,
the reflected rays do not all pass through the principal focus, as shown in
Figure 38-19. The rays which are reflected from the outer portion of the
mirror cross the principal axis doser to the mirror than do those which are
reflected from the central portion. Instead of a sharp point, there is a
sizable focal spot.
A sharp focus of light parallel to the principal axis can be obtained
with a large mirror if the surface is parabolic in shape instead of spherical.
It is a property of a parabola that any ray from the focus which strikes the
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parabolic surface is reflected parallel to the principal axis, as shown in
Figure 38-20. If a very small source of light is placed at the focus, a
parallel beam is reflected from parabolic mirrors; this is another illustration
of the reversibility of the paths of rays of light. Parabolic mirrors are
commonly used in automobile head lamps and in searchlights. The very

\
Principal

----F

axis

=~::===~~~

/
Fig. 38 -19 Spherical aberration
produced by a mirror.

Fig. 38-20 A beam of light parallel
to the principal axis is focused in a
point by a parabolic mirror.

large astronomical telescopes are reflectors, using parabolic mirrors.
Parabolic mirrors are best used in cases in which the incident or emergent
light is parallel to the principal axis of the mirror, for these mirrors show
lberrations when the image and object are off the principal axis.
The images formed by lenses also show spherical aberration. These
tberrations are most clearly indicated by the use of monochromatic light,
lUch as the yellow light from a sodium lamp. A set of parallel rays of

Fig. 38-21

Spherical aberration of

a lens.

monochromatic light parallel to the principal axis of a lens is brought to a
focus in a blurred spot, as shown in Figure 38-21, the amount of blurring
depending upon the diameter of the lens. The rays passing through the
outer portion of the lens are deviated so that they cross the principal axis
closer to the lens than do the rays passing through the center portion. One
way of reducing spherical aberration is to use a diaphragm to limit the
light from the object to the central portion of the lens.
It must be emphasized that accurate lenses are not designed by use
of the lensmaker's formula. Practical lenses are complex combinations of
several different lens elements, combined to minimize spherical aberration
and other aberrations which will not be discussed here. In many cases
the lens designer finds it necessary to trace rays through the optical system
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by use of Snell's law, and must consider skew rays as well as paraxial rays
in order to assure a sharp image.
38-8

Chromatic Aberration

From the lensmaker's equation we note that the focal length of a lens
depends upon its refractive index. Most transparent substances are dispersive media and thus have different refractive indices at different wavelengths. Thus, when white light is incident upon a lens, the red component

Fig.38-22 Chromatic aberration of a lens.

of the light will be focused farthest from the lens, while violet light will be
focused closest to the lens, as shown in Figure 38-22. The image of a lamp
focused by a lens on a screen will be observed to have a colored halo.

~__ R

A---

R

/~---v /~~v
Fig. 38-23 The design of an
achromatic lens.

Lenses used for visual or photographic purposes must be corrected .so as
to minimize this chromatic aberration.
In some special cases lenses may be achromatized by use of two converging lenses of the same kind of glass, as in the case that either the
incident or emergent light is a parallel beam. In this case the separation
between the lenses must be half the sum of the focal lengths of the two
lenses. Ramsden and Huygens eyepieces used with telescopes and microscopes are built in this way (see Section 39-4). In general, lenses are
achromatized by use of elements constructed from different kinds of glass.
The basic idea in the design of such an achromatic lens is illustrated in
Figure 38-23, which shows light passing through a prism of crown glass and
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a prism of flint glass. The prism angles have been so chosen that the
prisms deviate the light differently, but the angular width of the spectrum,
or the dispersion, is the same in both cases. When these two prisms are
placed in contact with their vertex angles opposed, the prism combination
produces a deviated beam of white light, which is not dispersed, for the
dispersion of one prism has been compensated by the dispersion of the
second prism. A converging achromatic lens combination can therefore
be made by combining a crown-glass lens of short positive focal length
with a flint-glass lens of longer negative focal length. These may be
cemented together to form a single achromatic lens.
38-9

Illuminance of an Image

In all optical systems the amount of light reaching the image is an extremely
important consideration. We have already indicated in Section 36-5 that
the luminance, or brightness, of a source, rather than its luminous flux

Fig. 38-24

output, determines the illuminance. Let us consider the formation of an
image by a simple lens, as shown in Figure 38-24. Let us suppose that the
magnification of the system is m. Then an element of area ilA of the source
is imaged in an element of area ilA' on the image, such that

ilA'
= m 2.
ilA

~-

(38-13)

Let us assume that all the light emitted by the source which strikes the
lens from ilA is imaged upon ilA'; that is, there is no absorption or reflection
from the lens surfaces. If w is the solid angle subtended by the lens from
the source, the luminous flux F which passes into the lens from ilA is
given by
F = B ilA w,
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where B is the luminance or brightness of the source, expressed in lumens
per square centimeter per steradian. The illuminance E of the image is
the incident flux per unit area, or
E = ~ = B~Aw,
~A'

~A'

or, sUbstituting from Equation (38-13),
E = Bw.
rn 2

(38-14)

Thus the frontal area of the lens (as it influences w) and the brightness of
the source determine the brightness of the image. For a given object
distance, the greater the magnification, the smaller is the illuminance of
the image. If a represents the frontal area of the lens, the solid angle
subtended by the lens at the source is w = a/s 2, while the solid angle w'
subtended by the lens at the position of the image is w' = a/(s')2. Thus
W

, (S')2
s

,

2

= w ---2- = w m .

Substituting this relationship into Equation (38-14), we find
E = Bw'.

(38-15)

Thus the illuminance of the image depends upon the brightness of the
source and upon the solid angle subtended by the lens at the position of
the image. The brightness of the source rather than its luminous output
determines the brightness of the image.
It is a common misconception that searchlights produce a bundle of
parallel rays extending to infinity. Such might be the case with point
sources of light at the focal point, but practical sources are extended sources
rather than point sources. Portions of the source which do not lie at the
focal point, or on the axis, produce bundles of rays which are not parallel
to the axis. The illumination of a point on the axis of a searchlight varies
inversely with the square of the distance from the source, in accordance
with Equation (38-15). The size of the source does not affect the illumination produced on the axis of the searchlight. It is for this reason that
carbon arcs are used in high-intensity searchlights as well as in commercial
motion-picture projection systems.
Problems

38-1. An object is placed 20 cm from a concave spherical mirror whose
radius is 24 crn. Determine algebraically and graphically the position of the
image. Describe the image.
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38-2. An object 4 cm long is placed 60 cm from a concave spherical mirror
whose radius of curvature is 40 cm. Determine (a) the position and (b) the
size of the image. (c) Describe the image. (d) Draw a ray diagram.
38-3. An object 3 cm long is placed 4 cm from a concave spherical mirror
whose focal length is 12 cm. Determine (a) the position of the image and (b) the
magnification. (c) Describe the image. (d) Draw a ray diagram.
38-4. An object 6 cm long is placed 20 cm in front of a convex spherical
mirror whose focal length is 24 cm. Determine (a) the position and (b) the size
of the image. (c) Describe the image. (d) Draw a ray diagram.
38-5. A concave spherical mirror has a radius of curvature of 50 cm. A
square object 3 cm on an edge is placed 10 cm in front of the mirror. Determine
(a) the position of the image and (b) the area of the image.
38-6. A plane mirror is separated from a concave mirror of 50 cm radius
by a distance of 100 cm. A burning candle is placed between them 20 cm
from the spherical mirror. (a) Where is the image of the candle in the plane
mirror? Is it real or virtual? (b) Where is the image of the candle in the spherical mirror? Is it real or virtual? (c) The plane mirror forms an image of the
image in the spherical mirror found in Part (b). Where is this image? Is it
real or virtual?
38-7. An object 2 cm long is placed 32 cm in front of a converging lens whose
focal length is 20 cm. Find (a) the position and (b) the size of the image.
(c) Describe the image. (d) Draw a ray diagram.
38-8. An object 6 cm long is placed 60 cm in front of a converging lens
whose focal length is 90 cm. Find (a) the position of the image, (b) the magnification, and (c) the size of the image. (d) Describe the image. (e) Draw a ray
diagram.
38-9. A convenient approximate method for obtaining the focal length of a
converging lens is to measure the image distance for a distant object. What
percentage error would be made if the distant object used was the window of
the laboratory, about 6 m from a lens of focal length 10 cm?
38-10. An object 5 cm long is placed 20 cm in front of a diverging lens whose
focal length is -10 cm. Find (a) the position and (b) the size of the image.
(c) Describe the image. (d) Draw a ray diagram.
38-11. An illuminated object and screen are 6 m apart. A converging lens
is placed between them so that a real image 15 times the length of the object is
formed on the screen. (a) Determine the distance of the lens from the object.
(b) Determine the focal length of the lens.
38-12. A lens placed 40 cm from an object forms a real inverted image
16 cm from the lens. (a) What is the focal length of the lens? (b) Draw a ray
diagram.
38-13. Two thin converging lenses, each of 10 cm focal length, are spaced
15 cm apart, their principal axes coinciding. An object 6 cm long is placed
20 cm in front of the first lens. (a) Determine the position of the image in the
first lens. (b) Determine the position of the final image. (c) Determine the
over-all magnification. (d) Is the image real or virtual? (e) Draw a ray diagram for the system.
38-14. An object is placed 40 cm from a thin converging lens of 8 cm focal
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length. A second thin converging lens of 12 cm focal length is placed 20 cm
behind the first lens. (a) Determine graphically and algebraically the position
of the final image. (b) Determine the magnification produced by this lens
combination.
38-15. An object is placed 16 cm from a thin converging lens of 32 cm focal
length. A second thin converging lens of 6 cm focal length is placed 20 cm
behind the first lens. (a) Determine graphically and algebraically the position
of the final image. (b) Determine the magnification.
38-16. A converging lens forms an image on a screen 60 cm from it. A thin
diverging lens is interposed between them at a distance of 40 cm from the converging lens. It is now found necessary to move the screen 10 cm away from the
lens in order to produce a sharp image. Determine the focal length of the
diverging lens.
38-17. A carbon arc is to be focused on a screen 10 m from the arc by means
of a lens of frontal diameter 2 cm and of focal length 5 cm. (a) Find the position
of the lens. (b) Using data furnished in Table 36-1 for a 1,500-watt carbon arc,
find the illuminance of the screen.
38-18. Repeat Problem 38-17 for a lens of 20 cm focal length and frontal
diameter 2 cm. Does the lens of long or short focal length provide the brighter
image when the positions of the arc and screen are fixed?

39
Optical Instruments

39-1

The Camera

The photographic camera uses a converging lens to form a real, inverted
image of an object. The image is focused on a film or plate which is coated
with an emulsion containing silver bromide crystals. When a few incident
quanta of light are absorbed in a grain of emulsion, the grain becomes
activated and developable, and when the plate is developed, the bromine
is removed from each activated
grain, leaving a clump of silver
P
behind. When the plate is "fixed,"
the remaining emulsion is removed
from the plate, so that the image
is made permanent.
In most
cameras the converging lens consists of several elements designed
and arranged to reduce objectionable aberrations to a minimum. In
general, the lens is designed for a
particular arrangement of image
Fig. 39-1 A camera lens system.
and object, as in a camera, where
the object is usually much farther from the lens than is the image. A
camera lens designed to minimize aberrations for an infinitely distant
object may not be well corrected for "close-ups."
A lens system used in some fairly good cameras is shown in Figure 39-l.
Two achromats are spaced the proper distance apart, and an adjustable
iris diaphragm is placed between them. A shutter is usually placed near the
diaphragm to admit light for a preset time interval. The distance between
the lens and film is adjusted when the camera is focused on the object to
be photographed. In some box or "fixed-focus" cameras, there is no way
to move the lens with respect to the film. The lens used in such a camera
has a short focal length, and, as long as the object is at a distance greater
723
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than about 6 ft from the lens, its image will be focused close enough to the
principal focus so that the blurring is not severe. The designer of the box
camera must be certain that all objects from about 6 ft to infinity are all
pleasantly and equally blurred.
The number of developable grains of emulsion per unit area, which
determines the blackness of the developed film, depends upon the number
of light quanta which strike a unit area of the emulsion. This number is
related to the productE1::.t, where E is the illuminance, and 1::.t is the
exposure time. Films are rated in arbitrary ways, as to their speed, but,
in general, the higher the speed, the smaller the number of incident quanta
per unit area required to produce a developable image. For convenience
let us assume as a first approximation, that this relationship is a simple one,
such as

s=~,
E 1::.t
where S is the speed of the film, and a is a constant of proportionality.
From Equation (38-15) the illuminance of an image is given by E = Bw',
where B is the brightness of the object, and w' is the solid angle subtended by the lens at its image. If s' is the image distance, we have w' =
(-rrd 2/4)/(s')2, where d is the frontal diameter of the lens. Thus
1::.t

(s'ld)2
= f3Si3'

(39-1)

where f3 is a new proportionality constant. Thus the exposure time 1::.t is
decreased by using a film of higher speed S, by photographing a source of
high brightness B, by decreasing the image distance s', or by using a lens
of larger diameter d. Photographic exposure meters measure the brightness
of the source and are provided with a computing scale which is correct for
a distant object, in which case the image distance s' is equal to the focal
length of the lens 1. The number 11d is called the 1 number of a lens,
generally given as 114.5, or 1/2. For other cases the indication of the
exposure meter must be corrected for the proper image distance.
39-2

Projection Lantern

The projection lantern forms a real, inverted, and enlarged image on a
screen which is at a great distance from the projection lens when the object
is placed very close to the principal focus of the lens, as shown in Figure
39-2. Projection lanterns are widely used for the projection of motion
pictures and lantern slides and for photographic enlarging. The system is
focused by moving the lens with respect to the slide until a clear sharp

§39-2

725

PROJECTION LANTERN

image is obtained. The slide must be uniformly and brightly illuminated.
This is accomplished by using a very intense source of light, such as a
carbon arc or a specially designed tungsten-filament projection lamp, and
directing the light by means of a condenser lens so that every point of the
source sends light to each point of the object and toward the projection
lens. In Figure 39-2 a small section AB of the object is shown illuminated
Screen

Projection lens

Image

of
lantern slide
or film

source

of
light

Fig. 39-2

A projection lantern.

by light from the two extreme points of the source. Rays of light from all
intermediate points may be traced in a similar manner through the condensing lens system and through AB. These rays converge and form an
image of the source of light at, or very close to, the projection lens. The
latter should be large enough so that all of the light goes through it. The
projection lens forms a real, inverted, and enlarged image A'B' of the
section AB. The image of every other section of the object may be traced
in a similar manner. Focusing of the image on the screen is usually accomplished by moving the projection lens, keeping the object in a fixed position
relative to the source of light.
The projection lantern can also be used for opaque projection, that is,
for projecting pictures on opaque backings, by interposing mirrors between
the condenser and the projection lens so that light is reflected propp-rly
from the opaque object.

726
39-3

OPTICAL INSTRUMENTS

§39-3

The Eye

Many optical instruments are designed to be used in conjunction with the
eye. The general structure of the eye is shown in Figure 39-3. Light enters
the eye through the cornea C and passes through the aqueous humor A, of
refractive index 1.35; the light then
passes through the pupil P, the
opening in the iris diaphragm I,
and through the crys~alline lens L.
The lens is a lens-shaped transparent organ, suspended in the eyeball
by a ring of tissue attached to the
walls. The index of refraction of
the lens varies from 1.388 for the
outer layers to 1.411 for the inner
layers. After passing through the
Fig. 39-3 Longitudinal section of a hulens, the light goes through a transman eye.
parent jellylike substance called the
vitreous humor V, of refractive index 1.336, until it strikes the retina R, which is the light-sensitive part of
the eye. The retina is composed mainly of nerve tissue, which is connected
to the brain by the optic nerve O. The image formed on the retina is real,
inverted, and smaller than the object. The optic axis of the eye is a line
passing through the vertex of the cornea and the center of the pupil.
The retina is a transparent membrane situated between the outer
coating of the vitreous humor and the choroid membrane M. A section of
the human retina is shown in Figure 39-4. It consists of eight fairly well
defined layers; the outermost layer consists of rods and cones; the innermost
layer consists of nerve fibers which lead from the rods and cones through
the other layers to the optic nerve; the latter carries the impulses to the
visual center in the brain. The retina is not uniformly sensitive throughout
its area. At the place where the optic nerve enters the eye is the blind spot
B; there is no vision when light falls on this spot. See Figure 39-3.. A short
distance away there is a small indentation called the fovea F, which is the
most sensitive part of the retina. The fovea is approximately in the
center of the retina and is about 0.5 mm in diameter. It contains over
30,000 cones, each with a separate nerve. There are no rods in the fovea.
Rods appear in the other parts of the retina, and in the peripheral area
practically only rods are present. That part of the image which falls on
the fovea is seen most distinctly. Each rod or cone reacts to light as a unit.
In the fovea the cones vary in size from about 0.0015 to 0.0054 mm in
diameter, while the cones in the other parts of the eye are much larger.
This sets a limit on the smallest details the eye can resolve. The resolving
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power of the eye is about I' of arc. A pattern of dots or stars subtending
less than I' of arc is seen as a blur. The field of distinct vision in the fovea
is about 1°, and the rest of the eye is generally used as a means of centering

Layer of
rods and cones

Fig. 39-4
Diagrammatic
section of the human retina.
Light enters from bottom of
figure.

Layer of nerve cells
Layer of
nerve fibers

the desired image on the fovea. Thus, in reading, words are successively
focused on the fovea.
The color sensitivity of the eye is associated with the cones. Incidentally, the relative response of the eye to different wavelengths is also
dependent upon the intensity. Colored slides viewed in dim light sometime appear to have a different color balance than the same slides viewed
in brilliant light. The rods are more sensitive than the cones and are
responsible for night vision. In very dim light, colored objects are seen as
shades of gray. Very faint objects can sometimes be seen by peripheral
vision, where only rods are present, but they disappear when viewed
directly by the cones in the fovea.
The eye lens is virtually uncorrected for chromatic aberration and
suffers from spherical aberration. As the level of illumination is changed,
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the sensitivity of the eye is changed, a process known as adaptation. The
peripheral rods which are not sensitive to red light appear to control
adaptation, so that a person wishing to become dark-adapted may wear
red goggles in ordinary light, seeing by foveal vision, and become darkadapted without having to wait long periods in dimly lit rooms.
Objects at various distances from the eye must form images on the
retina if they are to be seen clearly. Since the image distance from the
cornea to the retina is fixed, the only way this can be done is through a
change in the effective focal length of the eye. This is called accommodation
of the eye; it is accomplished by changing the shape of the crystalline lens
through a change in the tension of the circular ligament supporting it.
In discussing the optics of the eye and the correction of certain defects
with the use of lenses, it is common to talk about the power of the eye, or
the power of the lens, instead of the focal length. The power of a lens is
expressed in diopters and is defined as the reciprocal of the focal length
expressed in meters. For example, if the focal length of a lens is 50 cm,
that is, 0.5 m, its power is 2 diopters.
Each eye has a certain range of accommodation. This is the distance,
measured along the optic axis, between the near point and the far point
of the eye. The far point is that point on the optic axis which is sharply
imaged on the retina when the eye is at its weakest power. The power of
the relaxed normal eye is about 59 diopters. The near point is that point
on the optic axis which is sharply imaged on the retina when the accommodation of the eye is most strongly exerted, or when the power of the eye
is greatest. Eyes are classified according to the position of the far and
near points, and to the range of accommodation. An object located from
about 20 ft to infinity may be seen clearly without accommodation by a
normal eye, for, as the object moves in from infinity, the image moves from
the tips to the bases of the rods and cones.
The emmetropic, or normal, eye is one whose far point is at infinity
and whose near point is close to the eye; this point is generally taken to be
about 25 cm or 10 in.
The myopic, or nearsighted, eye has its far point at a finite distance
from the eye; its near point is closer than in the normal eye. An eye is
usually myopic because the eye is too long for its lens, or the lens is too
strong for the eye. Myopia is usually corrected by the use of divergent
lenses in spectacles, as shown in Figure 39-5.
The hyperopic, or farsighted, eye has a far point which is virtual; that
is, its far point is situated behind the eye. The eye lens does not converge
sufficiently to focus a nearby object on the retina. An eye is usually
hyperopic because it is too short. Hyperopia is corrected by the use of
spectacles of positive power, as illustrated in Figure 39-6.
The presbyopic eye is one which has lost some of its power of accommo-
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dation because of the decrease in the elasticity of the lens tissue due to age.
The amplitude of accommodation is very great during adolescence and is
negligible beyond 60 years of age. The near point moves inconveniently
far from the eye. The usual correction for presbyopia is a positive lens
to be used for reading or viewing objects close to the eye.

(a)

Fig. 39-5

~t------

(a) Myopia. (b) :\fyopia corrected by a lens of negative power.

A common defect of the eye, known as astigmatism, is due to the fact
that the curvature of the cornea, or of the lens, is not the same in all
directions about the optic axis. The cornea may be thought to have cylindrical curvature as well as spherical curvature. The astigmatic eye, view-

(aJ9E========
Fig. 39-6

(a) Hyperopia.

(b) Hyperopia corrected by a positive lens.

ing a collection of lines drawn out from the center of a circle, sees one group
of radii sharply, while radii roughly perpendicular to these are seen less
sharply. Thus, for example, the vertical lines may be clearly distinguished,
while horizontal lines are less clear. In reading, an e may be perceived as
a c by an astigmatic eye. Astigmatism is corrected by use of cylindrical
lenses with axes properly oriented.
39-4

The Magnifying Glass

When an object is to be examined minutely, it is usually brought as close
as possible to the eye. The closer it is brought, the larger is the visual angle
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which it subtends at the eye, and the larger is its image on the retina, as
shown in Figure 39-7. The image cannot be seen in sharp focus if the
object is brought closer than the near point. This fact imposes a limit on
the size of the retinal image and the smallness of detail which can be seen.

IX

-~

-DtQ
(b)

(a)

Fig. 39-7

The visual angle determines the apparent size of the object.

The visual angle can be increased and a magnified retinal image obtained with the aid of a converging lens used as a magnifying glass. To use
the lens as a magnifier, the object is placed between the principal focus
and the lens, as shown in Figure 39-8. The image is virtual and, for best
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s'= 25 em !-s1
viewing, is formed at the near point at approximately 25 cm from the eye.
If y' is the size of the image and y is the size of the object, the magnification
m is given by
y'

rn = -

y

=

-

s'
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s

where s' is the image distance and s is the object distance. From the lens
equation
1

1

1

-=--,'
s
f s
so that

s'

m=-j+1.
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If we take the near point as 25 em, we have s' = - 25 em and
25 em
m = -f-

+ 1.

(39-2)

A single lens is seldom used for magnifications greater than about 5
because of the amount of spherical and chromatic aberration produced.
Two common types of eyepieces or oculars used in optical instruments are

Field lens

Eye lens

1+<--d-----'>~I
Fig. 39-9 Ramsden ocular consists of two plano-convex lenses of equal focal length
separated by a distance equal to about two thirds of the focal length of either one.

the Ramsden ocular and the Huygens ocular. These are designed to reduce
spherical and chromatic aberrations to a minimum while using lenses made
of the same kind of glass. The Ramsden ocular, shown in Figure 39-9,
consists of two converging lenses of equal focal lengths separated by two

Field lens

3f

Eye
lens

f

Fig. 39-10 Huygens ocular. Field lens has a focal length three times the eye lens. The
distance between the lenses d = 2/, where/is the focal length of the eye lens.

thirds of the focal length of either. The lenses are planoconvex and are
mounted so that the curved surfaces face each other. If f is the focal length
of either lens, the effective focal length of the eyepiece is 3f/4.
The Huygens ocular, shown in Figure 39-10, consists of two planoconvex lenses, the focal length of one being three times that of the other.
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The two lenses are mounted with their curved surfaces facing in the same
direction; the distance between the lenses is half the sum of their focal
lengths. The lens with the shorter focal length is used nearer to the eye.
If 1 is the focal length of the eye lens, the focal length of the combination
is 31/2.
39-5

The Astronomical Telescope

In the use of an optical instrument, it is generally desirable that the image
be in approximately the same position as the object, so that the focus of the
eye can be shifted from the instrument to the position of the object without
accommodation. Thus, in the case of the magnifier, the image is formed at
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Optical diagram of a simple astronomical telescope.

the near point, while in the case of the telescope, the image is formed at the
far point. The astronomical telescope does not bring the image of the moon
or of a planet closer to the eye but, rather, causes the image to subtend a
larger angle. It is convenient to speak of the angular magnification M of
the telescope as the ratio of the angle [3 subtended by the image to the
angle a subtended by the object, thus
M = [3/a.

(39-3)

In its simplest form the astronomical telescope consists of two converging
lenses-an objective lens £1 and an eye lens £2. The rays of light from one
point on a distant object come into the telescope parallel to each other and
inclined at a small angle a to the principle axis. These rays are focused at
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a point in the focal plane of the objective. When the eye lens £2 is placed
at a distance equal to its focal length f from the principal focus of the objective, the rays from the image in the focal plane of the objective will leave
the eye lens as parallel rays, as shown in Figure 39-11. In other words,
parallel rays entering the objective lens leave the eye lens as parallel rays.
The distance between the two lenses is F + f, where F is the focal length of
the objective. From the figure the magnification of the telescope is

M=~=~.
a

f

(39-4)

One very important function of the astronomical telescope is to collect
more light than would be incident upon the retina with the naked eye. If
all of the light incident upon the objective lens passes through the eye lens
and is focused upon the retina, the luminous flux from a distant star is increased in the ratio of the area of the objective lens to the area of the pupil
of the eye. This greatly enhances the visibility of faint celestial objects.
The image produced in the astronomical telescope is inverted, but this
causes no difficulty in observing stellar objects.

39-6

The Terrestrial Telescope

Since the astronomical telescope produces inverted and reversed images, it
is unsuitable for most terrestrial uses. The astronomical telescope can be
modified to produce an erect image by inserting a converging lens between

Fig. 39-12 Cut-away sections for comparison of the three types of terrestrial telescopes.
(Courtesy of Bausch & Lomb Optical Company.)

the focal plane of the objective and the eye lens, as shown in Figure 39-12.
Usually, terrestrial telescopes use an erecting system consisting of two con-
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verging lenses with a diaphragm or stop between them to correct for
spherical aberration. In the prism binocular the physical length of the
telescope is shortened, and the image is erected by use of a pair of Porro
prisms. Another method for producing an erect image is to make a Galilean
telescope which uses a diverging lens for an eyepiece, as shown in Figure
39-13. The distance between the objective and eyepiece is F - f, where
F is the focal length of the objective, and f is the focal length of the eye-

Rays from
top of

Object

Fig.39-13

Optical diagram of a Galilean telescope or opera glass.

piece. Parallel rays from the object are converged toward the focal plane
of the objective and are deviated by the negative eye lens so that they
emerge as parallel rays, forming a virtual image at infinity. Galilean telescopes are extensively used as opera glasses.
In a binocular used for daytime viewing, it is desirable that the brightness of the image through the binocular be approximately the same as the
brightness of the object, so that there is no necessity for adaptation of the
eye when viewing the image first through the binocular and then without.
its aid, as in following the flight of a bird. The average diameter of the
pupil of the eye is about 5 mm. A binocular having an angular magnification of 8 and a front lens whose diameter is 40 mm (rated as an 8 x 40
binocular) gathers (40/5)2 as much light as the eye but distributes this light
over a retinal area 8 2 as great as the area illuminated by the unaided eye.
Thus we see that an 8 x 40 binocular provides the retina with illumination
comparable to the unaided eye. An 8 x 50 binocular yields an image of
greater brightness, while an 8 x 30 binocular provides an image of lesser
brightness than the unaided eye, provided that all the light entering the
objective passes into the eye. Large-diameter objective lenses are gener-
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ally used for night glasses or for viewing shaded objects rather than for
general-purpose daytime observation.
39-7

The Compound Microscope

The compound microscope consists of two systems of converging lenses,
shown in Figure 39-14 as single converging lenses. The objective lens £1
has a very short focal length F, and the object is placed very close to but

Fig. 39-14

Simplified optical diagram of a compound microscope.

just outside the principal focus of this lens. A real inverted image £1 is
formed at a distance s' from the objective lens. The eye lens 12 is used for
viewing this image. It is desirable for the image to be formed at the near
point, located between the position of the specimen and the lab0ratol'Y
table, as shown in Figure 39-15. The magnification m1 produced by the
objective is
s'
s
To a good approximation the object distance is very nearly equal to the
focal length of the objective lens F. Thus we may write

s'
F

m1 = - .
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Fig. 39-15

Complete optical system of a compound microscope.

(Courtesy of Bausch

& Lomb Optical Company.)

Similarly, the magnification
mated as

m2

produced by the eye lens may be approxi-

m2

25 em

= ---,

f

neglecting the 1 in Equation (39-2), where f is the focal length in centimeters, of the eye lens. The total magnification m of the compound
microscope is
Sf
25 em
m = mlm2 = - X - - - .
(39-5)
F
f
Magnifications of several hundred diameters are common with com-
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pound microscopes, so that the area of the image is tens of thousands of
times the area of the object. The object must be strongly illuminated to
provide sufficient illumination for the image to be seen. This is usually
accomplished by focusing light onto the object from a bright source by
means of a mirror and a condensing lens, as shown in Figure 39-15.
39-8

The Prism Spectroscope

A prism spectroscope is used for determining the composition of the light
incident upon it from a source. The light enters a narrow slit S, placed
at the principal focus of a converging lens, and emerges as a parallel beam,
as shown in Figure 39-16. The light is said to be collimated by this lens.
The slit and lens are mounted at the ends of a lighttight tube called a

Collimating tube

sE~~;z<i

Fig.39-16

A prism spectroscope.

collimating tube. The purpose of the collimator is to avoid astigmatism
in the final beam. The collimated light is dispersed by a prism made of
some suitable transparent material, such as glass, quartz, or rock salt.
Rays of any small wavelength interval are deviated through nearly the
same angle and emerge from the prism in a parallel beam. The telescope T
can be rotated so that its axis is parallel to anyone beam, and that beam
is converged to the principal focus of the telescope objective. Each converged beam is an image of the slit formed by monochromatic light. Since
the spectrum of a monochromatic source appears as a line, we speak of
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discrete spectra as line spectra. In contrast, an incandescent body emits
a continuous spectrum. The images of the slit are viewed with the aid
of the telescope eyepiece. A scale in a side tube is sometimes brought into
the field of view by reflecting it from one face of the prism, for purposes
of measurement or calibration. A prism spectroscope can only be used for
the measurement of wavelength when it has been calibrated with known
spectral lines. Wavelengths cannot be measured directly with the spectroscope, for the spectroscope provides no direct means for comparing the
wavelength of light with a standard of length. Such primary measurements
of wavelength are made by means of interference and diffraction effects,
to be discussed in the next chapter.

Problems

39-1. A lantern slide 3 in. wide is to be projected on a screen 6 ft wide at a
distance of 25 ft from the projection lens. The picture should fill the whole
screen. What should be the focal length of the projection lens?
39-2. (a) Determine the magnification produced by a converging lens used as
a magnifier if its focal length is 4 in. (b) If this lens is used by a person whose
near point is 15 cm, what is the greatest magnification he can obtain?
39-3. A person has a near point of 100 cm. What spectacle lens should he
wear so that he can read newsprint at a distance of 25 cm from his eye?
39-4. The far point of a myopic eye is 50 cm. What is the focal length of
the lens which should be placed in front of this eye so that it can see infinitely
distant objects?
39-5. A farsighted person is prescribed lenses of +2.00 diopters. What is
his near point?
39-6. What is the power of a converging lens which produces a magnification
of 5 X when used as a simple magnifier?
39-7. (a) What is the focal length of a spectacle lens of -1.5 diopters?
(b) What is the far point of the eye for which this spectacle lens is prescribed?
39-8. A small laboratory telescope has an objective whose focal length is
18 cm and an eye lens whose focal length is 3 cm. (a) What is the angular
magnification of the telescope? (b) How far apart are the lenses? (c) If this
telescope is focused on the moon, whose angular diameter is approximately
!O, what will be the angular diameter of the image?
39-9. A camera lens whose focal length is 3 in. has its position relative to the
film adjustable for object distances from 3.5 ft to infinity. Determine the maximum displacement of the lens for these extreme positions.
39-10. A compound microscope has an objective of 4 mm focal length which
forms an image 15 cm from it. The eye lens has a focal length of 2.5 cm and
forms an image 25 cm from the eye lens. Determine the linear magnification
of the microscope.
39-11. The distance between the objective lens and the eye lens of an
astronomical telescope, when adjusted for parallel light, is 80 cm. Determine

PROBLEMS

739

the focal length of the lenses when the measured value of the angular magnification is 12.
39-12. A box camera of the fixed-focus type has a lens whose focal length
is 4 in. and whose diameter is 0.5 in. Determine the positions of the images
formed when the objects are (a) 6 ft, (b) 15 ft, and (c) 25 ft from the lens. (d) If
the lens is set at the propel' image distance for an object 10 ft from the lens, how
large will the illuminated area be from a point source 6 ft from the lens?
39-13. The field lens of a Huygens ocular has a focal length of 9 cm, and the
eye lens has a focal length of 3 cm. The lenses are spaced 6 cm apart. Determine
the effective focal length of this ocular. Trace two parallel rays through this
ocular, assuming (a) that they enter through the field lens and (b) that they enter
through the eye lens. Determine the focal point in each case.
39-14. The lenses of a Ramsden ocular have focal lengths of 9 cm each and
are placed 6 cm apart. (a) Determine the effective focal length of this ocular.
Trace two parallel rays through this ocular and determine the position of the
focal point.

40
Light as a Wave Motion

40-1

Wave Versus Particle

Let us recount some of the characteristics of the motion of particles and the
propagation of waves, with a view toward analyzing the behavior of light.
In accordance with Newton's first law, a particle moves in a straight-line
path in the absence of external forces. Thus we might infer, as Newton
suggested, that light is composed of particles, and that, in a continuous
medium, there is no deflecting force on the light particles. At the interface
between two media, light may be propagated in a straight line parallel to
the interface. Thus even at an interface there is no force on the particles
of light unless the light passes through the interface, and in that event the
force acting must be perpendicular to the interface. To account for the fact
that light is refracted toward the normal on passing from a rare to a dense
medium, as from air to water as shown in Figure 40-1, it is necessary to
assume that the force is directed from the rare to the dense medium. The
normal component of the velocity is increased, while the tangential component remains the same, so that the refracted ray is more nearly directed
toward the normal. From this we see that a particle theory of light implies
that the velocity of light in the dense medium is greater than the velocity of
light in the rare medium.
As we have already seen, a wave theory accounts for refraction by
requiring that the velocity in the dense medium is less than the velocity in
the rare medium. This particular contest between the wave and particle
theories was settled by Focault in 1850 (almost 175 years after the controversy between the points of view of Newton and Huygens was initiated)
by measurement of the velocity of light in water and in air. Focault showed
that the velocity of light in water was less than its velocity in air, in quantitative agreement with the wave-theory explanation of the index of refraction
of water.
A second aspect of the differences between particles and waves lies in
their respective principles of superposition. When a shotgun is fired at a
740
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target, a certain number of pellets penetrate each square centimeter of
target area. When two identical guns are fired at the same target, we infer
that an increased number of pellets penetrates each square centimeter of
target, and that this number is approximately twice the number of pellets
per unit area obtained with one gun; that is, we expect particles to obey an
arithmetic superposition principle. At a point in a medium where the
paths of two waves intersect, the medium is simultaneously displaced by
the two waves, so that the resultant displacement is the vector sum of the

Normal
Rare
medium

Normal force
at interface

(vr)t == (Vi)t
Dense
medium

Fig. 40.1 If light were composed of a beam of particles, the velocity V r of the refracted
ray in an optically dense medium would be greater than the velocity Vi of the incident
ray in the optically rare medium.

individual displacements. The magnitude of the instantaneous displacement of the medium is obtained from a vector superposition principle. We
have already seen in Chapters 20 and 21 that the superposition principle
was capable of explaining both beats and standing waves. One vibrating
source at the end of a long string generated a wave in the string which
caused every particle of the string to vibrate. Two identical vibrating
sources at opposite ends of the string did not yield a wave of twice the
original displacement at every point of the string, but, instead, nodes
were produced at intervals of a half wavelength, at which there was no
vibration at all.
The difference between the superposition principles appropriate to
particles and to waves results in our expectation that waves must display
such phenomena as beats, standing waves, and interference and diffraction

742

LIGHT AS A WAVE MOTION

§40-2

effects, under appropriate conditions, while particles do not exhibit such
phenomena. In the succeeding sections we shall examine some of the
interference and diffraction effects exhibited by light. These lead us to
the conclusion that light is a wave motion.
40-2

Interference of Light from Two Sources

Let us suppose that two vibrating needles are immersed in a ripple tank,
and that these vibrate in phase with each other and are driven at the same
frequency. Each of the needles is a source of waves which spread out
along the surface of the water of the tank as a series of ripples, or Huygens'
wavelets. Let us represent the crest of each ripple by a solid line and the
trough of each ripple by a dashed line,
as in Figure 40-2. Each circular ripple
spreading out from a particular source
8 1 represents a disturbance which was
initiated by the source at some particular time, while a circle of smaller radius
represents a disturbance initiated by the
source at a later time, when the phase
angle of the source vibration was a
different value. For example, the phase
angle of any dashed circle is 180° greater
than the phase angle of the next greater
solid circle, concentric with it, and so
on. At a point on the water surface
where a crest from source 8 1 intersects a
crest from source 8 2 , the amplitude of
the resulting disturbance will be the
sum of the two separate disturbances.
Where the crest from 8 1 intersects the
trough from 8 2 , the resulting disturbance
---will be of zero amplitude. Another way of
saying the same thing is that any point
fig. 40-2 Ripple system, showing
P on the water surface where the dislines of nodes.
turbance from 8 1 is always in phase
with the disturbance from 8 2 will vibrate
with twice the amplitude due to either source alone, while at any point
where the disturbance from 8 1 is out of phase with the disturbance from
8 2 by 180°, the disturbance will have zero amplitude. This is the
two-dimensional analogue of the production of standing waves in a string,
and if the two sources are the proper distance apart, that is, an odd number of half wavelengths, a series of nodes and loops will appear along the
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line SIS2, just as in the case of the string. Not only will there be nodes
where the phase difference is 180°, or 7r radians, but there must also be
nodes appearing wherever the phase difference between the two disturbances is 7r, 37r, 57r, ... , (2m - 1)7r, where m is any integer.
We may find the loci of points at which a node will occur by a simple
geometric consideration. If the distance SIP is an integral number of
wavelengths, the disturbance at P due to SI oscillates in phase with the
disturbance at SI, for when SI is at crest, the disturbance at P due to SI is
at crest. If the point P is 1, i, i, ... , (2m - 1)/2 wavelengths (called
a half-integral number of wavelengths) from S2, the disturbance at P due
to S2 is 180° out of phase with the disturbance at S2 and is therefore 180°
out of phase with the disturbance at SI' for the two sources are in phase.
The point P must then be a nodal point. In fact, if the path difference
S2P - SIP is an odd half-integral number of wavelengths, the point P is a
nodal point. From analytic geometry we know that the locus of points
from two foci such that the sum of the distances from the foci to the locus
is constant, is an ellipse, while if the difference of these two distances is constant, the locus is a hyperbola. Thus we must expect to find a family of
hyperbolas at which there is no resultant disturbance; each hyperbola
represents a definite path difference S2P - SIP such as 3Aj2, 7Aj2, and
so on. A photograph of a ripple tank under these conditions is shown in
Figure 40-3(a). Note that the nodal lines are not straight but are appropriately curved in this small section of the interference pattern. A very
similar effect can be produced by vibrating a single source close to a
reflecting wall. The wall acts as a mirror which generates a virtual
source on the opposite side of the barrier, and nodes are obtained between
the waves from the real source and the virtual source, as shown in Figure
40-3(b).
We cannot examine the behavior of light waves in transit the way we
can observe water waves, for the light waves are invisible until they
interact with a screen. Since light waves are emitted by independent
atoms and molecules which are not in phase with each other, we cannot
generate interference effects by setting two sources of light side by side.
We may simulate two sources by making use of Huygens' principle, for if a
wave is incident upon a slit, each point of the slit acts as a source of wavelets, as was shown in Figure 20-11(a) in connection with our discussion of
the diffraction of a wave. In the event that two adjacent slits are placed
in a barrier, these slits act as sources, and an interference pattern is produced, as shown in Figure 40-3(c). The light from each atom of a source
spreads out as a spherical wave. If a double slit is placed in the vicinity
of the source so that the source is equidistant from each slit, the light from
each atom arriving at the slits is in phase. When the light from the pair
of slits intercepts a screen, we must expect to find adjacent bright and
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dark regions on the screen, if light is a wave motion. The dark regions
correspond to the positions of nodes, while the bright regions are the
positions of antinodes.

(h)

(c)
(a) Nodal lines produced by interference of ripples from two sources.
(b) Nodal lines produced by interference of ripples from a point source and its virtual
image. (c) Nodal lines produced by interference of ripples from two slits. (Photographs
courtesy of The Ealing Corporation.)
Fig. 40-3

In Figure 40-4 monochromatic light from a source is limited by a slit
S equidistant from two narrow slits SI and S2' These two slits act as new

sources which emit light of the same frequency and phase. A point P on
the screen will be bright when the light reaching it from the slits SI and 8 2
is in phase; that is, the light path from S2 to P must exceed the light path
from SI to P by an integral number of wavelengths, or, if m is an integer,
S2P - SIP

= mAo

This path difference may be found on the figure by swinging an arc of
radius SIP to intersect the line S2P at A. The path difference between
the two rays is 8 2 A. In the case of small angles we may approximate the
arc by the chord SIA, and we may assume that the chord is perpendicular

§40-2

INTERFERENCE OF LIGHT FROM TWO SOURCES

745

to the path 8 2 P at A. From the figure we find
82A
mA
sin8=--=-,
8 18 2
d

where d is the distance between the slits, and 8 is the angle describing the
position of P with respect to the center of the slits. Similarly,
OP
x
tan 8 = - =-,

CO

L

Screen--_
;+------L-----~~
Fig. 40-4

where x is the distance from the central image to P, and L is the distance

CO from the slit to the screen. For small angles sin 8 = tan 8, so that
mA
d

x

= L'

or,
AL
x=m-'

bright fringes:

d

(40-1)

We may locate the position of the dark fringes on the screen by observing
that the path difference for P to be a node is given by 8 2 A = (2m - 1)(A/2),
an odd number of half wavelengths. Thus
dark fringes:

X=

(2m - 1) AL
2
d

(40-2)

To get an idea of the order of magnitude of the quantities involved,
suppose that a sodium lamp emitting monochromatic yellow light illuminates a pair of slits separated by a distance of 0.05 cm, and we find that the
first bright line is displaced a distance of 0.24 cm from the central image
(for which m = 0) when the screen is 200 cm from the slits. We find, from

746

LIGHT AS A WAVE MOTION

§40-2

Equation (40-1), that
A = xd

L

= 0.05 cm X 0.24 cm = 6 X 10-5 cm.
200 cm

Such an experiment makes it possible to measure the wavelength of light
with a ruler. A two-slit interference pattern produced with light from a
mercury arc is shown in Figure 40-5.

Fig. 40-5 Photograph of the interference pattern produced by the passage of light from
a high-pressure mercury arc through two slits which are close together. No lens was
used; the light wall allowed to fall directly on a photographic plate. (Courtesy of Central
Scientific Co.)

If the slits are illuminated with white light, each color will produce its
own set of interference bands, and these 'will overlap. The central image is
produced by light of all wavelengths which are in phase so that the central
image is white and bright. Series of colored interference bands appear on
either side of the central image. These interference bands may be easily
seen by viewing light from a distant source, such as a street lamp, through
two pinholes punched in a piece of cardboard. It is interesting to note
that if we limit our conception of light to the postulates of geometric optics,
we must infer that light has passed through the opaque center of the slits
in the two-slit experiment, as in Figure 40-4.
40-3

Interference from Thin Films

Let us consider the effect of a thin parallel plate of transparent material
upon a light beam normally incident upon the plate, as shown in Figure
40-6. The beam is partially reflected and partially transmitted by each
of the two interfaces. The reflected light is made up of two parts, some
reflected from the first surface, and some reflected from the second surface
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and transmitted back through the first surface. If these interfere constructively, that is, if the two parts are in phase or in step, the reflected beam
will be bright, while if the two beams are out of phase by 180° +m(271");
or are out of step by an odd number of half wavelengths, the two beams

Air

Air

Fig. 40-6

will interfere destructively, and the reflected light will be of zero intensity.
The phase difference between the two beams will be due in part to the path
difference between the two beams and in part to phase changes which take
place on reflection.
Let us suppose that two pieces of string of different masses per unit
length are joined together, and that the two are under tension. In accordance with Equation (20-10), the velocity of propagation of a wave in a
string is given by v = (Sjm)Y2, where S is the tension, which is the same in
both sections of the string, and m is the mass per unit length. The velocity
of propagation of a wave is different in the two strings, and if a wave is
initiated in one of them, it is partially transmitted and partially reflected
at the interface, or at the point where the strings are joined. Experimentally we find that the wave is transmitted without a change of phase,
no matter in which string the wave starts. When the wave approaches the
interface from the denser string, in which the wave velocity is smaller, the
wave is reflected without a change of phase. However, when the wave
approaches the interface from the lighter string, in which the wave velocity
is greater, the reflected wave undergoes a change of 180° of phase with
respect to the incident wave, as shown in Figure 40-7. These results are
consistent with our previous discussion in Section 20-4, where we saw that
a wave reflected from a barrier, which we may conceive of as a very heavy
string, changes its phase on reflection by 180°. At normal or nearly normal
incidence, these phase changes also occur optically. Thus when light is
transmitted from one medium to another, there is no phase change; when
light coming from a rare medium is reflected from an interface with a
denser medium, it experiences a phase change of 180°; when light coming
from a dense medium is reflected from an interface with a rarer medium, it
experiences no phase change on reflection, the phase of the reflected wave
being the same as the phase of the incident wave.
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When a string or any other medium is set into vibration at a certain
frequency f, the particles of the medium respond at this frequency. Thus
when a wave progresses from one medium to another, the frequency remains the same. Since the speed of the wave changes as it goes from one

Fig. 40-7

medium to another, the wavelength must change. If Al is the wavelength
in a medium in which the velocity is Vb and A2 is the wavelength in the
medium in which the velocity is V2, then
fl'1
fA2

VI

Al

-=-=-.
V2

A2

From Snell's law the index of refraction is
(37-4)

therefore

n

Al

=-.

(40-3)

A2

In studying the interference effects in thin films, the effect of the
distance traversed in the medium upon the difference in phase between
the ray reflected at the first surface and the ray reflected at the second
surface is most easily accounted for by expressing that distance in wavelengths. But here we must be careful to use the wavelength of the light
in the medium in which the light is moving rather than the wavelength
in vacuum. If 8 is the thickness of the film, the light traverses a distance
28 in its passage into and away from the second reflecting interface.
The difference in phase between light reflected from the second interface
and light newly incident upon the first interface, because of the path
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where A' is the wavelength in the film.

749

In addition,

if the film is immersed in a medium of different refractive index, either the
wave reflected at the first interface or the wave reflected at the second
interface is shifted in phase by reflection, by 180 0 or 1r. Thus the total
phase shift f:J.q, between the two beams is
211"
f:J.q, = 28,
A

+ 11".

If the film is an air wedge between two glass plates, the wavelength in the
air film is the same as that measured by a spectrometer, and we may drop
the prime from A', yielding

air film:

211"
f:J.q, = 28A

+ 11".

(40-4)

If the film is a wedge of material of refractive index n, the wavelength "lI'
may be obtained from Equation (40-3) as

,

A

A

=-,
n

and we have
dielectric film:

211"
f:J.q, = 2n8 A

+ 11".

(41\1-5)

When the phase difference between the two reflected beams is an integer
times 211", the waves reinforce each other, but when the phase difference is
an odd integer times 11", the waves interfere destructively, and no light is
reflected from the film.
The interference produced by thin films has been used to reduce the
loss of light by reflection which takes place at the surfaces of lenses in
optical instruments. A thin film of lithium fluoride or calcium fluoride of
thickness about one quarter the wavelength of sodium light is deposited on
the lens. The refractive index of this material is intermediate between
that of the air and the glass of the lens. On the way into the lens, the light
is reflected from a denser medium, so that a phase change of 11" is produced
at the air-fluoride interface, and the same phase change is produced at the
fluoride-glass interface. Thus the total phase difference between the two
reflected rays is entirely due to the path difference. This is made equal to
half a wavelength to make the rays interfere destructively. White light
is made of many wavelengths, so that reflection is not eliminated at all
wavelengths. The deposited film is generally appropriate for yellow light,
so that coated lenses look purple (white minus yellow) by reflected light.
Interference bands can easily be produced by making a wedge-shaped
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air film between two plane pieces of glass, as shown in Figure 40-8(a). When
this wedge is illuminated with monochromatic light, a series of parallel
bright and dark lines will be observed if the two glass surfaces A and Bare
perfectly plane. If one glass surface is known to be plane, as in an optical

Source
of light

(a)
Fig.40-8 (a) Thin air film between glass plates. (b) "Contours" or interference pattern
produced in testing the surface of a telescope objective; the oval rings indicate that the
surface is not quite spherical. (Photograph courtesy of Bausch & Lomb Optical Co.)

flat, the flatness of the second surface may be determined by observing the
interference pattern produced when a wedge-shaped film of air is set up
between them. The interference pattern then takes on the appearance of
a contour map, as shown in Figure 40-8(b) with the dark lines representing
the loci of equal thickness of the air film.
Newton observed and studied the interference produced by a thin
film of air between the convex surface of a lens and a plane piece of glass,

Fig. 40-9 Apparatus for producing
Newton's rings.

as shown in Figure 40-9. Because of the circular symmetry of the arrangement, a series of bright and dark rings may be seen when the system is
illuminated with monochromatic light. These are called Newton's rings.
Thomas Young first explained these rings on the basis of the wave theory
of light and explained why the central spot should be dark on the basis of
the change in phase on reflection. He reproduced Newton's experiment by
using an oil film between a crown-glass lens and a flint-glass plate. The
oil had an index of refraction intermediate between the crown glass and the
flint glass. In this case the central spot was white and the other bright and
dark regions were shifted in a corresponding manner.
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When a thin, wedge-shaped film or a Newton's ring apparatus is
illuminated with white light, colored fringes are formed as a result of the
destructive interference of first one wavelength, then another. The pattern
of Newton's rings formed with monochromatic light is shown in Figure
40-10.

The colors observed in soap bubbles, oil slicks, butterfly wings, and
even some minerals are associated with the interference effects from thin
films rather than with pigments.

Flg.40-10 Newton's rings; pattern produced with sodium light. (Courtesy of Bausch
& Lomb Optical Company.)

40-4

Diffraction of Light

The terms "interference" and "diffraction" are used rather loosely. In
general, "interference" is used to describe wave effects involving a limited
number of rays, as in the two-slit interference pattern, while "diffraction"
is used when a broad wave front is limited by a barrier or an aperture and
an infinite number of elements of the wave front must be considered. We
have already noted that, in the case of sound, the waves bend around
corners and also spread out in passing through a narrow aperture; that is,
sound waves are diffracted. Since interference experiments show definitely
that light is propagated as a wave motion, we must expect to find diffraction
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effects associated with light. As in the case of the two-slit interference
pattern, we shall find that the angular aperture in which diffraction effects
are observed is associated with the parameter Aid, where d is the linear
dimension of the obstacle. In our daily experience we observe diffraction
effects with sound, for the dimensions involved are of the order of the
wavelength of sound. Diffraction effect.s are not commonly observed with

Fig. 40-11 Photograph of a diffraction
pattern produced by the passage of light
through a narrow slit. (Reproduced by
permission from College Physics, 2nd ed.,
by Sears and Zemansky, 1952; AddisonWesley Publishing Company, Inc.,
Reading, Mass.)

light because the wavelength of light is much smaller than the dimensions
of common objects.
When a beam of light from a distant source passes through a narrow
slit and falls upon a screen at some distance from it, the pattern on the
screen consists of a bright image of the slit and a series of bright and dark
fringes on either side of the central bright fringe, as shown in Figure 40-11.
Only a small portion of the incident wave front passes through the narrow
slit to produce this diffraction pattern. The appearance of the bright and
dark regions on the screen can be explained by assuming that each point
of tIllS section of the wave front acts as a source of light. The slit is divided
into imaginary elements. The amplitude and phase of the disturbance
generated at the screen by each of these elements is computed, and the
resultant disturbance is detennined by the superposition principle. Since
both amplitude and phase must be taken into account, the resultant is
computed by vector methods, similar to those used in finding the voltage
in an a-c circuit.
Imagine AB of Figure 40-12 to be the edges of the slit, greatly magnified, and the wave front approaching it to be a plane monochromatic wave,
so that each point of the wave front incident upon the slit is vibrating in
the same phase. Point C is the center of the slit, and CO is a perpendicular
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line from the slit to the screen. We may locate the dark fringes by dividing
the slit into an even number of elements such that the light from one element reaching the screen just cancels the light from an adjacent element.
Let us divide the slit into two equal parts, AC and CE, and consider
the conditions under which a point D on the screen is dark. If the point
D is so located that the light from a small element i near A is 180 0 out of
phase with the light from a small element i' near C, these two elements

Screen

Fig. 40-12

together will contribute no illumination to the screen. In the same way
the pair of elements j and j' will interfere destructively at D, and so on.
This will be the case when the path differences CD - AD = A/2, ...,
BD - CD = A/2, for each pair of elements across the slit. Thus the path
difference between the light reaching D from the bottom of the slit and
the light reaching D from the top of the slit is equal to a wavelength. We
have
ED - AD = A,
and, using the same small angle approximations we used in our analysis
of the two-slit interference effect, we find

.

A

~8=-

d

~~

for the location of a dark band, or fringe. Clearly, a dark fringe also
appears at the symmetrical point D'.
To find the location of the second dark band, we divide the slit into
four equal parts and repeat the above argument for the top two parts and
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for the bottom two parts separately. Thus we observe that the second
dark fringe will occur when the path difference between the top and bottom
of the slit is 2X. In general, the mth dark fringe is found at the screen when

Fig.40-13 Photograph of the shadow of a ball bearing supported on a rod. Note the
diffraction pattern around the rod and ball bearing and the bright spot in the center of
the shadow of the ball bearing. (Reproduced by permission from College Physics, 2nd ed.,
by Sears and Zemansky, 1952; Addison-Wesley Publishing Company, Inc., Reading,
Mass.)

the path difference between light reaching the screen from the top and
bottom of the slit is mX, or, from Equation (40-6), we have

mth dark fringe:

sin () = m ~ .
d

(40-7)

Thus the diffraction pattern of a single slit consists of a central maximum
with alternating dark and bright fringes on either side of the central region.
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Thus we note that the parameter Aldis characteristic of the width of the
diffraction pattern.
The diffraction pattern produced by plane waves incident upon a
circular aperture consists of a bright central disk surrounded by fainter
circular rings. If d is the diameter of the aperture, it can be shown that the
angle () subtended by the radius of the first dark ring is given by
A

() = 1.22 d·

(40-8)

When plane waves of light are limited by an obstacle, such as a disk
or ball bearing, rather than by an aperture, waves diffracted from the edge
of the obstacle reach a point in the center of the shadow in phase with each
other, for the center of a circular shadow is equidistant from all points on
the rim. A bright spot will be found at the center of a circular shadow, as
though light passed directly through the obstacle, as shown in Figure 40-13.
40-5

Diffraction and Resolving Power

Diffraction phenomena can also be observed when light passes through
large apertures, such as the lenses of microscopes and telescopes. The
effect of such phenomena is to limit the resolving power of the instrument;
that is, the ability of the instrument to show increasingly greater detail at
higher magnifications. If light from a point source is focused by a converging lens, the image will not be a sharp point even if the lens has been
perfectly corrected for all aberrations. The very best image which can
be formed will be determined by the diameter of the lens opening, according
to Equation (40-8), as shown in Figure 40-14.
The size of the diffraction pattern will be determined by the wavelength
of the light used, the diameter of the lens, and the focal length of the lens
used. Thus the best astronomical telescope forms the smallest image of a
star. If we consider two points sending light through an optical system,
the image of each point will be a diffraction pattern. If the points are close
together, these patterns may overlap, so that it will not be possible to
distinguish them as two separate points. The images are said to be resolved
if the dark ring of one pattern passes through the center of the other
pattern, or if the two central disks are separated a distance equal to the
radius of one of them. If two points cannot be resolved by an instrument,
merely increasing the magnification serves no useful purpose, for one simply
obtains a larger, fuzzier image. These considerations provide us with a
fundamental limit on the magnification of a microscope or a telescope. In
practice, the smallest separation oftwo point sources which can be resolved
by a microscope with visible light is about 1.8 X 10-5 cm, and the highest
magnifications used are generally less than 2,000 X. To obtain higher
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resolving power, it is necessary to use shorter wavelengths. The 200-in.
reflector at Mt. Palomar can distinguish between two stars which are
separated by 1.3 X 10-7 radian or 2.6 X 10-2 sec of arc. This may be
compared to the eye whose pupil has a diameter of about 3 mm, so that
the theoretical resolving power is such that the eye might resolve objects
separated by 47 sec of arc. Actually, the average person can distinguish
objects separated by about 1 min of arc.

Flg.40-14 Photograph of the diffraction patterns of light produced by a lens. Four
point sources of light were used. The two patterns on the right can just be resolved as
due to two sources. (Reproduced by permission from College Physics, 2nd ed., by Sears
and Zemansky, 1952; Addison-Wesley Publishing Company, Inc., Reading, Mass.)

Identical considerations apply to the design of radar reflectors and the
reflectors used in radiotelescopes which are now being used to study sources
of radio noise and line emission of microwaves from the sun and other
cosmic sources. An antenna having a reflector of 60 ft diameter must be
used with 21-cm radiation to resolve the sources of radiation to an angle
of about 1°. This particular wavelength is emitted by neutral hydrogen
atoms in the hydrogen clouds of the galaxy. The largest radiotelescope
now in operation in the United States is the 60-ft paraboloid of Harvard
University, shown in Figure 40-15, while reflectors three and four times
this diameter are under construction.
40-6

The Diffraction Grating

The diffraction grating is widely used for the measurement of the wavelength
of light and for spectrum analysis. Diffraction gratings are used as reflection gratings or as transmission gratings. A reflection grating consists of a
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Fig. 40.15 The George R. Agassiz 50-foot Radio Telescope of Harvard College Observatory at the G. R. Agassiz Station, Harvard, Mass. (Photo by Robert D. Cox, Sky Publishing Corp; reproduced by permission of Harvard College Observatory.)

series of parallel rulings or scratches made on a polished reflecting surface.
The number of rulings varies from about 400 per centimeter in some gratings to about 6,000 per centimeter in other gratings. A transmission
grating has a series of parallel rulings made on a flat glass surface. The
light is transmitted through the spacings between the scratches. Good
gratings are difficult to prepare, and, for ordinary purposes, replicas are
used. These replicas can be made by pouring a solution of collodion in
ether over a ruled grating. After the ether has evaporated, the collodion
layer is stripped off and is cemented to one side of an optical flat. The
collodion retains the impression and acts as a fairly good diffraction grating.
To understand the action of a grating, let us consider a set of plane
parallel waves incident on a transmission grating, as shown in Figure 40-16.
The parallel light is generally produced by placing the light source in front
of the slit of a collimating telescope. The spaces between the rulings can
be considered as a series of equally spaced narrow slits, a few of which are
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shown in the figure. The light which passes through the grating can be
considered as coming from these slits, and, according to Huygens' principle,
the slits can be considered as sources of waves. These waves will be of
circular section, as drawn in a plane perpendicular to the rulings. For the
sake of simplicity, let us assume that the incident light is monochromatic
of wavelength A and is directed normal to the plane of the grating. Since
the incident plane wave front is parallel to the plane of the grating, the
light emerging from the slits at anyone time is all in phase and spreads out
in wave fronts of circular section from each slit as center.

(a)

(b)

Fig.40-16 (a) Action of a diffraction grating on a parallel beam of monochromatic
light. The relative dimensions of the grating and the lens are drawn out of correct proportion in order to illustrate the effect of the lens on the diffracted beam. (b) The
relationship between the grating space d, the wavelength A, and the angle of diffraction 6.

When parallel light composed of plane wave fronts is incident upon a
lens, it is brought to a focus at a point in the focal plane of the lens. If the
incident parallel light is everywhere in phase across a plane perpendicular
to the direction of propagation of the light, it will be in phase at the focus,
and a bright spot will be produced. Let us consider the phase relationships
between light from adjacent slits incident upon the lens in various directions making an angle 8 with the normal to the grating.
Light leaving the grating in the direction of the normal is in phase in
a plane perpendicular to its direction of motion. This light will be brought
to a focus by a converging lens and will produce what is known as the
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central image at 0, in the focal plane of the lens and on the principal axis of
the lens. Light leaving the grating at an angle fJ with the normal to the
grating will interfere constructively, provided that the path traversed by
light from adjacent slits differs in length by an integral multiple of A. From
Figure 40-16(b) it can be seen that constructive interference will occur when
.
mA
smfJ=d'

(40-9)

where m is an integer, and d is the distance between adjacent slits. The
image for which m = 1 is called the first-order image, and so on. Thus if
violet light and red light are incident on the grating, the first-order image

I
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spectrum
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fig. 40-17 Relative positions of the first three orders of spectra produced by a diffraction grating on either side of the central white image. Notice that the second and third
orders overlap considerably.

of violet light will be deviated through a smaller angle than that of red light,
since the wavelength of violet is shorter than that of red light. If white light
is incident on a diffraction grating, a series of continuous spectra will be
obtained on each side of the central image. The central image itself will
be white, since all of the wavelengths from the source are focused in it. In
anyone order, the spectrum produced by a diffraction grating has the
colors in the reverse order from that produced by a prism. In a diffractiongrating spectrum the violet is deviated least, while in a prism spectrum the
red is deviated least.
The diffraction grating is often used as the dispersing element in a
spectrometer, in place of a prism, producing images of several orders, as
shown in Figure 40-17. Because the wavelength of visible light ranges
from about 3,800 A to about 7,500 A, a factor of slightly less than 2, there
is a break between the first-order spectrum and the second-order spectrum,
but the third-order spectrum overlaps the second-order spectrum.
The prism spectroscope has one important advantage over the diffraction-grating spectroscope in that all the energy which passes through the
prism is concentrated in a single spectrum. In a diffraction-grating
spectroscope the energy from the so'rce of light is spread over several
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orders, and a large fraction of this energy is concentrated in the zero order,
or central image. On the other hand, the diffraction grating provides a
direct means of measurement of wavelength from the measurement of an
angle and the spacing between the rulings of the grating. The dispersion
produced by the grating can be calculated from Equation (40-9), while the
dispersion of a prism does not follow a simple law. For most optical glass
the dispersion is much greater in the violet region than in the red region of
the spectrum.

Problems

40-1. Yellow sodium light whose wavelength is 5,893 A comes from a single
source and passes through two slits 1 mm apart. The interference pattern is
observed on a screen 175 cm away. (a) How far apart are two adjacent bright
bands? (b) Taking the distance between the first minima on either side of the
central maximum as the "shadow" of the solid region between the two slits,
how wide is this shadow?
40-2. Light from a mercury arc is passed through a green filter and then
falls upon two narrow slits 0.06 cm apart. The interference pattern is formed
on a screen 250 cm away. The distance between two adjacent green lines is
found to be 2.27 mm. Determine the wavelength of the light.
40-3. Five per cent of the incident light striking a glass-air surface is reflected back. What percentage of the incident light is transmitted after passage
through an optical system containing eight surfaces?
40-4. Calculate the thickness, in centimeters, of a nonreflecting film of
refractive index 1.40 to be used for coating a glass plate. Assume that sodium
light is incident upon it.
40-5. Prove that if an object of thickness T is placed at one edge of a glass
plate, and a second plate is placed atop the first so as to make an air wedge,
then the number N of dark lines produced in light of wavelength A is N = 2T/"A.
40-6. Calculate the number of dark lines that will be produced when green
light of wavelength 5,461 A is incident normally upon a wedge-shaped air film
produced by inserting a piece of steel 0.02 cm thick between two glass plates, at
one end.
40-7. Two glass plates 10 cm long are in contact at one end and are separated by a thin sheet of paper at the other end, forming a wedge-shaped air film.
Red light of wavelength 6,600 A is incident normally upon the glass. Experiment
shows that there are 17 dark lines per centimeter. (a) Calculate the thickness
of the paper. (b) How many lines per centimeter would be produced by green
light of wavelength 5,400 A?
40-8. In a Newton's ring apparatus a planoconvex lens is placed upon a
flat glass plate, convex side down. The diameter of the first dark ring is observed
to be 0.1 cm. What is the radius of curvature of the lens? Monochromatic
light for which A = 6,000 A is used in normal illumination. [HINT: If r is the
radius of the Newton ring, 8 the thickness of the air at this position, and R the
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radius of curvature of the lens, then r/s = (2R - s)/r, and, to a first approximation, r 2 = 2Rs.]
40-9. Light from a distant source is incident normally upon a single slit.
The wavelength of the incident light is 5,893 A. It is found that the width of
the central maximum on a screen located 1 m from the slit is 0.1 em. What is
the width of the slit?
40-10. What must be the diameter of the reflector of a radar antenna in the
form of a parabolic mirror if the antenna is to separate two airplanes 1 0 apart?
The wavelength to be used is 3 em.
40-11. A diffraction grating has 6,000 lines per centimeter. White light is
incident on the slit of a diffraction-grating spectrometer so that the collimated
beam falls normally on this grating. At what angle will the blue light of 4,400 A
wavelength be found (a) in the first order and (b) in the second order?
40-12. In the grating of Problem 40-11, at what angle will the red light vf
7,200 A wavelength be found (a) in the first order and (b) in the second order?
(c) What is the highest order spectrum in which this red light will be found?
40-13. Blue light of 4,500 A is used to determine the number of lines on a
grating. When this grating is used with a spectrometer, the second-order image
is found at an angle of 30 from the central image. Determine the number of
lines per centimeter on the grating.
40-14. The yellow line in the spectrum of sodium, sometimes called the
D line, consists of two lines very close together when viewed with a spectroscope
of moderate resolving power. The wavelengths of these lines are Dr = 5,896 A
and D 2 = 5,890 A. Determine the angular separation of these lines when
viewed with a diffraction grating having 6,000 lines/em and viewed (a) in the
first order and (b) in the second order.
0

41
Polarized Light

41-1

Polarization.

Transverse Waves

The phenomena of interference and diffraction show that light is propagated
as a wave motion, but they do not show whether light is a longitudinal wave
or a transverse wave. The fact that the velocity of light is the same as the
velocity of radio waves and the radiation of visible light from accelerated
electrons, as in a betatron, indicates that light is an electromagnetic wave.
We recall from Section 20-9 that a wave can be shown to be transverse if a
device can be found which will prevent passage of the wave in one orientation and will allow the wave to be transmitted when in a second orientation
at right angles to the first, as in the case of a slit and a transverse wave on
a string. Since a longitudinal wave will pass through a slit, however that
slit is oriented, longitudinal waves may be distinguished from transverse
waves by our inability to demonstrate the property of polarization. Such
materials as Polaroid enable us to demonstrate that light waves are transverse waves. A beam of light in which all the vibrations are in one direction
is said to be linearly polarized, or plane polarized.
On the basis of the electromagnetic theory of light, a linearly polarized
monochromatic beam consists of a varying electric field accompanied by
a similarly varying magnetic field traveling with the velocity of light, as
shown in Figure 41-1. If we take the direction of motion of the beam as
the x direction, the vectors representing the electric and magnetic fields
at any point along the beam will be in a plane perpendicular to the x axis.
The vectors E and H are perpendicular to each other and to the direction
of propagation in air or vacuum. The direction of propagation of the
electromagnetic wave is given by the direction of the vector ExH. We
shall arbitrarily take the direction of the electric field intensity E as the direction
of vibration of linearly polarized light.
Unless special conditions prevail, the light emitted by a source is
unpolarized. The light is emitted in short polarized bursts by independent
atoms and molecules in random phase and random polarization, and the
net effect is that of an unpolarized beam. We may represent the vibrations
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in an unpolarized beam as taking place in all directions at right angles to
the direction of propagation of the beam, as shown in Figure 41-2. In a
radio or television signal the elecromagnetic wave is generally polarized,
y
E

H

Fig. 41 -1 The electric and magnetic field intensities of a linearly polarized beam of
light moving in the x direction. The direction of vibration of the beam is taken as the
direction of the electric field, in the above case, the y direction.

with the electric vector directed in the plane formed by the direction of
propagation and the wire or rod from which the antenna is made. The
polarization of a television signal may be demonstrated by rotating an
antenna about an axis parallel to the direction of propagation. The signal

Fig.41-2 The vibrations in a transverse
wave are in a plane at right angles to the
direction of propagation.

received is a maximum when the receiving antenna is horizontal, that is,
parallel to the transmitting antenna.
The human eye is insensitive to the state of polarization of a light
beam, so that experiments on the polarization of light must be conducted
with the aid of some polarizing substance or device. It has been suggested
that the eyes of insects may be sensitive to the polarization of light, and
that this may be the mechanism by which bees find their way, as we shall
see in the next section.
41-2

Polarization by Scattering

Light can be polarized by scattering from small particles or by molecules
of a substance. For example, the blue light of the sky, produced by the
scattering of sunlight by air molecules, is partially polarized. When we
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look at the sky through a sheet of Polaroid, the intensity of the transmitted
light is a minimum when the axis of the Polaroid is at right angles to the
direction of vibration of the light.
If unpolarized light is directed vertically down a tube of water containing some fine particles in suspension, the light that is scattered in a
horizontal direction will be found to be polarized, as shown in Figure 41-3.

z

Fig. 41-3 Light traveling downward, zdirection, is scattered by small particles
in the liquid. Light scattered in the xdirection has its vibrations in the
y-direction. Light scattered in any horizontal direction is linearly polarized.

The direction of vibration of the incident light is in a horizontal plane.
The electrons of the substance are caused to vibrate in the horizontal plane
by the varying electric field of the incident light. These electrons reradiate
the energy absorbed from the incident light, so that the direction of polarization of the scattered light must be horizontal. Since light is a transverse
wave motion, the light scattered in the x direction, for example, can have
no vibrations in the x direction; hence the only vibrations present when the
scattered light is examined along the x axis will be those in the y direction.
Light which is scattered in the forward direction or in the backward direction with respect to the incident beam need not be polarized. Only that
light scattered at right angles to the original beam is completely polarized,
as shown in the figure. Note that the direction of the incident beam can
be determined as lying in a plane formed by the direction of the scattered
radiation and the normal to the direction of vibration. Thus, by means
of a sheet of Polaroid, the direction of the sun can be determined even when
the sky is overcast. First one must find the direction in which the Polaroid
has the greatest effect on the skylight. The normal to the direction of
vibration of the scattered light is found by rotating the Polaroid to minimum intensity. The axis of the Polaroid is then directed along the direction
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of the sun. In photography, polarizing filters are sometimes used to yield
unusual effects, for by rotating the filter the intensity of the skylight reaching the film can be varied, and one may photograph white clouds against a
dark sky to provide good cloud contrast.
The polarization of x-rays by scattering was used by Barkla in 1911
to show that x-rays are transverse waves. As we have seen, a beam of
electromagnetic waves scattered at 90° has its direction of vibration normal

Fig. 41-4

Scattering of x-rays.

to the plane formed by the incident and the scattered beams. If this
scattered beam is incident upon another block of scattering material, as in
Figure 41-4, the waves scattered by the second block must have their direction of vibration in the same direction as the first scattered beam. Hence if
a beam of x-rays is scattered first from 8 1 and then from 8 2 , the x-rays
scattered from the 8 2 must have maximum intensity in direction 3 and
zero intensity in direction 4. Barkla's experiment showed that this was
indeed the case and thus demonstrated the transverse character of x-rays.
41-3

Polarization by Reflection

Light can be polarized by reflection from a plate of glass by the proper
choice of the angle of incidence. For example, if the index of refraction of
the glass is 1.54, the angle of incidence should be 57°, as shown in Figure
41-5(a). In general, the angle between the reflected ray and the refracted
ray is 90° when the reflected light is completely polarized. At this angle
of incidence, the reflected light has its direction of vibration parallel to the
glass surface. If the reflected ray strikes another glass plate parallel to the
first, the light will be reflected from the second plate in the usual manner.
Now if the second glass plate is rotated through 90° about the ray incident
on it as an axis, it will be found that no light is reflected from it; instead,
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all the light is transmitted through it, as shown in Figure 41-5(b). When
the second plate is turned through another 90° about the same axis, the
light will again be reflected, as in Figure 41-5(c).

(c)
Fig. 41-5

Polarization of light by reflection from a glass plate.

This peculiar behavior of the beam reflected from the first plate can
be explained by assuming that only those vibrations which are parallel to
the surface of the first plate are reflected from it, when the angle of incidence
is such that the angle between the reflected and refracted rays is 90°. Let
us call this particular angle of incidence ip, the polarizing angle. The
unpolarized incident beam has light of all possible directions of vibration
in a plane at right angles to the direction of motion. We may imagine
these vibrations to be resolved into two components-one vibrating parallel
to the surface of the glass plate, and the other at right angles to this direction. When the angle of incidence is at the polarizing angle, the reflected
beam contains only vibrations which are parallel to the glass surface.
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When this reflected beam strikes the second glass plate at an angle of
incidence equal to the polarizing angle, it will be reflected at maximum
intensity when the surface of the plate is parallel to the direction of the
vibrations. As the second plate is turned about the ray incident upon it
as an axis, the intensity of the light reflected from it decreases and becomes
zero after a rotation of 90 0 , then starts increasing again as the glass plate
is turned beyond this position, and becomes of maximum intensity after a
rotation of 180 0 • Thus, as the second glass plate rotates about the ray
incident upon it at the polarizing angle, there will be two positions of
maximum intensity of the reflected beam and two positions of zero intensity.

Fig_ 41-6 The incident ray is unpolarized. The vibrations are shown
resolved into two components; the
component parallel to the glass
surface is represented by dots. The
reflected ray is completely polarized; the refracted ray is only
partially polarized.

This combination of two glass surfaces arranged so that the light
strikes the first surface at the polarizing angle, and the second glass surface
mounted so that it can rotate about the reflected beam as an axis, is one
form of polariscope. The first glass plate, which reflects polarized light, is
called the polarizer, and the second glass plate, which is used to analyze
the light, is called the analyzer.
The correct polarizing angle i p for a particular glass can be found by
applying Snell's law to the beam which strikes it. Assuming that the glass
is in air, we have
sm ~p
-.--, = n,
smr
where r' is the angle of refraction, as in Figure 41-6. Since the angle of
reflection is equal to the angle of incidence, and the reflected ray is perpendicular to the refracted ray, i p + r' = 90 0 ; that is, the angles i p and r'
are complementary. In this case

.,

smr =

.

cos~p;
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hence Snell's law becomes
sin i p
cos t p

•

- - . = n = tant p •

(41-1)

Thus the tangent of the polarizing angle is equal to the index of refraction
of the glass. If n = 1.54, the polarizing angle is 57°.
Only about 8 per cent of the incident light is reflected from a glass
surface at the polarizing angle. By using a bundle of thin glass plates, say
seven or eight, the intensity of the reflected beam may be increased to
about 40 per cent of the incident beam. This light is all linearly polarized,
with the direction of vibration parallel to the glass surfaces. A small
percentage of the light will be absorbed by the glass plates, and the remainder will be transmitted. If the number of reflecting surfaces is large,
the transmitted beam will consist principally of light whose direction of
vibration is perpendicular to the reflecting surface.
41-4

Polarization by Crystal Absorption

Some crystals, such as tourmaline, possess the property of absorbing those
vibrations which are perpendicular to the axis of the crystal and of transmitting the vibrations which are parallel to this axis. If a beam of light
which is unpolarized is sent through a thin plate of tourmaline, the trans-

Polarization by absorption in a crystal. (a) Linearly polarized light from the
polarizing crystal is transmitted by the analyzer. (b) The linearly polarized light is
absorbed by the analyzer when it is turned through 90 0 •
Fig. 41-7

mitted beam will be linearly polarized parallel to the crystal axis. If this
linearly polarized beam is now allowed to fall on a second tourmaline plate
set so that its axis is at right angles to the axis of the first crystal, no light
will be transmitted by the second crystal, as shown in Figure 41-7. But,
if the second tourmaline crystal is rotated through 90° about the incident
beam as an axis, thus making the axes of the two crystals parallel, the
linearly polarized beam will be transmitted through the second crystal.
At intermediate positions the intensity of the transmitted beam will be
smaller than that transmitted when the axes are parallel. This phenomenon
is known as dichroism.
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One variety of Polaroid contains crystals of a synthetic material,
known as herapathite, oriented in a nitrocellulose film. More recently,
specially treated polyvinyl films have been shown to be dichroic and are
marketed as varieties of Polaroid.
We have already seen that the energy per unit volume in the electric
field in vacuum is ~aE2 /2, while the energy density of the magnetic field
in vacuum is fJ.aH2/2. In an electromagnetic wave in vacuum, the electric
and magnetic fields vary with time, and we may compute the average
energy in the field by taking the rms values of these quantities, rather than
the instantaneous values of the electric
and magnetic field intensities, as in the
Axis of polarizer
case of the rms values of alternating current. The flow of energy in the wave deDirection
of vibration
pends upon the square of the amplitude
of the vibration rather than upon the
amplitude itself. We call the energy
reaching a unit area of surface per unit
time the intensity of the wave. Thus
the intensity of a light wave depends
upon the square of the amplitude of
vibration.
When plane polarized light passes
through a polarizer whose axis makes
Fig. 41-8
an angle 0 with the direction of vibration,
as shown in Figure 41-8, we may imagine the vibrations of the light
wave to have components parallel and perpendicular to the axis of the
polarizer. If the amplitude of vibration of the polarized light is E, only
the component parallel to the axis of the polarizer passes through it.
This component has amplitude E cos O. The intensity I of a beam of
light is related to its amplitude of vibration through the equation
I = exE 2 ,

where ex is some constant of proportionality. If the incident beam is of
intensity I a, the transmitted beam will be of intensity I given by
I

= l a cos2 O.

(41-2)

This relationship is known as the law of Malus. If unpolarized light is
incident upon a perfect polarizer, only half the incident light intensity is
transmitted as a plane polarized beam, for the light intensity may be
resolved into two equal components one of which is vibrating parallel to
the axis of the polarizer and the other is vibrating perpendicular to the
axis of the polarizer. When linearly polarized light is transmitted by a
perfect analyzer, the intensity of the transmitted light varies from zero to

no
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the incident intensity, depending upon the angle (J between the direction
of vibration of the light and the axis of the analyzer, in accordance with
Equation (41-2).
41-5

Polarization by Double Refraction

When a narrow beam of unpolarized light is sent through certain transparent crystals, such as calcite and quartz, the refracted beam is split into
two parts which travel through the crystal and emerge as two separate
beams, as shown in Figure 41-9. When an object is viewed through such
a crystal, two separate images are seen. If the emergent beams are analyzed

Fig. 41-9

Double refraction by a

crystal.

with a Polaroid film, it will be found that each beam is polarized, but that
the directions of their vibrations are at right angles to each other. One of
these beams obeys the ordinary laws of refraction and is called the ordinary
ray, designated as 0 in Figure 41-9. The other ray E is known as the
extraordinary ray, for it does not always lie in the plane of incidence; its
speed, and hence its index of refraction, depends upon its direction of
propagation through the crystal.
In general, if an unpolarized beam of light is sent through a crystal
at an arbitrary angle, two linearly polarized beams emerge. However, it
is possible to find one direction in the crystal such that both the ordinary
ray and the extraordinary ray will travel with the same speed. This
particular direction in the crystal is known as the optic axis. If the arrangement of atoms in the calcite crystal is examined in a plane perpendicular
to the optic axis, the atoms are observed to be symmetrically distributed.
In no other direction is this true. The electrical properties of the crystal,
such as its permittivity, and the optical properties are found to vary in
different directions in the crystal. In all crystals except those displaying
cubic symmetry, double refraction is observed. In some crystals more
complicated than calcite, there is not one direction in which the ordinary
ray and the extraordinary ray travel with the same speed but, rather, there
are two such directions. Crystals with one optic axis are called uniaxial
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crystals, while the latter types are called biaxial crystals. We will limit our
discussion to the case of uniaxial crystals, which may be understood by a
special type of wave surface suggested by Huygens.
In isotropic media the device of spherical wave fronts was used to
describe the propagation of light. Let us assume that the ordinary ray is
propagated by such spherical wave fronts, but that the extraordinary ray
is propagated by ellipsoidal wave fronts.
A point source of light within such a
Extraordinary
wave front
\
crystal is thought to emit two wave fronts,
\
Ordinary
corresponding to different directions of
\
wave, front
vibration, as shown in Figure 41-10. In
the direction of the optic axis, the two
wave fronts are tangent.
Following the Huygens construction,
let us take the case of a plane wave AB
incident upon the plane surface S of a uniaxial crystal, in which the optic axis lies in
the plane of incidence, as shown in Figure
41-11. By the time the portion of the inciFig. 41-10
dent wave front at B reaches the surface at
C, the 0 and E wavelets at A have reached the indicated size. Drawing
the tangent to the 0 wavelet from C, we find the refracted ordinary wave
front to be CD, and the refracted ray to be AD. In a similar way the E wave
front is CF, and the refracted E ray is AF. The vibrations of the 0 ray are
normal to the plane of the figure, while the vibrations of the E ray lie in
the plane of the figure. Both vibrations are tangent to their respective
wavelets. In general, it is found that the 0 vibrations are normal to a plane
containing the refracted 0 ray and the optic axis, called the principal plane of
the 0 ray; the E vibrations lie in a plane containing the E ray and the optic
axis, called the principal plane of the E ray. Note that the vibrations of the
E ray are not perpendicular to the direction of propagation of the E ray.
The incident light is doubly refracted.
In the above case the refracted E ray lies in the plane of incidence.
When the optic axis does not lie in the plane of incidence, the tangent
plane to the E wave front may be skewed so that the refracted E ray also
does not lie in the plane of incidence. The E ray is truly extraordinary.
The behavior of a crystal under the influence of the varying electric field
of the light ray is related to the behavior of a long bar of rectangular cross
section subjected to a periodic driving force. When the force is normal to
one face of the rod, waves are generated in the rod which are propagated
with one velocity, appropriate to the stiffness of the rod in the direction
of the applied force. Thus there are two velocities of wave propagation
down the rod, for the stiffness of the rod is different in the two normal
I
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directions. If the applied force is not normal to one face of the rod, the rod
responds as though it were subjected to two independent normal forcesthe components of the applied force normal to the faces of the rod. Two
.separate wave motions are generated which travel down the rod with

Fig. 41-11

E

/

Optic Qxis

Fig. 41.12

different speeds; each speed is characteristic of a particular direction of
vibration. The displacement of the rod at any point is the vector sum of
the two displacements due to the two wave motions, at right angles to
each other.
The Huygens ellipsoid which describes the propagation of the extraor-
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dinary wave requires that we have knowledge of the velocity of propagation of the E ray in every direction. Once this is known, the behavior of
the E ray and the 0 ray, under arbitrary conditions, can be determined.
Thus, if a plane wave of unpolarized light is incident normally upon a
section cut from a uniaxial crystal so that the optic axis is parallel to the
crystal face, the 0 ray and the E ray are propagated along the normal to
the crystal face with different speeds but in the same direction, as shown
in Figure 41-12.
41-6

The Nicol Prism

An ingenious method of producing linearly polarized light was devised by
w. Nicol in 1828 and is known as a Nicol prism. A natural crystal of
calcite is shown in Figure 41-13. In such a crystal the direction of the optic

Fig. 41-13

Sketch of calcite

crystal.

axis is parallel to a line making equal angles with the three intersecting
angles at A or B. Using a fairly long, clear crystal, the end faces are cut
so as to obtain a piece whose cross section is a parallelogram with an
/Canada balsam
/'

Fig. 41-14

Nicol prism.

included angle of 68°, with the sides of the section parallel to the principal
axis of the crystal. This piece is cut in two along the diagonal, as shown
in Figure 41-14, in cross section. The two parts of the piece are then
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cemented together with a cement widely used in optical work, known as
Canada balsam. As shown in Figure 41-14, a plane wave incident upon
the crystal is doubly refracted. The index of refraction of the ordinary ray
in calcite is 1.66, and in Canada balsam it is 1.55. The angle of incidence
of the ordinary ray when it strikes the Canada balsam is greater than the
critical angle, so that this ray is totally reflected. The index of refraction
of the extraordinary ray depends upon its direction. For the possible
directions in the Nicol prism, the index of refraction of the E ray is about
1.49; hence it will be transmitted through the Canada balsam and emerge
from the prism.
Nicol prisms are used in optical devices as analyzers, polarizers, or
both. The Nicol prism suffers the disadvantage, compared to sheets of
Polaroid, that it is limited in aperture, but it has the advantage that it
produces a completely polarized beam of light with all the vibrations in
one direction.
41-7

Elliptically Polarized Light

In our study of simple harmonic motion in Chapter 12, we have seen that
the projection of the motion of a particle in uniform circular motion onto
two mutually perpendicular axes yields two simple harmonic motions of
equal amplitude and frequency which are 90° out of phase with each other.
One of these projected motions was taken along the x axis and the other
along the y axis in Chapter 12. Thus we may think of these two simple
harmonic motions as the x and y components of a uniform circular motion.
The general case of motion of a particle subjected to two perpendicular
harmonic motions is quite complex. The path followed by the particle is
known as a Lissajous figure. In studying the behavior of polarized light,
we shall be interested in the special case where the two motions are of the
same frequency j, and therefore of the same angular frequency w, although
there may be an arbitrary phase difference cf> between the two simple
harmonic motions. Let us examine the path of a particle subjected to two
simple harmonic motions, of the same frequency but of different amplitudes,
when these are directed along two perpendicular directions, say the x and
y axes. We have
x = A sin wt,
and

y=Bsin(wt+cf».

The simplest case is one in which
in phase. Here we find that

cf> =

0, that is, the two motions are

that is, the path of the vibrating particle is a straight line.
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The second case of interest to us is that in which cP is equal to 90 0 ,
so that y = B cos wt; for this case
x2
A2

y2

+ B2 =

1.

This is the equation of an ellipse with semiaxes A and B; hence a particle
subjected to two simple harmonic motions of different amplitudes which
are 90 0 out of phase experiences an elliptical motion. If the two motions
are of the same amplitude, the path is circular.
From Chapter 35 we know that light can be emitted by an accelerated
charged particle. When the charged particle oscillates with a frequency j,
the emitted light is of the same frequency and is linearly polarized, with
its direction of polarization perpendicular to the direction of propagation
and lying in the plane formed by the acceleration vector and the direction
of propagation. If the charged particle moves in an ellipse, the light
emitted is elliptically polarized; that is, it may be resolved into two linearly
polarized components which are of different amplitudes but of the same
frequency, and which are 90 0 out of phase with each other. The two components are along the axes of the ellipse.
We can generate circularly polarized light and elliptically polarized
light from plane polarized light with the aid of a thin section of a doubly
refracting crystal known as a quarter-wave plate. Such a plate is also useful
in identifying elliptically polarized light. We shall find it convenient to
discuss these plates by means of the concept of the optical path length, which
is defined as the distance the light would travel in vacuum in the time it
takes to traverse a given path in a medium. The time to traverse a distance
s in a medium is slv, where v is the velocity of light in the medium. If n
is the index of refraction of the medium, the optical path length s' is given
by the equation
s

,

s
v

= - c = ns.

(41-3)

If a plane wave is incident normally upon a slab of medium of thickness s,
the phase difference between light just incident upon the front face of the
slab and the light just leaving the rear face of the slab is given by t:.cP, where

211"

t:.-!-. = - ns
'I'

A

'

(41-4)

and A is the wavelength of the light in vacuum. Note that there is no
phase change on transmission, and that with this consideration Equation
(41-4) is in agreement with Equation (40-5).
When light is incident normally upon a slab of a uniaxial crystal with
parallel faces, cut so that the optic axis lies in the plane of the crystal face,
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the ordinary and extraordinary rays are refracted normally, as shown in
Figure 41-12, so that there is no angular separation between the two rays.
Since the refractive indices no and nE are different in this direction, we find
that the phase changes of the two rays are different. Plates which are cut
of such thickness that the difference in phase between the emergent 0 and
E rays is 7r are called half-wave plates, while if the difference in phase between
the two emergent rays is 7r/2, the plate is called a quarter-wave plate.

Analyzer axis",
After passage through
~::;::;::;:;;~
half-wave plate, the phase
E I_F·'··.·· .."
of the 0 ray is changed by ----~
180 0 relative to the E ray
Half-wave plate ---_
·/I·'4'~.-n---Optic

Polarizer
axis
....

" ',.I··c.
~~

Fig. 41.-15

axis

a

~,

--~Components

of

light vibrations
after passage
through polarizer

A half-wave plate rotates the plane of polarization of linearly polarized

light.

We have seen that linearly polarized light may be resolved into two
components whose directions of vibration are mutually perpendicular.
Referring to Figure 41-15, suppose that a beam of monochromatic light
first goes through a polarizer and then strikes a half-wave plate with the
direction of its optic axis at an angle of 45 0 with the direction of vibration
of the incident beam. We can consider the light on its passage through
the half-wave plate as resolved into two components, the E ray with its
direction of vibration parallel to the optic axis, and the 0 ray with its
direction of vibration perpendicular to the optic axis. Although these
two vibrations are in phase when the light enters the crystal, the effect of
traversing the half-wave plate is to introduce a phase difference of 7r
between them, as shown in the figure. The sum of these two vibrations
is again a linear vibration but at right angles to the direction of the vibrations of the incident beam. This can be verified by rotating an analyzer
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until extinction of the beam is produced. It must be remarked that a
half-wave plate is such only for a particular wavelength.
If a quarter-wave plate is substituted for the half-wave plate of Figure
41-15, then the phase difference between the E and the 0 vibrations of the
emergent beam will be 7r /2; that is, when the E beam has maximum amplitude, the 0 beam has zero amplitude, and when the E beam has zero
amplitude, the 0 beam has maximum amplitude. The emergent beam is
circularly polarized. If this beam is now examined with the analyzer, it
will be transmitted at all angles with equal intensity, similar to the behavior
of an unpolarized beam. To detect the fact that the emergent beam is
circularly polarized, it is necessary to introduce another quarter-wave.plate
in the path; the effect will be to convert the circularly polarized beam into
a linearly polarized beam.
If the thickness of the crystal is such as to produce a phase difference
of 7r / 4, for any particular color, it will convert a linearly polarized beam
into an elliptically polarized beam. When examined with an analyzer, the
intensity of one direction of vibration will be different from that in a
direction at right angles to it.
41-8

Interference with Polarized Light

We have already considered the phenomenon of interference using ordinary
or unpolarized light. From the preceding discussion and from the vector
superposition principle, it must be clear that destructive interference can
only take place with waves which are linearly polarized in the same di-

Fig. 41-16 A doubly refracting crystal C placed between the polarizer P and the
analyzer A when P and A are in crossed positions.

rection. It was unnecessary to make this restriction in the case of ordinary
interference phenomena, for the requirement of coherent radiation led us
to consider the interference as composed of the sum of the effects produced by the light emitted from individual atoms. In the present discussion we wish to consider special interference effects which are produced
with linearly polarized light.
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Consider, for example, a polariscope arranged in the crossed position,
as shown in Figure 41-7(b), so that no light passes through the analyzer.
If a piece of doubly refracting material, such as a quartz crystal C, with its
optic axis in the plane of the crystal face and oriented at 45 0 with the axis
of the polarizer P, is placed between the polarizer and the analyzer A,
colored light passes through the analyzer (see Figure 41-16). When
white light is incident on the polarizer, linearly polarized white light is

(a)

(b)

Fig. 41-17 Interference pattern produced by passing polarized light through a piece of
transparent plastic in a crossed polariscope. (a) Strain pattern when a bar is subjected
to a bending moment. (b) Strain pattern in a cylindrical disk subject to a diametral
compression. (Photographs by George Gerard, New York University.)

incident upon the crystal. The beam is divided into two components,
the extraordinary ray vibrating parallel to the optic axis, and the ordinary
ray vibrating perpendicular to it. Since they travel with different velocities, there will be a difference in phase when they emerge. But when the
two vibrations pass through the analyzer, only the horizontal components
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of these vibrations will be transmitted, and interference will occur between
these two transmitted rays. If the path difference due to passage through
the crystal is a half wavelength, or an odd number of half wavelengths,
these two rays will annul each other. When this is the case for the yellow
light, the light transmitted through the analyzer will be "minus yellow,"
or purple. Hence specimens of clear, colorless, doubly refracting material will appear colored when viewed through a polariscope. These
effects may be observed with pieces of mica or Scotch tape, and colored
decorative patterns may be obtained from an overlaid mosaic of transparent substances.
Many transparent materials, such as glass and clear Bakelite, which
are not noticeably doubly refracting under ordinary conditions, become so
when subjected to stresses. When such a substance is placed between the
polarizer and analyzer of a polariscope, a colored pattern may be observed.
The pattern of colors can be related to the strains in the substance produced
by the stresses. In modern engineering practice, models of structures are
built of transparent Bakelite, and the stresses induced in elements of the
structure due to applied loads may be determined with the aid of polarized
light. This type of study of the stress in a structure is called photoelasticity.
Strain patterns in loaded specimens illuminated with monochromatic light
are shown in Figure 41-17. When glassware is cooled too rapidly, internal
stresses often develop owing to nonuniform contraction. These internal
stresses may be studied by placing the object in a polariscope.
41-9

Further Effects and Applications

(a) Optical Activity. Many solids and liquids rotate the direction of
polarization of linearly polarized light. If a tube of sugar solution is placed
between a polarizer and an analyzer, it is found that the sugar solution
rotates the direction of polarization by an amount which depends upon the
length of the tube, the sugar concentration, and the type of sugar used.
In some cases the rotation is clockwise, or right-handed, and is called
dextrorotatory, while in other cases the rotation is left-handed, or levorotatory. Such a polariscope may be used to measure the concentration of
the solution of a known sugar; it is called a saccharimeter. This type of
optical activity is associated with a corkscrewlike structure of the molecules
of the substance.
(b) Kerr Effect. Many substances acquire the property of birefringence and become doubly refracting when placed in a sufficiently strong
electric field. The effect is due to anisotropic alignment of the molecules
of the substance when placed in the electric field. This effect is especially
marked in carbon disulphide and nitrobenzene. A cell of nitrobenzene of
proper thickness can be made into a temporary half-wave plate, under
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the influence of an electric field, and can act as a very fast optical shutter
when placed between crossed sheets of Polaroid. The Kerr effect is used
as the optical shutter in the geodimeter, mentioned in Section 36-8, and in
other devices to measure the velocity of light.
(c) Cotton-Mouton Effect. Some substances placed in a strong transverse magnetic field become doubly refractive, in this magnetic analogue
of the Kerr effect. The Cotton-Mouton effect is associated with the
alignment of the molecules in a magnetic field. Both the Kerr effect and
the Cotton-Mouton effect vary with temperature, as we might expect, for
the tendency of the molecules to become disaligned depends on their
random motion, which increases with temperature.
(d) Glare Reduction. Light incident upon a diffusely reflecting
surface at large angles is sometimes reflected at an angle of reflection
approximately equal to the angle of incidence. This results in glare.
When the reflected light is analyzed with a Polaroid, it is found that the
component with its vibrations parallel to the surface is much more intense
than the component whose vibrations are perpendicular to the surface.
Glare may be reduced considerably by using polarizing spectacles oriented
to absorb the horizontal vibrations.

Problems

41-1. The index of refraction of one type of flint glass is 1.65. Determine
the polarizing angle when the glass is (a) in air and (b) immersed in water of
index 1.33.
41-2. The indices of refraction of yellow light of 6,000 A in a doubly refracting medium are 1.710 for the ordinary ray and 1.740 for the extraordinary
ray. (a) Determine the velocity of each of these waves in this medium transverse
to the optic axis. (b) Determine the minimum thickness of this material necessary to produce a path difference of half a wavelength for these two rays. (c) If
white light is incident on a polariscope in the crossed position, what will be observed when this doubly refracting material is placed between the polarizer
and analyzer? What will be the intensity of the light passing through the
analyzer compared to the light incident upon the doubly refracting plate?
41-3. Derive a formula relating the critical angle 8e of a transparent substance to its polarizing angle Up.
41-4. A beam of unpolarized light is incident upon a polarizer. (a) If the
incident beam has a luminous flux of 5 lumens, what will be the luminous flux
passing through the polarizer? (b) The light is then incident upon an analyzer
whose axis is at an angle of 53° with the axis of the polarizer. What will be the
luminous flux which passes through the analyzer?
41-5. A beam of unpolarized light traveling in the +x direction is scattered
in all directions by a cloud of fine particles. (a) Is the light scattered at an angle
of 37° with the +x direction completely polarized? (b) If this scattered light is
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examined by a Polaroid, what are the relative intensities of the maximum and
minimum light transmitted by the Polaroid?
41-6. The index of refraction for the ordinary ray no of quartz is 1.544,
while the index for the extraordinary ray nE is 1.553 for sodium light. (a) Is the
ordinary Huygens wavelet inside or outside the extraordinary wavelet? (b) A ray
of polarized light is incident normally upon a slab of quartz in which the optic
axis is in the plane of incidence and makes an angle of 30° with the norma1.
What is the angle of refraction of the ordinary ray? (c) What is the angle of
refraction of the extraordinary ray? Use a Huygens construction.
41-7. A slab of quartz has its optic axis in the plane of incidence. (a) What
is the thickness of a quarter-wave plate for sodium light? (b) What is the
thickness of a half-wave plate? (c) Will the phase of the ordinary ray be advanced or retarded with respect to the extraordinary ray? Use the data of
Problem 41-6.
41-8. Circularly polarized light is incident upon a polariscope. Compared
to the incident beam, (a) what is the intensity of the light passing through the
polarizer? (b) When the analyzer is in the crossed position, what is the intensity
of the light passing through the analyzer? (c) When the axis of the analyzer
makes an angle of 53° with that of the polarizer, what is the intensity of the beam
passing through the analyzer?
41-9. Elliptically polarized light in which the amplitude of the x vibration
is three times the amplitude of the y vibration is incident upon a polarizer.
Compared to the incident beam, (a) what is the maximum intensity transmitted
through the polarizer? (b) What is the minimum intensity transmitted through
the polarizer? (c) What is the intensity transmitted through the polarizer
when it is rotated to a position midway between the maximum and minimum
position?
41-10. Elliptically polarized light, in which the amplitude of the x vibration
is twice the amplitude of the y vibration, is incident upon a quarter-wave plate,
and the light passing through the plate is then examined by an analyzer.
Compared to the incident beam, (a) what is the maximum intensity of the
light transmitted by the analyzer and (b) what is the minimum intensity of the
light transmitted by the analyzer?
41-11. Three perfect polarizers are placed in the path of a beam of unpolarized light so that the axis of the second polarizer makes an angle of 30°
with the first, while the axis of the third polarizer makes an angle of 90° with
the first and an angle of 60° with the second. Find the percentage of the incident
light transmitted by the combination.
41-12. A television antenna is found to receive a maximum signal when its
axis lies along the direction of propagation and it is oriented horizontally.
What fraction of the maximum signal is received when the plane of the antenna
is rotated about the direction of propagation so that it lies at an angle of 37°
with the horizontal?

Part Six
ATOMICS AND NUCLEONICS

42
Optical Spectra and
Atomic Structure

42-1

Types of Optical Spectra

When light passes through a prism spectroscope or a diffraction-grating
spectroscope, an optical spectrum is obtained in which the intensity of
the radiation may be analyzed as a function of wavelength. The spectrum
may be observed visually in the limited wavelength region to which the
eye is sensitive; it may be focused on a photographic plate or upon a
thermocouple or thermopile. Our knowledge of the structure of atoms
and molecules is largely dependent upon the analyses of optical spectra,
for these spectra are characteristic of the emitting atoms or molecules.
Even before the spectra of atoms were properly understood in terms of
the atomic structure, it was possible to determine the chemical composition
of an unknown substance by study of its spectrum.
The spectra obtained from radiating bodies are called emission spectra
and are classified as continuous spectra, band spectra, and line spectra,
according to their appearance in a spectroscope. Continuous spectra are
emitted by solids, liquids, and dense opaque gases at high temperatures.
The spectrum of the sun, or of a black body, is a continuous spectrum and,
as we have seen in Section 18-6, the shape of the black-body spectrum is
characteristic of its temperature. Gases at low pressures emit band or line
spectra. Line spectra have their origin in the energy changes which take
place in the atoms of a gas, while band spectra are associated with similar
changes in the molecules.
To early investigators the line spectra of atoms and the continuous
spectra of black bodies posed seemingly insurmountable problems, for
all explanations of the wavelengths of the spectral lines, or of the shape of
the continuous spectra, were inadequate. For example, by analogy with
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the properties of organ pipes and vibrating bodies, a black body was
assumed to be capable of sustaining electromagnetic vibrations in much
the same manner as an organ pipe is capable of generating a fundamental
and its overtones, under appropriate excitation, or as a room is capable of
sustaining standing waves. Each harmonic was assumed to be a mode of
vibration and to have energy kT, as in the case of the specific heats of
gases, but the calculated spectrum was in violent disagreement with the
observed spectrum. To explain the shape of this spectrum Max Planck
proposed, in 1900, that the energy of a given mode of vibration depended
upon its frequency in accordance with the relationship
(42-1 )

where 6' is the energy, f is the frequency of vibration, and h is a constant
now known as Planck's constant whose measured value is
h

= 6.624 X 10-27 erg sec.

Planck's conception, in contradiction to the well-established principle of
equipartition of energy, successfully predicted the shape of the black-body
radiation spectrum. Planck's formula was subsequently interpreted by
Einstein as implying that radiation was emitted or absorbed in discrete
units called quanta, each of which had an energy given by Equation (42-1).
This interpretation helped to explain many phenomena observed in the
interaction of radiation and matter such as the photoelectric effect and the
emission and absorption of radiation. According to the quantum theory
of light, the energy in a beam of monochromatic light of frequency f is
determined by the number of quanta hf in the beam rather than by the
square of the amplitude of vibration.
From our discussion of black-body radiation we have seen that the
efficiency of a body as a radiator of energy is equivalent to the efficiency
of the body as an absorber of radiation. Thus we should expect that, when
white light irradiated a gas, it would absorb precisely those wavelengths
which it was capable of emitting. A spectrum produced in this manner is
called an absorption spectrum. Contrary to classical expectations it was
discovered that only a few of the lines in the emission spectrum of a gas
were to be found in its absorption spectrum.
42-2

Spectrum of Hydrogen

Hydrogen, the simplest of the elements, has been investigated most extensively both theoretically and experimentally. The knowledge gained
from this study has acted as a guide to the study of more complex elements.
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As shown in Figure 42-1, the radiation emitted by hydrogen is a line
spectrum, whose wavelengths were shown by Balmer, in 1855, to be related
by a formula which may be stated as
(42-2)

for light in the visible spectrum. In this equation A is the wavelength,
R is a constant known as the Rydberg constant whose value for hydrogen is
R = 109,677.76 em-I, and n is an integer greater than 2. By substituting
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Fig. 42-1 Photograph of the emission spectrum of hydrogen showing the Balmer series
lines in the visible and the near ultraviolet regions. The numbers represent the wavelengths of the corresponding lines in angstrom units. (Reprinted by permission from
Atomic Spectra and Atomic Structure, by G. Hertzberg, Dover Publications.)

for n in Equation (42-2) the successive values 3, 4, 5, ... , we obtain the
wavelengths of the lines in the visible region and also in the near ultraviolet
region. These lines form a series known as the Balmer series of hydrogen.
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Fig. 42-2 Graph of the positions of the lines of the Balmer Reries. The upper scale is
the reciprocal of the wavelength in centimeters, while the lower scale is the wavelength
in angstrom units.

The relative positions of these lines are shown in Figure 42-2. As n approaches infinity, the wavelength difference between adjacent lines gets
smaller; the lines crowd together and approach a limit known as the
series limit.
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In addition to the Balmer series in the visible spectrum, hydrogen
emits radiation in the ultraviolet region, in a serie3 known as the Lyman
series, which is described by a formula like Equation (42-2), except that
the first term in the parentheses is replaced by 1/1 2 , and the symbol n is
replaced by integers from 2 on; there are lines in the infrared which can
be described by a series formula in which the first term in the parentheses
is replaced by 1/32 , and so on. The other series of hydrogen are shown in
Figure 42-3.
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The
upper scale is in angstrom units, while the lower scale is the reciprocal of the wavelength
in centimeters.

N one of this great regularity in the spectrum of hydrogen could be
explained by classical ideas. In absorption at ordinary temperatures,
hydrogen exhibits only the Lyman series in the ultraviolet, while several
of the absorption lines in the solar spectrum, known as the Fraunhofer lines,
lie in the Balmer series. The first quantitatively correct derivation of the
Balmer formula was given by Bohr, in 1913, in his model of the hydrogen
atom. This theory has played such an important role in the development
of atomic physics that, even though it has been modified and extended by
later developments, it is worth while presenting the original simplified
theory.
42-3

Bohr's Theory of the Hydrogen Atom

In his theory of the hydrogen atom, Bohr chose as a model a positively
charged central nucleus, consisting of a proton, about which a negatively
charged electron revolved in a circular orbit. In accordance with classical
theory, a revolving electron experiences a centripetal acceleration and
should radiate electromagnetic waves, so that the electron should lose
energy and slowly spiral into the nucleus. Bohr supposed that this would
not happen in the atom, and that only certain orbits were permitted th6
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electron according to special quantum conditions. An allowable orbit
was called a stationary state, for the electron could remain in a particular
allowed orbit without the emission of radiation or without a change in the
energy of the system.

Fig. 42-4 Niels Bohr. He made outstanding contributions to the modern theory of the
nuclear structure of the atom and formulated the theory of nuclear processes. (Courtesy
of American Institute of Physics.)

If e represents the magnitude of the charge of the electron or the
proton, the electrical force between the electron and proton is given by
Coulomb's law, expressed in Gaussian (electrostatic) units by

e2
F = -,
2
r

(42.3)

in which r is the radius of the circular orbit. The nucleus, having a mass
of 1,836 times that of the electron, is assumed to remain stationary at the
center of the circle, as though its mass were infinite. The force on the
electron owing to the attraction of the hvo charges is directed toward the
center and supplies the centripetal force necessary to keep the electron in
its circular motion. Thus we have
mv 2
r

e2
r

- = -2,

(42.4)

in which m is the mass of the electron, and v is its speed.
The energy of this system is partly potential energy and partly kinetic
energy. The potential energy of the negatively charged electron in the
field of the nucleus is given by the expression -e2 Ir, while the kinetic
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energy is simply equal to !mv 2 • From Equation (42-4) we see that

so that the total energy

e of the electron in the atom is given by
1
2
e = 2mv

2

e
- - =
r

2 r

(42-5)

The minus sign for the total energy indicates that the electron is bound to
the nucleus, and that positive work is required to remove the electron to
infinity where it has zero energy when at rest.
Nothing thus far in the theory indicates that the radiation should be
emitted in the form of sharp spectral lines. Bohr introduced two postulates
to account for the emission of sharp spectral lines. The first of these
postulates may be stated as follows: Only those orbits are permissible for
which the angular momentum of the electron is an integral multiple of h/21r.
Thus we have
(42-6)

where n is an integer called a quantum number. The orbits which satisfy
this condition are called stationary orbits. The second of Bohr's postulates
states that whenever the energy of the atom is decreased from its initial value
ei to some final value el, the atom emits radiation of frequency f in the form of
quanta or photons of energy hf such that the energy of the system of atom plus
quantum is conserved, or

lei - e

I =

hf·1

(42-7)

The radii of the permissible orbits can be obtained by eliminating v
from Equations (42-4) and (42-6) and solving for r, yielding
r

=

n2

h2

--2
2

41r me

(42-8)

By substituting known values of h, m, and e, and setting n = 1, we find
that the radius of the first orbit is
rl

= 0.529 X 10-8 cm = 0.529 A.

The energy of any orbit characterized by any quantum number n can
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be determined by eliminating r from Equations (42-5) and (42-8), yielding
27r 2 me4
6'=--.
n 2 h2

(42-9)

Applying Bohr's second postulate, we find that the frequency f of the
radiation emitted when an electron goes from its initial orbit of quantum
number ni to another orbit nf is

f

6'f __ 27r me (~
h
h3
2

-_ 6'i -

4

_

n;

~)

n7

•

(42-10)

Here is a result that can be tested by comparison with experiment.
Equation (42-10) may be re-expressed in terms of the wavelength of the
emitted line by making use of the equation Ai = c, where c is the speed of
light. We find that
2

4

27r me ( 1
1)
~=~n;-n7'
1

(42-11)

This equation can be checked directly against experimental results.
On comparison with Equation (42-2), which represents the experimental
values of the wavelengths of the Balmer series, we find that our theoretical
expression predicts a value for the Rydberg constant R of

the latter value calculated from known values of the constants in the
equation. This value is in remarkably good agreement with the experimental value of R quoted earlier. The Bohr theory thus provided the first
successful and satisfying explanation of the emission of sharp spectral lines
by hydrogen, not only qualitatively but quantitatively as well. The model
not only gave correct values of the wavelengths of the Balmer series, and
the other spectral series of hydrogen, but explained the reason for the
integers appearing in the wavelength formulas.
The hydrogen atom was pictured as a series of imaginary concentric
rings surrounding the nucleus, as shown in Figure 42-5, representing the
allowed orbits of the electron. Each ring was characterized by a quantum
number n which described the radius of the orbit, the angular momentum
of the electron in the orbit, and the energy of the electron in the orbit.
At any instant of time a neutral hydrogen atom had an electron in one of
these orbits. In emission, an electron could make a spontaneous transition
from any of these orbits to any other orbit of lower energy, that is, closer
to the nucleus, and in this transition light would be emitted of appropriate
energy, or wavelength. Thus if the electron jumped from orbit n = 4 to
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orbit n = 2, the wavelength of the radiation corresponded to the blue
line HfJ (X = 4861.3 A) of the Balmer series. In a gaseous discharge tube,
collisions between neutral atoms and charged ions caused the atoms to
become ionized; that is, the atoms were given sufficient energy in the
collision to overcome the binding energy of the electron to the proton. The

Fig.42-5 Possible quantum jumps between stationary orbits giving rise to the different
spectral series of hydrogen.

electron then had positive energy of any amount. Since any system generally seeks its configuration of lowest potential energy, an unbound electron
would tend to drop into one of the unfilled orbits of neutral hydrogen, with
the emission of a quantum of radiation. On passing from the outer orbits
to the orbit for which n = 1, the electron might fall into intermediate
orbits for a short time emitting an appropriate quantum of radiation in
each transition. Since any small quantity of hydrogen contains an enormous number of atoms, all of the lines of the hydrogen spectrum are
emitted simultaneously from a gas discharge tube.
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The Hydrogen Energy-Level Diagram

The results discussed above can be represented in a simple and elegant
manner by means of an energy-level diagram, as shown in Figure 42-6.
In this diagram the energies of the various orbits corresponding to the
different quantum numbers n are plotted on a vertical scale. Two different
sets of numbers are shown in the diagram. The numbers on the right are
the reciprocals of wavelengths in centimeters, and, when multiplied by the
constants ch, will yield the energy c in ergs. Differences between these
numbers for any two energy levels give the reciprocal of the wavelength,
called the wave number (the number of waves per centimeter), of the
radiation emitted when an electron goes from an upper level to a lower one.
The numbers on the left give the energy in electron volts. Recalling that
an electron volt is the energy acquired by an electron in falling through a
potential difference of 1 volt, we see that the energy, expressed in electron
volts, may be converted to energy expressed in joules by multiplying by
the charge of the electron, in coulombs. On the left of the diagram the
lowest level, called the ground state, is taken as the zero of energy. Thus
we see that 13.60 ev of energy must be delivered to a neutral hydrogen atom,
in its ground state, to ionize the atom. This is called the ionization potential,
for if hydrogen is placed in a gaseous discharge tube which is provided with
electrodes, there can be no significant conduction of electricity through
the gas until the electrode potential difference is higher than the ionization
potential. Beyond the level designated as n = OC!, the electron is outside
the atom and can have any value of energy; this is the shaded region of the
diagram. The numbers on the vertical lines between any two levels represent the wavelength in Angstrom units of the radiation emitted when the
energy of the atom changes from one level to another. All lines ending
at the same energy level represent spectral lines of the same series. The
thickness of the lines in the diagram represents the relative intensities of
the spectral lines, although it must be pointed out that one of the failings
of the Bohr theory is that it makes no attempt to predict the line intensities.
This prediction has been accomplished with the aid of more advanced
methods called wave mechanics or quantum mechanics.
The advantage of an energy-level diagram is that it is independent
of any particular model of the atom. Such a diagram may be constructed
from experimental data using only the wavelengths of the spectral lines
of an atom. The construction is based upon Bohr's postulate that the
frequency of spectral lines is determined by Equation (42-7), regardless
of the particular mechanical model chosen to represent the atom. Thus
all spectra, whether atomic, molecular, or nuclear, are analyzed in terms
of energy-level diagrams, based upon Bohr's analysis of hydrogen.
At temperatures where the mean translational energy of ikT, where
k is the Boltzmann constant and T is' the absolute temperature, is consider-
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The energy-level diagram for hydrogen.

ably less than the difference in energy of 10.20 ev between the ground
state and the first excited state, we would expect to find the vast majority
of hydrogen atoms in the ground state, for there is insufficient energy
available to raise atoms from the n = 1 state to the n = 2 state. Thus
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only lines corresponding to transitions from the n = 1 state to higher levels
should occur in absorption, at such temperatures. Only when the gas is at
sufficiently high temperatures should we expect to find absorption lines
of the Balmer series, for only at high temperatures will there be a significant
population of hydrogen atoms whose electrons are in the n = 2 leveL
Thus the question of why not all of the spectral lines appear in an absorption
spectrum is resolved by the Bohr theory.
If the temperature is sufficiently high, the kinetic energy of translation
exceeds 13.6 ev, and the gas is completely ionized. In this event we would
expect that the protons and electrons act as separate particles which are
not bound to each other and which are free to be much closer together
than would be permitted by the Bohr quantum conditions. We would
expect to see no spectral lines from a gas at sufficiently high temperatures.
Thus the sun and the stars emit continuous spectra rather than line
spectra. The line spectra are formed in absorption when the continuous
spectrum passes through the cooler gases in the outer atmospheres of the
sun and the stars. Furthermore, the stars and the sun consist of gases at
high temperatures, but these gases are of much greater density than the
solid matter on earth. On earth we must expect that the closest distance
of approach of two hydrogen atoms is approximately the diameter of the
first Bohr orbit. At the temperature of a star, the electron is unbound,
and there is no such restriction, so that the distance of approach of two
protons, or of a proton and an electron, is limited only by their kinetic
energies, and stellar densities may seem enormous when compared to the
densities of solid substances on earth.
When hydrogen is illuminated with light whose quantum energy is
greater than 13.6 ev, each quantum has sufficient energy to liberate an
electron from the atom. This is the photoelectric effect in a gas. Light of
longer wavelength cannot cause ionization of hydrogen gas, no matter
how intense the beam or how long the period of illumination. This prediction from the energy-level diagram is in agreement with experimental
results but is quite different from our expectations based on classical theory.
From a purely classical viewpoint, the energy flux in a light beam is
related to its vibration amplitude, so that light of any frequency should
be able to liberate photoelectrons if its intensity is sufficiently great. Here
too, the quantum viewpoint is in agreement with experiment, while the
classical analysis is not.
42-5

Atomic Structure

Attempts to extend the Bohr theory quantitatively to more complex
atoms met with failure. The best that could be accomplished was to use
the Bohr model of hydrogen as a qualitative guide or, at best, in a semi-
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quantitative way. For example, the Z electrons of a neutral atom of
atomic number Z were assumed to be moving in circular orbits about the
nucleus. Sommerfeld attempted to generalize Bohr's theory to permit
the atom to have elliptic orbits, and while the Sommerfeld theory has
been superseded, certain details of the model he used remain useful in
implementing our understanding of atomic structure. Sommerfeld
supposed that the electrons could move in elliptic orbits and found that
the orbit could be described by a principal quantum number n and an
azimuthal quantum number which we will call l, corresponding to modern
notation. The energy of the electron was found to depend upon n exactly
as in Bohr's calculation as
given by Equation (42-9), but
the angular momentum depended upon l and was given
by (lh)j(27r). For each princi- n=1
pal quantum number n, the 1=0
n=2
value of l could be any integer
1=1
between zero and n - 1, corresponding to orbits of different eccentricity, as shown in
Figure 42-7. Thus where n = 3,
there are three possible orbits
having angular momenta corresponding to l = 0, l = 1,
and l = 2. In the elliptical
n=3
orbit the principal quantum
1=0
number designates the length
n=3
of the semimajor axis, as it des1=1
n=3
ignates the orbital radius in the
1=2
Bohr circle. Thus the elliptic
Fig. 42-7 Possible electronic orbits for a
orbits fall into shells for which
given total quantum number n.
n = 1 (called the K shell),
n = 2 (called the L shell), n = 3 (called the AI shell), and so on. The
orbits within a shell are called S orbits if l = 0, P orbits if l = 1, D orbits
if l = 2, and F orbits if l = 3. Thus we speak of an electron occupying a
D orbit in the M shell, or of a 3D electron, when its orbit has a principal
quantum number of 3 and an azimuthal quantum number of 2.
An electron moving in a closed orbit is analogous to a loop of wire
carrying current, in that the electron generates a magnetic field and also
experiences a force when in a magnetic field which tends to orient the plane
of the orbit perpendicular to the external field, as in the case of a galvanometer coil. Experiment has shown that not all orientations are possible
for an atomic orbit but that the orbit may take up only certain permitted
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orientations, according to a principle known as space quantization. The
orbit can only take up those orientations in which the projection of the
azimuthal quantum number representing the orbital angular momentum
vector onto the direction of the magnetic field is itself an integer, called
the magnetic quantum number m. Furthermore, the projection of l can
be in the direction of the magnetic field or opposed to it. Thus we find
that the quantum number m may have 2l + 1 values ranging from +l
through to -l. For an orbit for which l = 2, the quantum number m
may take on the values 2, 1,0, -1, -2. In addition to this perplexing
number of parameters which we might call orbital quantum numbers, we
already have mentioned that the electron has an intrinsic angular momentum called spin, designated by the letter s. Thus each electron in an atom
is designated by four quantum numbers n, l, m, and s. The number n
designates the shell in which the orbit is located, the number l designates
the eccentricity of the orbit and its angular momentum, the number m
designates the orientation of the plane of the orbit with respect to a magnetic field, and the number s designates the spin of the electron, which
may be oriented parallel to or opposed to the direction of the magnetic
field.
Together with an extremely valuable guiding principle introduced by
Pauli in 1925, these quantum numbers serve as a vitally important guide
to the problem of atomic structure. We would normally expect a system
to fall into its configuration of lowest potential energy. Thus an atom
with many electrons would have all of its electrons in the K shell, and all
atoms would be essentially indistinguishable from each other, except
perhaps through their different masses. But we know experimentally that
this is not the case, and that atoms display characteristic valences. Furthermore, we know that the chemical properties of different atoms repeat in
cycles in the periodic table.
To solve the problem of how electrons are arranged in the periodic
table, Pauli proposed a principle, now known as the Pauli exclusion principle, which states that no two electrons in an atom can exist in the same state.
N ow the state of any electron can be completely specified by the four
quantum numbers n, l, m, and s, so that the Pauli principle states that the
group of values assigned to these four numbers must be different for all
electrons in the atom. Subject to this condition, the electrons in an atom
must occupy the states of lowest energy.
Thus an atom for which Z = 1 (hydrogen) must have its electron in
the n = 1 shell. In this shell the value of l is 0, so that m = 0. In an atom
for which Z = 2 (helium), there are two electrons which must fall into the
K shell but which must have their spins oppositely oriented. No more than
two electrons can occupy the K shell. An atom for which Z = 3 must
locate its third electron in the L shell for which n = 2. This single electron
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in the outermost shell is responsible for the fact that the chemical valence
of lithium is 1. The fact that the K shell of helium is filled is responsible
for the fact that helium is a noble gas. Thus we would expect that each
time a shell is filled we would find an inert gas, and that each time a new
shell is begun we would find a substance of valence
1. To fill the K
shell requires 2 electrons; to fill the L shell requires 8 electrons, so that
the next element of unit valency is sodium for which Z = 11.
While there are many complications in the periodic table which require far more elaboration than it is possible to give here, the basic structure and pattern of the table and of the structure of atoms are determined
by the energy-level diagram of hydrogen and by our theory of the hydrogen
atom. A table of the distribution of electrons in atoms is given as Table 5
in Appendix A, while the periodic table of the elements is given as Table
6 in Appendix A. From Table 5, Appendix A, we may note that the
shells fill in regular order until we reach potassium, for which Z = 19.
At this point we note that the 8 level in the N shell begins to be occupied
before the D level in the M shell. In the case of iron, cobalt, and nickel,
the 48 levels are occupied while the 3D levels are being filled. The spins of
the 3D electrons may reorient themselves without altering the chemical
structure of a molecule, or the crystal structure of a solid, for these depend
upon the outermost electrons. It is this distortion in the level structure
which is responsible for ferromagnetism. Another interesting aberration
occurs in the case of the rare earths, beginning with element 57. Here the
outer shells are nearly identically filled, but deep inside the atom, two
shells removed from the valence electrons, the electrons populate the 4F
subshell, for which n = 4, and l = 3. This results in nearly identical
properties for the rare-earth elements and makes purely chemical separation of these elements extremely difficult.

+

+

42-6

Changes in Our Fundamental Concepts

Around the beginning of the present century, many changes began to take
form in our fundamental concepts of physics. Light, which had been
successfully explained as a wave motion, was found to have particlelike
characteristics. The electron, which originally was an extremely small
charged particle, was found to have spin and a magnetic moment. The
concept of electron spin was introduced by Uhlenbeck and Goudsmit in
1925 to explain a fine splitting of atomic energy levels, called the fine
structure. This concept was later found to be of great value in explaining
the magnetic properties of matter. The Pauli exclusion principle was a
special rule for the organization of atoms and electrons which had no
classical analogue and which proved invaluable in explaining the electrical
properties of metals as well as the periodic table. Another concept which
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has played an important role in modern physics is one of the complete
indistinguishability of fundamental particles; that is no two electrons can
be distinguished from each other. The formal recognition that it is impossible to label individual electrons has had important consequences in
theoretical physics, as in the theory of valency.
In 1925 another new concept was introduced by Louis de Broglie to
the effect that every particle of mass m moving with speed v has associated
with it a wave of wavelength A given by
h
A=-'

mv

(42-12)

where h is Planck's constant. Thus an electron, as well as any other
particle, should have a wave associated with it. The existence of waves
associated with electrons was verified in a series of remarkable experiments
in 1927 and 1928 by Davisson and Germer, and by G. P. Thomson, and
has led to an entirely new field of physics known as electron optics. These
new ideas concerning the spin of the electron and the waves associated
with electrons in motion were incorporated into a new theory known as
wave mechanics or quantum mechanics, mainly through the work of Heisenberg, Schroedinger, Dirac, and Pauli, beginning about 1926, in which the
wave properties of electrons and the quantum character of atomic energy
levels was built into the theory, as the inertial character of mass is built
into Newton's second law of motion. As a result of these developments,
remarkably rapid progress was made in the next few years in describing
atoms, molecules, and nuclei. We shall consider these concepts in greater
detail in the succeeding chapters.

Problems
42-1. The red line of the Balmer series of hydrogen has a wavelength of
6,563 A. Determine the energy of a quantum of this radiation (a) in ergs and
(b) in electron volts.
42-2. The first line of the Lyman series of hydrogen has a wavelength of
1,216 A and is emitted in a transition from the second to the first Bohr orbits.
Calculate the energy, in electron volts, of this transition.
42-3. Ultraviolet light of wavelength 800 A is incident upon a tube containing hydrogen. Determine the minimum kinetic energy with which an
electron will be ejected from hydrogen.
42-4. At what absolute temperature would the mean kinetic energy of
molecules of hydrogen in a gas tube equal the energy required to raise hydrogen
from the ground state to the first excited state (n = 2)?
42-5. The light emitted by sodium atoms in a transition from the first
excited state to the ground state is of wavelength 5,896 A. At what temperature
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is the mean kinetic energy of sodium atoms equal to the energy required to raise
sodium to its first excited state?
42-6. A neutron has a mass of 1.67 X 10- 24 gm. What is the de Broglie
wavelength of a neutron whose velocity may be determined by assuming the
neutron to have a kinetic energy corresponding to a temperature of 20°C?
[HINT: Assume Ck = kT.]
42-7. Derive an equation for the energy with which an electron is bound to
a nucleus whose charge is Ze.
42-8. From the result of Problem 42-7, find the energy, in electron volts,
with which an electron is bound to sodium (Z = 11) in the state for which

n=1.
42-9. (a) Find the de Broglie wavelength of an electron in the nth Bohr orbit
of hydrogen. (b) What is the relationship between this wavelength and the
circumference of the nth orbit? (c) Is there any relationship between the Bohr
condition on the quantization of angular momentum and the result you obtained
in part (b).
42-10. The earth is 149 X 10 6 km from the sun and has a mass of 5.98 X 10 24
kg. What is the de Broglie wavelength of the earth?
42-11. A ball which weighs 5 oz is pitched with a velocity of 100 ft/sec.
What is the de Broglie wavelength of the ball? Would you expect such a ball
to display predominantly wavelike or particlelike behavior?
42-12. An electron has a mass of 9.1 X 10- 28 gm and a charge of 4.8 X 10- 10
stcoul. What is the de Broglie wavelength of an electron which has been accelerated through a potential difference of 100 volts? Would you expect this
electron to display wavelike or particlelike behavior in the presence of obstacles
1 mm in diameter?
42-13. The negative J.!-meson has a mass of 206 times the mass of the electron
and a charge equal to the charge of the electron. Such a meson can form a
mesic atom by falling into an appropriate Bohr orbit. Find the radius of the
first Bohr orbit of the meson in silver.
42-14. According to the correspondence principle of Bohr, we must expect
phenomena to look alike from the classical and quantum viewpoints in the limit
of large quantum numbers, for we know that the classical picture of matter is
reasonably accurate for macroscopic phenomena. Classically, we would expect
that the frequency of light emitted from the hydrogen atom would equal the
frequency of rotation of the electron in its orbit. Show that, for very large
quantum numbers, the frequency of rotation of the electron and the frequency of
the radiation emitted when the quantum number changes by unity approach
the same value f = 2cR/n 3 •

43
X-Rays

43-1

Discovery of X-Rays

The study of the electric discharge through gases led directly to the
discovery of x-rays by W. C. Roentgen in 1895. While operating a gasdischarge tube, Roentgen observed that a platinum-barium cyanide
screen at some distance from the tube fluoresced. He shielded the tube
so that no visible radiation could reach the screen, but the fluorescence
could still be observed. On interposing various materials between the
tube and the screen, he found that the intensity of the fluorescence could
be diminished, but that it was not completely obliterated. He interpreted
these observations as being due to radiation coming from the walls of the
tube which penetrated the absorbing screens and caused the screen to
fluoresce, and he called the new radiation x-rays to indicate their unknown
character. The x-rays were produced when the cathode rays struck the
glass walls of the electric-discharge tube.
Ever since their discovery, x-rays have played an important part in
the investigations of atomic physics and have added immeasurably to our
knowledge of the structure of the atom. Almost immediately after their
discovery, they were used by physicians as aids in diagnosis, and later in
therapy. Industry turned to the use of x-rays for the study of the internal
.structure of materials and for the examination of castings to determine the
presence of internal voids.
X-rays are produced whenever a stream of electrons strikes some
substance and are rapidly accelerated. The electrons may come from the
cathode of a gas-discharge tube, or, more commonly, from a heated filament.
In the Coolidge-type x-ray tube, shown in Figure 43-1, a high potential
difference, ranging from a few thousand volts to about a million volts, is
applied between the cathode and anode. The electrons are accelerated
and strike the target, that is, the anode, causing it to emit x-rays. For
many purposes it is desirable to limit the region from which x-rays are
798
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emitted, called the focal spot, and this may be done by surrounding the
filament with a metallic cup which shapes the lines of force in such a way
as to focus the electrons into a small region on the target. It is difficult
to maintain potential differences greater than a million volts between two
electrodes separated by the glass walls of a vacuum tube. The betatron,

PYREX GLASS
ENVELOPE

ELECTRON
STREAM

CATHODE
FOCUSING CUP
WINDOW
Fig. 43-1 A modern Coolidge-type x-ray tube.
Department. )

(Courtesy of General Electric X-ray

developed by D. W. Kerst in 1941, utilizes Faraday's law of electromagnetic induction as the means of accelerating electrons. The betatron
is pictured in Figure 43-2 and is shown schematically in Figure 43-3.
In Figure 43-3 we see that electrons from a heated filament Fare
accelerated by a small difference in potential applied to an injector grid G
inside a doughnut-shaped vacuum tube. The electrons are made to travel
in a circular path by a magnetic field perpendicular to the plane of the
paper, at the position of the orbit. The electrons are constrained to move
within a ring of small cross section by the shape of the magnetic field.
Electrons moving within the vacuum tube may be thought of as though
they were moving in a circular loop of wire or in the coil of a transformer.
The magnetic flux is caused to change rapidly through the central portion
of the doughnut. This changing flux induces an emf such that each time
the electron completes a circular turn, its energy has increased by the
product of the electron's charge by the emf, as in the case of the transformer.
As the energy of the electron is increased, it is necessary to adjust the magnetic field intensity at the orbit to keep the electrons rotating in a circle
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of fixed radius. In many betatrons the changing magnetic field is produced
by supplying 60-cycle alternating current to the flux coils of the electromagnet. Electrons are injected into the tube for a very short time at the
beginning of a cycle and continue traveling around the circular orbit until
the magnetic flux reaches its maximum value, in 1/240 sec. Each electron
makes hundreds of thousands of revolutions during this quarter cycle,

Fig. 43-2 The 100,000,000 electron-volt betatron. The betatron tube is in the center
between the poles of the electromagnet. (Courtesy of General Electric Company.)

gaining energy in each revolution. When the electron has gained its
maximum energy, current is sent through an additional set of coils, expanding the radius of the electron orbits so that the electrons strike a target,
generating x-rays.
Betatrons are now being operated at energies up to 300 million electron
volts (abbreviated Mev) and modified forms of betatrons are operating at
higher energies. Since the electrons are injected at the beginning of a
cycle, the x-ray output occurs in short pulses, at the peak of each cycle,
when the electrons have reached maximum energy. The electrons are
moving with speeds very close to the velocity of light, and at these high
speeds the emitted x-rays are practically confined to a narrow cone of
aperture ranging from 2° to 15° in the forward direction.
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43-2

Path of an electron in a betatron tube.

Diffraction and Interference of X-Rays

Early attempts were made to determine the character of x-rays, but the
results were quite puzzling. The rays were not deflected by an electric or
magnetic field and so did not consist of charged particles_ Although it is
known today that x-rays are refracted very slightly by matter, early
attempts to show refraction failed. The rays passed through electrical
conductors, contrary to our expectations for the behavior of an electromagnetic wave. Early attempts to produce interference effects also failed.
In 1912 von Laue argued that the reason that interference effects had not
been demonstrated was the very short wavelength of x-rays, and suggested
that x-rays might have a wavelength of the order of the spacing of the atoms
in the lattice of a crystalline solid. With his collaborators he was able to
produce diffraction effects by passing a beam of x-rays through a thin
crystal.
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If a narrow pencil of x-rays is sent through a small thin crystal, such
as a piece of rock salt, and received on a photographic plate a short distance
away, as shown in Figure 43-4, the photograph will show a series of small
spots arranged in a definite pattern. As shown in Figure 43-5, this pattern,

Fig. 43-4 Arrangement of apparatus for producing a Laue diffraction pattern using a
rock salt crystal. 8 1 and 82 are pinholes and P is the photographic plate.

as obtained with rock salt, has a fourfold symmetry characteristic of a
cubic crystal. The pattern may be interpreted by thinking of each ion of
the crystal as a scattering center for the incident beam of x-rays. The
crystal thus acts as a three-dimensional diffraction grating. The pattern
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Fig. 43-5 Photograph of Laue diffraction pattern of rock salt. (From photograph by
J. G. Dash.)

obtained on the photographic plate is called a Laue pattern. From the
distribution and intensities of the points on the photographic plate, the
arrangement of the ions in the crystal can be deduced.
A slightly different arrangement of the x-ray beam and crystal, used
by Bragg, gives a simpler pattern which may be interpreted more easily.
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This is shown in Figure 43-6, in which x-rays coming from the target T of
the x-ray tube pass through two narrow slits, and are then incident upon
the face of a crystal which is mounted on a spectrometer table. The
crystal scatters the x-rays in all directions, but the photographic plate is
set so as to receive only that part which comes from the face of the crystal.

Fig. 43-6 The single crystal x-ray spectrometer with photographic plate.
are narrow slits, C is the crystal, and P is the photographic plate.

81 and 8 2

The angle (J between the incident beam and the face of the crystal is
changed slowly by rotating the crystal. In general, the photograph will
show a series of sharp lines against a continuous background. If an
ionization chamber is used as a detector, in place of a photographic plate,
it is found that the intensity of the x-rays is a maximum when the scattered
beam makes an angle (J with the face of the crystal equal to the angle that
the incident beam makes with it. For this reason the beam is sometimes
said to be "reflected" from the crystal.
A simple explanation of the effect of the crystal in this case may be
given with the aid of Figure 43-7, in which the ions of the crystal are arranged in layers parallel to the surface of the crystal. The distance d
between atomic layers is shown greatly enlarged. The x-ray beam incident
upon the crystal at an angle (J with its face penetrates the crystal and is
scattered by the ions in all directions. Consider two rays I and II, very
close together, and consider only that part of the scattered beam which
makes an angle (J with the surface of the crystal. Ray I strikes the upper
surface at A and is reflected; ray II strikes the next layer at B and is
reflected. These two rays, which are so close together that they interact
with the same grain of photographic emulsion, have traveled different
distances. From the figure it is evident that ray II has traveled a longer
distance than ray 1. If originally they started out in phase, they will
now differ in phase because of the difference in paths of CB + BD. If this
difference in path is an integral number of wavelengths n"A, the two rays
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will reinforce each other. Thus we have constructive interference when
CD

+ BD

= 2dsinfJ = nA.

(43-1)

Equation (43-1), called the Bragg equation, is of fundamental importance in determining x-ray wavelengths and in the analysis of the structure
of crystals. As in the case of the diffraction grating, we refer to the bright
spot when n = 1 as the first-order spectrum, when n = 2 we have the
second-order spectrum, and so on. When x-rays of a particular wave-
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Fig. 43-7

Reflection of x-rays from atomic planes.

length are incident upon a crystal, reflection occurs only at angles where
the Bragg equation is satisfied. Although the above development considered atomic planes parallel to crystal face, we may consider any set of
planes drawn through the atoms of the crystal as capable of reflecting x-rays.
If we consider the first-order diffraction pattern produced when a continuous spectrum of x-rays is incident upon a crystal, as in the case of the Laue
pattern, we see that a bright spot is produced in diffraction for those
wavelengths and angles fulfilling the conditions of the Bragg equation.
If a crystal has a fourfold symmetry with respect to the direction of the
incident beam, the spots produced by one set of crystal planes will appear
four times in the pattern, corresponding to the symmetry of the crystal.
For each set of planes there is a different value of the grating space d.
Illustrative Example. An x-ray line of wavelength 1.541 A is reflected from
a set of planes in a quartz crystal in which the distance d between planes is
4.255 A. Determine the angle between the x-ray beam and the atomic planes
in the second order.
From the Bragg equation we find

. fJ =-,
nA
sIn
2d
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and, substituting numerical values, we have
. 0

SIn

=

2 X 1.541 X 10- 8 em
2 X 4.255 X 10- 8 em

=

0

.36

2

'

0

0=21 14'.
43-3

X-Rays and Crystal Structure

In using the Bragg equation, it is essential that we know independently
either the x-ray wavelength A or the spacing d between atomic or ionic
planes. At the time of the discovery of x-ray diffraction, the crystal grating
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The arrangement of sodium (Na) ions and chlorine (Gl) ions in a crystal of

salt.

space of rock salt was determined from other data, and the value of d so
obtained was used to measure x-ray wavelengths. Figure 43-8 shows the
arrangement of the ions in a rock-salt crystal. From crystallographic
studies, the crystal is known to be a cube; the centers of the ions are at the
corners of the cubes. Each sodium ion (Na+) is surrounded by 6 chlorine
ions (CI-), and each chlorine ion is surrounded by 6 sodium ions. If d is
the length of the smallest cube which can be drawn through neighboring
ions, then the volume of each cube is V = d3 . This is the volume associated with each ion. If M is the gram molecular weight of sodium chloride
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and p is its density, then the volume v of 1 mole of sodium chloride is
M

v

=-.
p

Now there are 2N0 ions in each mole of sodium chloride, where No is
the Avogadro number; hence the volume associated with each ion is
v
2No

M

V=~=--·

The distance d between ions is therefore
d-

2pNo

)Ji

- }VI
( 2pNo

.

(43.2)

Let us calculate the grating space d of rock salt. The gram molecular
weight M is the sum of the gram atomic weights of sodium and chlorine
and is
M = 22.997 + 35.457 = 58.454 gm;
the density is
and

p =

No

hence we find

=

2.164 gm/cm3 at 18°0,
6.0248 X 10 23 ;

d = 2.820 X 10-8 cm = 2.820 A, at 18°0.

With the value of the grating space of rock salt known, it is now
possible to measure x-ray wavelengths, using a rock salt crystal as a

I I
I I
X-rays

Fig.43-9

Method of obtaining x-ray diffraction patterns using a powder.

spectrometer. The crystal used must be sufficiently large and well developed, say of the order of 1 to 2 cm in length and width. Such large
crystals, sometimes called single crystals, may be found in nature and may
sometimes be grown from saturated solutions or by the slow cooling of
molten material in the case of metals. Once the wavelength of an x-ray
beam is known, that beam may be used to determine the structure of
other crystals.
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The ordinary solid is not a large crystal but is made up of many very
small crystals called microcrystals. Even when the solids are in powder
form, they consist of many microcrystals. A very powerful method of
x-ray analysis was developed by A. W. Hull, and independently by P. Debye
and P. Scherrer. This method consists in sending a narrow pencil of x-rays
of a single wavelength through a very small sample of the powder or solid,
as shown in Figure 43-9. Since the powder consists of a great many

Fig. 43-10 X-ray
powder diffraction pattern of aluminum. (Reproduced with the permission of
A. W. Hull.)

microcrystals oriented at random, there is some probability that one of
these microcrystals will be oriented so that its atomic planes make an
angle {} with the incident radiation which will satisfy the Bragg equation.
If the crystals are randomly oriented, the radiation reflected from this
plane will be symmetrically distributed with respect to the incident beam
and will form a conical shell centered at the sample S. A photographic
plate, placed at right angles to the direction of the incident beam at a
convenient distance from the sample, will record the diffraction pattern
as a set of circles, as shown in Figure 43-10. Each circle corresponds to a
particular set of atomic planes whose spacing may then be determined.
The planes we draw through the atoms of the crystal lattice ,,"ill have
different numbers of atoms per square centimeter of plane. Furthermore,
in a crystal, such as sodium chloride, it may be possible to draw planes
containing atoms of one kind, as all sodium atoms or all chlorine atoms.
These planes reflect x-rays with different intensities. When the resulting
diffraction pattern is interpreted, each of these details must be accounted for.
In a variation of this method, the photographic plate is replaced by a
photographic film bent in the form of a cylinder with the sample at its
center. Holes are cut in the film so that the direct pencil of x-rays can
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enter and leave this camera without blackening the film. When this film
is unwrapped and developed, we obtain the type of pattern shown in
Figure 43-11. The x-ray powder diffraction pattern has lines whose position and intensity are determined by the crystal itself. Thus x-ray patterns
may be used to identify unknown crystals. The procedure followed is to

Fig. 43-11 X-ray powder diffraction pattern of tungsten obtained with a photographic
film bent in the form of a circular cylinder. X-rays from a copper target were used in
making this photograph. (From a photograph made by L. L. Wyman and supplied
by A. W. Hull.)

prepare patterns from a large number of known substances, and to code
these patterns in terms of the d spacings of the three most intense lines
obtained in the powder pattern. The pattern obtained with an unknown
substance may then be identified, in much the same way that the atomic
composition of an unknown is determined from its optical spectrum.
43-4

X-Ray Spectra and Atomic Structure

When x-rays from any target are analyzed with a crystal spectrometer,
the spectrum is found to consist of a series of sharp lines superimposed on
a continuous background of radiation, as shown in Figure 43-12. The
energy in the continuous portion of the spectrum is found to depend upon
the voltage across the tube, the current passing through the tube, and the
atomic number of the element which constitutes the target; the higher the
atomic number, the greater is the energy, the other quantities remaining
constant. The sharp lines which are superimposed on the continuous
radiation are found to be characteristic of the target.
The first systematic study of the characteristic x-ray spectra of the
elements was made by Moseley in 1913. He used a modification of the
Bragg method in which the crystal spectrometer and the photographic
plate were placed in an evacuated chamber to avoid absorption in air of
the x-rays of long wavelength. Each element investigated was used as the
target of an x-ray tube. He found that all the elements gave similar types
of spectra; the lines emitted by each element were classified into two groups
or series: a group of short wavelengths called the J{ series and a group of
comparatively long wavelength called the L series. These two series are
widely separated from one another in wavelength, as illustrated in Figure
43-13 for the case of silver. Other investigators have found two other
series of still longer wavelengths in the heavier elements, classified as 111
series and N series. One of the important results of Moseley's work was
the discovery that the square root of the frequency of the J{a lines of the
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elements he investigated was proportional to the atomic number Z.
Moseley's work provided certain evidence that elements were missing from

Molybdenum
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Fig. 43-12 Characteristic K a and K(3lines superposed on the continuous x-ray spectrum
of molybdenum. Note the sharp cutoff at the wavelength Amin.
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Relative positions of the K and L x-ray series lines of silver.

the periodic table, as known at that time, and that the atomic number
rather than the atomic weight was the key to the properties of the elements.
The characteristic x-ray spectra of the elements fit neatly into our
theory of atomic structure. For example, the frequency of the most
intense line of the K series can be written in the form

f

= cR(Z -

1) 2

(1 1)

12 - 2 2 '

(43-3)
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in which R is the Rydberg constant, c is the velocity of light, and Z is the
atomic number of the element emitting this line of frequency j. The interpretation of this equation is that this line is emitted when an electron
goes from the L shell in which the principal quantum number is 2 to the
K shell in which the principal quantum number is 1. All lines of the K
series are associated with the transition of an electron from an outer orbit
to the K shell.
To understand the appearance of the factor (Z - 1) rather than Z
in the equation, let us consider how the x-rays are produced. In the atoms
of the elements investigated, the orbits of the principal quantum numbers
1 and 2 are completely filled. An electron from the cathode of the x-ray
tube strikes the target with energy Ve, where V is the potential difference
between the anode and cathode of the x-ray tube. When such an electron
approaches an atom in the target, this electron may knock an electron out
of the orbit for which n = 1. Since the other electrons in this atom are
in their normal states, the electron which has been ejected from the K shell
is removed outside the atom. The atom is thus ionized and left in an excited state. It is highly probable that an electron from the L shell may
jump into the vacancy left behind in the K shell, thereby emitting radiation
of frequency j, given by Equation (43-3). As for the factor (Z - 1), since
normally the orbit for which n = 1 has 2 electrons, when one is removed
the other electron still remains in this orbit, and effectively "screens" the Z
positive charges of the nucleus. Hence when an electron goes from the L
shell to the K shell it moves in an electric field due to Z positive charges
and 1 negative charge, or effectively Z - 1 positive charges.
The interpretation of the x-ray spectra is simplified by the use of an
energy-level diagram such as that shown in Figure 43-14, Let us take the
normal atom with all of its electrons in their normal states as our zero level
of energy. When an electron is removed from the innermost orbit, a
certain amount of energy must be supplied to do this; let us call this
amount of energy e K, and we shall say that the atom is in the K state.
If, however, an electron from the L shell is removed from the neutral atom,
than a smaller amount of energy will be required; we shall call this amount
of energy eLand say that the atom is now in the L state. An atom in the
M state is one in which an electron is removed from the M shell, for which
n = 3, and so on. These energy states are plotted in the diagram.
Suppose that an atom has been raised to the K state by the removal
of an electron from orbit n = 1. If an electron goes from orbit n = 2 to
orbit n = 1, the atom will be left in the L state, and the frequency of the
{lmitted radiation will be
(43.4)
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In the diagram this is called the K a line. Similarly, the K{3 line is emitted
in the transition from the M shell to the K shell, and so on.
The continuous x-ray spectrum provides us with another important
verification of the quantum character of electromagnetic radiation. In
Figure 43-12 we note that the continuous spectrum exhibits a minimum
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Fig.43-14

Simplified x-ray energy-level diagram.

wavelength, Amin. When the voltage across the tube is increased, the shortwavelength limit is shifted toward smaller values. The continuous spectrum results from the acceleration of the electrons when they strike the
target. The energy may be radiated in a single quantum or in several
quanta, but no single quantum can be emitted which has more energy than
the kinetic energy of the incident electron. Thus we have
re= hf

TT

max

he
=--,
Amin

(43-5)

where V is the voltage across the x-ray tube, e is the electronic charge, and
h is Planck's constant. Ve represents the energy with which an electron
strikes the target. Duane and Hunt carried out a series of careful experiments on the determination of the short-wavelength limit of the continuous
x-ray spectrum for various voltages across the x-ray tube and found the
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value of Planck's constant to be
h

=

6.556 X 1027 erg sec,

in good agreement with other determinations made optically.
The information obtained by the study of optical and x-ray spectra
has played an important part in establishing our present view of atomic
structure, particularly the arrangement and distribution of electrons of the
atom. Thus the energy-level diagram may be verified in the absorption of
x-rays by means of the photoelectric effect. The interaction of x-rays with
atoms is associated with the filled inner shells, while the interaction of
visible light with matter is associated with the outermost electrons. The
energy of the emitted photoelectron may be determined by means of a
magnetic spectrometer. When the photoelectron is emitted from the K
shell, we find that

ee

=

hf -

ex,

where f is the frequency of the incident x-rays, ex is the K level energy,
and ee is the kinetic energy of the emitted photoelectron.
43-5

Particles and Waves

As we have seen, radiation has a dual character, that of a wave motion and
that of a corpuscular nature. The wave character of radiation has been
amply verified by the phenomena of interference, diffraction, and polarization which we have outlined for x-rays and for visible light.
The corpuscular character of radiation was first introduced by Planck
to explain the distribution of energy in the continuous spectrum of a black
body at a high temperature. This idea was used by Einstein to explain
the photoelectric effect and by Bohr to explain the spectrum of hydrogen,
and was found applicable to the spectra of higher-atomic-number elements
and to x-ray spectra. Another very convincing argument concerning the
corpuscular nature of electromagnetic radiation is provided by the Compton
effect.
From classical electromagnetic theory it is known that a beam of
radiation has momentum as well as energy. As we have seen in our discussion of momentum and impulse, force is equal to the rate of change of
momentum. When a light beam is incident upon a black plate and is
absorbed by it, the light beam not only delivers energy to the plate but
delivers momentum as well, thereby changing the momentum of the plate.
The light beam thus exerts a force on the plate. This was verified experimentally by Nichols and Hull in 1903, who measured the force exerted by
light from an arc lamp on a blackened disk suspended from a quartz fiber.
The force per unit area, called the radiation pressure, measured by Nichols
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and Hull was about 7 X 10-5 dynejcm 2 ; this value was within 2 per cent
of that calculated from electromagnetic theory.
If the concept of momentum applies to a light beam, it must apply to
the quanta as well. It will be recalled that a quantity of energy e has a
mass m given by
(7-12b)

where e is the speed of light. N ow the energy of a quantum of light, or a
photon, is given by
e = hf,
hence the mass of a photon is
hf

m=-·
2
e

(43-6)

Since momentum is the product of the mass of a particle by its velocity,
the momentum p of a photon is
p = me,
so that
hf
p =-.
(43-7)
e

Let us consider the scattering of a beam of x-rays by matter. From
the point of view of electromagnetic waves, we would imagine that the
electric vector of the electromagnetic wave caused the charged particles of
the substance to vibrate, and that these particles would reradiate energy
of the same frequency as the incident beam. The scattering would be due
to the electrons of the substance, for their acceleration would be greater
than the acceleration of the nucleus under the application of a given force.
On examination of the wavelength of the scattered beam with an x-ray
spectrometer, A. H. Compton found that the scattered beam contained not
only x-rays of the original frequency f and wavelength A but also radiation
of a lower frequency f' and thus of longer wavelength A'. The explanation
of this effect, given by Compton, is that the x-ray photon makes an elastic
collision with an electron and is scattered by it, and, if the electron is free
to move, the photon gives up some of its energy to the electron. Using
the principle of conservation of energy, we can write
hf

=

hi'

+ !mv 2 ,

(43-8)

where hf is the energy of the incident photon, hi' the energy of the scattered photon, and !mv 2 the kinetic energy of the scattered electron. Since
this is a collision between two particles, we can apply the principle of conservation of momentum to this process. Figure 43-15 shows the incident
photon with momentum hfj e, the photon scattered through an angle 8

814

§43-5

X-RAYS

with momentum hi'/ e, and the electron recoiling as a result of the collision
with momentum mv in a direction making an angle </> with the original
direction of the incident radiation. From the principle of conservation of
momentum, we get the equations

hi = -hi' cos (J + mv cos </>

-

and

e

e

o = -hi'
sin (J
e

Incident photon

-

mv sin </>.

(43-9a)

(43-9b)

hf
c

Fig. 43-15 The Compton effect; scattering of a photon and recoil of an electron as a
result of a collision.

Equation (43-9a) states that the initial momentum along the original direction of the x-ray beam is equal to the components in this direction of the
final momenta of the scattered photon and the recoil electron. Equation
(43-9b) is a similar expression for the components of the momenta at right
angles to the original direction of motion.
If the above three equations are solved for the frequency of the scattered photon, and the result is then converted to their corresponding wavelengths, the result obtained is
,
A - A=

h
(1 - cos (J),
me

-

(43-10)

where A' is the wavelength of the ray scattered at an angle (J, and Ais the
original wavelength. The change in wavelength depends only upon the
angle of scattering and not upon the substance. The results predicted by
Equation (43-10) have been amply verified by many careful experiments.
The energy and momentum of the recoil electron have also been measured,
and the results have been found in agreement with the predictions made
from the solutions of the above equations. Once again, radiation was
found to have a corpuscular character in its interaction with matter.
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As has been previously stated (Section 42-6), Louis de Broglie, using
the dual character of radiation as a guide, put forth the hypothesis that
there should be a wave motion associated with every material particle. If
m is the mass of a particle and v its speed, its momentum is p = mv. The
wavelength A associated with this particle should be given by the same
relationship as that connecting wavelength and momentum of electromagnetic waves
A = hlp,
so that

A = hlmv.

(43-11)

Fig. 43-16 Diffraction pattern obtained by passing a beam of electrons through gold
foil; thickness of foil was about 250 A. (Reproduced from photograph by Oliver Row
and N. R. Mukherjee.)

De Broglie's hypothesis was verified in two classic experiments-one
performed by Davisson and Germer in 1927, and the other performed by
G. P. Thomson in 1928. In the Davisson-Germer experiment, a stream of
electrons was reflected from a nickel crystal. Intense maxima were observed
at certain angles of reflection, which could be explained only in terms of
constructive interference of electron waves from different atomic layers of
the nickel crystal. The Bragg equation together with the de Broglie
equation provide an explanation of the reflection maxima. Electrons,
formerly thought to be wholly particlelike in character, were found to
display wave properties.
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In the Thomson experiment, a stream of electrons of known velocity
was sent through a very thin metal foil. Since a metal foil consists of many
microcrystals oriented at random, the pattern obtained is similar to that
obtained in the powdered crystal x-ray diffraction experiments. From the
FL ORESCENT SCREEN
HOTOGRAPHIC EMULSION
PROJECTION LENS POLE PIECES
OBJECTIVE LENS POLE PIECES
SPECIMEN STAGE
SHIELDING APERTURE:GRID
FILAMENT
FILAMENT ADJUSTMENT
ULATING GUN SUPPORT

Fig. 43-17 A simplified cross section of a small electron-microscope unit.
of RCA Laboratories.)

(Courtesy

results of these experiments, G. P. Thomson was able to compute the
grating space of metallic crystals in the thin foil, and the results agreed
very well with those obtained by x-ray diffraction. The diffraction pattern
obtained when a narrow beam of electrons is sent through a thin gold foil
is shown in Figure 43-16.
The wave character of material particles is not limited to electrons
but is characteristic of all matter. Diffraction patterns have been obtained
by reflecting hydrogen and helium molecules from crystal surfaces. The
wavelengths computed from the results of these experiments agreed with
those calculated from Equation (43-11), where the velocity v of the molecules was determined from a knowledge of the temperature of the gas.
One of the practical results of the de Broglie hypothesis was the
development of the electron microscope. We recall that the resolving power
of a microscope is limited by the wavelength of the illuminating radiation.
By using electrons of appropriate speed, the wavelength of these electron
waves may be made any desired value. The electron beam may illuminate
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a specimen by means of properly arranged electric and magnetic fields
which form electron lenses and may then be focused onto a fluorescent
screen or a photographic plate to produce an
image of the specimen. Such an electron
microscope is shown in Figure 43-17, while
pictures of a specimen taken optically and
with an electron microscope are shown in
Figures 43-18 and 43-19. In each of the two
pictures the actual resolving power is about
a factor of 3 from the theoretical limit of
resolution of the microscopes used. The
highest resolution obtained with an electron microscope is about 20 A.

Fig,43-18 Photograph with an
optical microscope of crystals of
monohydrated aluminum oxide.
Magnification 500 X.
(Courtesy
of J. Hillier, RCA Laboratories.)

Fig, 43-19
Electron-microscope
photograph of the tip of one of the
crystals of Figure 43-18. Magnification 90,000X. (Courtesy of
J. Hillier, RCA Laboratories.)

Illustrative Example. Find the de Broglie wavelength of an electron accelerated through a potential difference of 100 volts.
The energy acquired by an electron in passing through a potential difference
of 100 volts appears as kinetic energy, so that
Ve
mv

Thus
Kow

or

=

=

!mv 2 ,

(2Vem)%,

Ve = 100 volts X 1.6 X 10- 19 coul = 1.6 X 10- 17 joule,
Ve

=

1.6 X 10- 10 erg.
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The mass of the electron is
Thus

k
A= - =
mv

m

= 9.1 X 10- 28 gm, and k = 6.62 X 10- 27 erg sec.

6.62 X 10- 27
,
(2 X 1.6 X 10- 10 X 9.1 X 1O-28)~

A = 1.23 X 10- 8 em

=

1.23 A.

This wavelength is of the order of atomic dimensions.
43-6

Heisenberg's Uncertainty Principle

An interesting interpretation of the wave-particle duality of both matter
and radiant energy has been given by Heisenberg. Heisenberg's uncertainty
principle refers to the simultaneous determination of the position and
momentum of a particle and states that the uncertainty i1x involved in the
measurement of the coordinate of a particle and the uncertainty i1px involved
in the simultaneous determination of its corresponding momentum are governed
by the relationship
(43-12)

where h is Planck's constant.
Let us examine an idealized experiment to see how the wave concept
acts as a limitation on the particle concept, giving rise to the uncertainty
principle. One such idealized experiment was given by Bohr. Suppose it
is desired to determine the position of an electron, using some instrument
such as a microscope of very high resolving power. It may be shown that
the resolving power of a microscope is given by
A

i1x = - . - '

(43-13)

SIn a

where i1x represents the distance between two points which can just be
resolved by the microscope, A is the wavelength of the light used, and a is
the semivertical angle of the cone of light coming from the illuminated
object into the microscope objective. The uncertainty in the determination
of the x coordinate of the electron is represented by i1x. To make i1x as
small as possible, we must use light of very short wavelength, or x-rays or
gamma rays. The minimum amount of light that can be used is a single
quantum hf. When the electron scatters this quantum into the microscope,
as shown in Figure 43-20, the electron will receive some momentum from
the quantum, for the process by which the radiation is scattered is the
Compton effect. Since the scattered quantum can enter the microscope
anywhere within the semivertical angle a, the x component of the momentum which the electron acquires is uncertain by an amount
i1px

.

h .

= P sm a = };: sm a,
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where hlX is the momentum of the quantum. The product of the uncertainties in the determination of the simultaneous values of position and
momentum is therefore
X
h.
Ax Apx = - . - X - sm a = h.
sma
X

Lens

Schematic diagram of a
gamma-ray microscope. If we neglect
the change in wavelength of the scattered
gamma ray, we note that the electron
recoils with a momentum whose x component ranges between the limits
±p sin ex about some central value, depending on whether the gamma ray
entering the microscope takes path 1,
E.
path 2, or some intermediate path.
-~---~----~
Fig. 43-20

hv=

hl> =p
c

The uncertainty principle has had some striking implications in physics
itself and in the philosophical exten sions of physical concepts. In Newtonian mechanics the trajectory of a particle was completely determined if
the initial position and momentum of the particle were known initially with
any desired precision, and the forces acting on the particle could also be
specified. Since the forces acting on a particle are generated by other
particles through gravitation, through the electric and magnetic fields, and
so on, a knowledge of the position and momentum of each particle in the
universe at anyone time made it possible to predict, at least in principle
the position of each particle at every other time. Since each of us is composed of elementary particles, this state of affairs implied that our lives
were completely predetermined. The uncertainty principle has taken away
the physical foundation which was assumed to lie at the basis of this
philosophy of determinism, for the wave-particle duality of both particles
and waves implies that it is impossible to specify both the position and
momentum of an elementary particle with sufficient precision to predict
its future with certainty.
The wave-particle duality has been clarified by the principle of complementarity expressed by Bohr. According to Bohr, the wave and particle
aspects of a phenomenon are never exhibited simultaneously. For some
phenomena an electron may be interpreted as a wave, while for others it
may be interpreted as a particle. The particle does not alter its characteristics, but rather, these two aspects of the electron are complementary
rather than contradictory descriptions, for they represent limiting cases of
a more complete description which may not yet have been achieved. In
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such a description the electron is neither wave nor particle but is described
mathematically by an equation or function which under some conditions
is more nearly approximated by a wave, while under other conditions may
be discussed as though it were a particle. We have seen evidence of this
sort of thing in optics. In the phenomena of reflection and refraction, we
may achieve a sufficient description of light by treating infinitely narrow
rays, and as long as we are interested in the magnifications produced by
lenses and mirrors and optical instruments, we may overlook the wave
nature of light. In interference and diffraction phenomena we find it
essential to treat light as a wave motion, and we must assert that it is
impossible to restrict a light beam so that it is infinitely narrow.
Problems

43-1. A single crystal x-ray spectrometer with a quartz crystal (d = 4.255 A)
is used to analyze the x-rays from a molybdenum target. The wavelength of the
K", line of molybdenum is 0.7078 A. (a) Determine the angle between the
incident beam and the face of the crystal so that this line may be reflected in the
first order. (b) Determine the angle between the incident beam and the reflected beam. (c) The atomic number of molybdenum is 42. As calculated from
Equation (43-3), what is the percentage error in the calculated wavelength as
compared to the experimental wavelength of this K", line?
43-2. (a) What is the frequency of the K", line of tungsten for which Z = 74?
(b) What is the energy required to move a K shell electron just out of the atom?
This may be inferred from Equation (43-3). (c) What voltage must be applied
to a tungsten-target x-ray tube to excite the K series lines of tungsten?
43-3. A single crystal x-ray spectrometer with a calcite crystal is used to
analyze the x-rays from a tube with a silver target. A very intense line is obtained when the beam makes an angle of 5°17' with the crystal. Determine the
wavelength of this line. The grating space of calcite is 3.0294 A.
43-4. The K energy level of silver is 25,500 ev. X-rays of wavelength 0.40 A
incident upon a silver foil eject electrons from the K levels of some of the silver
atoms. (a) Determine the energy of the incident photons in electron volts.
(b) Determine the kinetic energy of the ejected electrons in electron volts.
43-5. Assuming that Equation (43-3) may be extended to all the lines of the
K series by proper adjustment of the quantum numbers, find the wavelengths of
the K series lines of silver (Z = 47). Consult Table 5, Appendix A, to determine
how many lines there are in this series.
43-6. Determine the energy, in electron volts, of the K", line of sodium.
43-7. A high-voltage vacuum-tube rectifier with a tungsten filament and a
nickel plate is used to rectify alternating voltages with a peak value of 100,000
volts. (a) Will x-rays be emitted from this tube? (b) If so, what will be the
shortest wavelength generated by the tube? (c) What is the excitation energy of
the K state of nickel? Assume that you may infer this value by appropriate
adjustment of Equation (43-3). (d) Will the K", line of nickel be emitted from
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either the filament or the plate of this diode? (e) If a continuous spectrum of
x-rays is emitted from the tube, will it be emitted from the filament or the plate?
43-8. Determine the change in wavelength produced when an x-ray photon is
scattered by a substance (a) through an angle of 90° and (b) through an angle
of 180°.
43-9. X-rays of wavelength 0.500 A are incident upon a block of carbon.
(a) Determine the energy of the photons of the incident beam. (b) Determine the
change in energy of the photons which are scattered through an angle of 90°.
(c) Assuming that this scattering is due to free electrons which originally had
negligible energy and momentum, determine the energy of the recoil electrons.
43-10. Referring to Problem 43-9, determine (a) the momenta of the incident
photons, (b) the momenta of the photons scattered through 90°, and (c) the
momenta of the recoil electrons.
43-11. (a) Determine the wavelength associated with an electron whose
energy is 1,600 ev. (b) Assuming that Bragg's law holds for the waves associated
with electrons, determine the angle at which a stream of electrons should be
directed toward the surface of a rock salt crystal to obtain maximum reflection,
if the energy of these electrons is 1,600 ev.
43-12, (a) An electron is moving with a velocity of 2 X 10 8 cm/sec.
Determine its momentum and wavelength. (b) A proton is moving with a
velocity of 2 X 10 8 em/sec. Determine its momentum and wavelength.
43-13. A stream of helium gas consists of helium atoms moving with an
average speed of 3 X 10 5 cm/sec. Determine (a) the average momentum of a
helium atom and (b) the wavelength associated with such an atom.
43-14, When we know that a particle is enclosed within a cubical container
of side s, we may say that its position is given by the coordinates of the center
of the box, with an uncertainty in each coordinate of s/2. Let us suppose that
an electron is imprisoned in a box whose walls are equivalent in strength to a
potential of -100 volts, the inside of the box being at ground potential 01' at
zero potential. How small can the box be so that the electron will remain trapped
in the box? We may assume that the electron will leave the box when the uncertainty in its energy is equal to the potential barrier represented by the walls.
43-15. A particle rests on the level surface of a yard provided with a high
wall. (a) From a classical Newtonian viewpoint, how high does the wall have to
to be to keep the particle inside? (b) If the yard is 20 ft wide, and a ball has a
mass of 1 gm, how high must the wall be, according to the uncertainty principle?
(c) If the "yard" is 10- 6 cm wide and the particle has a mass of 10- 10 gm, how
high must the wall be? (d) If the "yard" is 10- 13 em wide and the particle has
a mass of 10- 27 gm, how high must the wall be? Assume that the "wall" is built
in a uniform gravitational field in which g = 980 cm/sec 2 •
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44-1

Atoms and Nuclei

Atomic and nuclear physics are essentially twentieth-century developments,
although these had their origins at the close of the nineteenth century.
These developments followed two parallel streams, as shown in Figure 44-1,
one dealing with the electronic structure of the atom and the other dealing
with its nuclear structure. These two streams served to feed each other
and were fed by all other branches of physics, but only a few of the more
important contributions concerning the nature of radiation, matter, and
energy are shown in the figure.
Before proceeding with a discussion of nuclear properties, it will be
worth while to recapitulate some of the phenomena which have been discussed or inferred previously, to emphasize them for the present discussion.
There are at present 102 known elements, of which the elements of atomic
number above 93 are not found in nature but have been synthetically
produced in the laboratory and in the atomic bomb. Each element is
characterized by two numbers (a) its atomic number and (b) its atomic
weight. The atomic numbers run consecutively from 1 to 102, at present,
and the atomic weights range from 1 to more than 250. We recall that the
atomic number was initially simply a serial number which was assigned
when the elements were arranged in order of their atomic weights and
chemical properties in the periodic table. The work of Moseley on the
characteristic x-ray spectra demonstrated that the atomic number Z was
a property of fundamental significance. We now know that the atomic
number is the number of protons in the nucleus of the atom. At one time
in the history of chemistry, the discovery of a new element was extremely
important, and the possibility always existed that a large number of elements might be found in one place in the periodic table, as in the case of
the rare earths. This possibility no longer exists. There are two scales of
atomic weight in general use. The chemical system of atomic weights is
based upon the assignment of atomic weight 16 to oxygen, in the isotope
822
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distribution which is found on the earth, while the physical scale of atomic
weight is based on the assignment of atomic weight 16 to the most abundant
isotope of oxygen. The difference between these scales is quite small; the
ratio of the physical to the chemical scale of atomic weights being 1.000275.
This difference is significant in physical measurements.
We shall take for granted that each atom consists of a positively
charged nucleus of very small diameter, surrounded by an appropriate
number of electrons so that the atom is electrically neutral in its normal
state. The nucleus is composed of neutrons and protons, where the neutron
is an electrically neutral particle of atomic weight 1.008987, and the proton
is a positively charged particle of atomic weight 1.007595, whose charge is:
equal in magnitude to the electronic charge of e = 4.802 X 10- 10 stcoul =
1.602 X 10- 19 coul.
44-2

Equivalence of Mass and Energy

Until the advent of Einstein's theory of special relativity, one of the
fundamental principles of physics and chemistry was the principle of the
conservation of mass, which stated that the mass of an isolated system
remained constant under all changes of physical states and chemical composition. Einstein recognized that mass was a form of energy, and that
the principle of conservation of energy had to be enlarged to include mass.
It will be recalled that the principle of conservation of energy was first
formulated about 1847, when it was shown definitely that heat is a form
of energy. Previous to this period there was a conservation theorem which
concerned only the mechanical forms of energy, kinetic and potential
energy, for mechanical transformations which occurred in frictionless,
systems. After the convincing work of Joule on the mechanical equivalent
of heat, the concept of energy was extended to include heat. With the
formulation of Maxwell's electromagnetic theory of light and the discovery
of various forms of electromagnetic radiation, the principle of conservation
of energy was readily extended to include electromagnetic radiation among
the forms of energy. N ow mass is included as one aspect of energy, along
with other forms of energy.
Einstein showed that if a mass rn is measured in grams or kilograms,
the energy e of this mass can be expressed in ergs or joules by the relationship
(44-1)

where c is the speed of light and is equal to 3 X 10 10 em/sec for conversion
from grams to ergs, and is 3 X 108 m/sec for conversion from kilograms to
joules.
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\Vhenever a substance gains energy, as when it is heated, the substance
gains in mass. Whenever a substance loses energy, as in an exothermal
chemical reaction, the substance loses mass. In general, the mass change
associated with ordinary chemical processes is undetectable; the energy
liberated when 1 grn is converted into other forms of energy is

If

=

1 gm X (3 X 10 10 )2

=

9 X 10 20 ergs

=

2.25 X 10 13 cal,

while chemical processes involve energy changes of the order of 106 cal/mole.
Thus the mass changes in such processes are of the order of 10-7 grn in a

Fig. 44-2 Albert Einstein. He developed
the theory of relativity and revolutionized
the mode of thinking about fundamental
physical problems. One consequence of
this theory was the extension of the concept of energy to include mass as a form of
energy. Another part of the theory gives
us a new insight into gravitational phenomena. He also developed the fundamental equation of the photoelectric
effect and the theory of Brownian motion.
(Official U.S. Navy Photo from Acme.)

mole of substance, which is beyond the limit of measurement. It is interesting that the mass changes sought by the advocates of the caloric theory
of heat, who tried to determine the weight of caloric, are today required
by theory and found in experiment in nuclear reactions.
The conversion of mass into other forms of energy is believed to be
going on continuously in the sun and other stars. This process is the basis
for the construction of nuclear weapons and nuclear reactors. The fundamental mode of conversion of mass into energy is through changes in the
nuclear constitution of atoms. An important clue to this process is the
precise measurement of the masses of atoms and a comparison of these
values with the masses of the constituent particles.
44-3

Positive Ions. Mass Spectrograph

An instrument designed to measure the mass of an ion is called a mass
spectrometer or a mass spectrograph, depending on whether an electrical
method or a photographic plate is used to record the ions. Modern mass
spectrometers are instruments of very high precision which are capable of
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determining atomic masses very accurately and also of determining the
number and relative abundance of the isotopes of which the elements are
composed.
The term isotopes was introduced by Soddy as a result of the study of
the radioactive elements. It was found that several groups of elements
having identical chemical properties but different atomic weights were
formed in the process of radioactive disintegration. The term "isotopes"
was used to designate elements which occupied the same place in the
periodic table. It was subsequently found that these elements
had the same atomic number but
different atomic weights. Because
some elements had atomic weights
which differed considerably from
whole numbers, it was suggested
that these elements consisted of
two or more different isotopes
having different atomic weights.
p'
p
The search for isotopes among the
stable elements was begun by J. J.
Thomson in 1910, and the first
element successfully investigated
was neon, whose atomic weight
20.2 differs appreciably from a
whole number. By sending the
positive ions formed in a gas-discharge tube through electric and
Fig. 44-3 Dempster's mass spectrograph
magnetic fields, Thomson deterwhich uses a capacitor with cylindrical
mined the ratio of the charge to
plates.
the mass of these ions and found
that neon consists of at least two isotopes of atomic masses very close to
20 and 22. Many variations of the original method were made by later
investigators to improve the accuracy of this method.
In order to avoid confusion, let us introduce two new terms: (a) the
atomic mass refers to the mass of an isotope of an element, based upon the
physical scale in which the oxygen isotope of atomic mass 16.0000 is taken
as the standard; this is the lightest of the three isotopes found in ordinary
oxygen; (b) the mass number of an isotope of an element refers to the
whole number which is nearest to the atomic mass of the isotope.
There are many varieties of mass spectrographs and spectrometers in
use in research and industrial laboratories. The essential parts of a mass
spectrograph designed by A. J. Dempster are sketched in Figure 44-3.
These parts are enclosed in a vacuum chamber. Positive ions from a
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convenient source pass through the narrow slit S into a radial electric field
between two cylindrical plates C1 and C2 of a capacitor. The ions are
deflected from C1 toward C2 • Only those ions with appropriate velocity
traverse the circular path between the capacitor plates. If E is the radial
component of the electric field in this region, and R is the radius of the path,
,ye require that
mv 2

Ee = --,
R
where e and m are the charge and mass of an ion. The ion beam may
originate in an electric discharge in a gas and may contain ions of many
different velocities. The capacitor serves as a velocity selector. A short
168

170

172

174

176

1<
Fig. 44-4 A photograph of the isotopes of ytterbium obtained with Dempster's mass
spectrograph. The mass numbers of the isotopes can be obtained from the number scale
printed above the lines. (Reprinted from a photograph supplied to the author by Prof.
A.. J. Dempster.)

distance beyond the electric field the ions enter a uniform magnetic field
which is at right angles to the plane of the paper, and, after traversing a
semicircular path, strike the photographic plate P p' on which they are
recorded. The radius T of the semicircular path is given by
mv 2

-=Bev
T

'

where B is the magnetic flux density. From these equations we find that
ER
v=-,
Br

and

e

ER

m

(Br)~

- = --') ,

(44-2)

where all quantities are expressed in mks units.
A typical spectrogram obtained with this apparatus is illustrated in
Figure 44-4, which shows the isotopes of the rare-earth element ytterbium.
The mass number of each isotope is shown above the line formed by its
ions on the photographic plate. Mass spectrometers are widely used in the
petroleum industry as a means of following the refining and cracking proc-
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esses. Here the molecular weight of large organic molecules is an important
factor in the suitability of a fuel for a particular use, and this may be
determined most easily with a mass spectrometer.
44-4

Masses of Isotopes and Nuclear Structure

Investigations with the mass spectrograph have established that there are
about 300 different stable isotopes among the 102 known elements. The
range of mass numbers runs from 1 to more than 250. The atomic masses
of these isotopes differ very little from whole numbers. The number of
stable isotopes per element varies from 1 for elements fluorine and gold to
10 for element tin. There is one thing which is common to all the isotopes
of anyone element: that is the total positive charge carried by the nucleus of
the atom. Hence, in the neutral atom, the number of electrons surrounding
the nucleus is the same for each isotope of anyone element.
Since the isotopes of anyone element have the same atomic number
Z, every atom of the element displays essentially the same chemical
behavior and has the same number of outer electrons. Differences among
the atomic masses of an element must therefore be due to differences in
their nuclei; the fact that the atomic masses of all isotopes are nearly
integers suggests that nuclei are made up of particles (called nucleons) of
approximately unit atomic mass. At present, two particles of nuclear size
and mass nearly equal to unity are known. These are the proton and the
neutron. The proton is the positively charged nucleus of the hydrogen
atom of mass number 1. The hydrogen atom consists of 1 proton as
nucleus and 1 electron outside the nucleus. Since the mass of the hydrogen
atom is about 1,840 times the mass of the electron, practically the entire
mass of the atom is due to the proton. On our scale of atomic units, the
atomic mass of hydrogen is 1.00815, the mass of the electron is 0.00055,
and the mass of the proton is 1.00760. The total number of neutrons an,d
protons in a nucleus is equal to the mass number A of the isotope of an
element. Thus the number of neutrons in the nucleus is N = A - Z, and
the isotopes of anyone element differ only in the number of neutrons in the
nuclei of the atoms. Thus helium, the second element in the periodic table,
has Z = 2. Its most abundant isotope has a mass number A = 4; its
nucleus has 2 neutrons in addition to 2 protons.
An examination of the known stable isotopes is particularly interesting.
Figure 44-5 is a graph of the neutron number N plotted against the proton
number Z of the stable isotopes. The region of stability on this neutronproton diagram is rather narrow. For low mass numbers N = Z, while
for high mass numbers there are about 1.6 neutrons for each proton. Lines
of constant A can be drawn at angles of 135 0 with the Z axis; such lines
pass through isobars, that is, nuclei of equal mass. In general, lines of
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constant A pass through one or two stable isotopes. There are only four
cases of such lines passing through three stable isobars, at A = 96, 124, 130,
144
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Neutron-proton diagram of stable nuclei.

and 136. Another interesting point is that more than half of the stable
nuclei have even numbers of protons and neutrons, and are referred to as
even-even nuclei. About 20 per cent have even Z odd N, while about the
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same number have odd Z and even N. There are only four stable nuclei
which have odd Z and odd N, namely IH 2 , 3Li6, sE lO , and 7N14, where the
number appearing as a left-hand subscript represents Z, while the righthand superscript represents A. In the nucleus, nature has a decided preference for even numbers. We may interpret Figure 44-5 by inferring that
points to the left of the stability region have too many neutrons, while
points to the right of the stability region have too few neutrons, and that
such isotopes will suffer radioactive disintegration.
The particles which constitute a nucleus exert forces on each other.
If the only force between nuclear particles were the Coulomb repulsive
force between particles of like charge, we would expect to find no nucleus
beyond hydrogen. There must be another type of force between nucleons.
For want of a better name, we shall call this a nuclear force. The exact
nature of nuclear forces is not well known and is being extensively investigated by means of high-energy particle accelerators. We may think of the
nuclear force as the glue which holds the nucleus together. This glue can
be furnished a nucleus without the addition of an electrical repulsive force
by adding a neutron rather than a proton.
The nuclear force acts through very short distances, for experiment
shows that the nucleus is a compact structure, occupying a volume which
is essentially the volume of its A nucleons. The range of the electrical repulsive force between protons is much greater than the range of
the nuclear force. Thus we find that the more massive nuclei which
have large values of Z must have more neutrons per proton than the
lighter nuclei.
It is to be expected that the ideas and concepts that proved so effective
in determining the electronic structure of atoms should be carried over into
nuclear physics. One of these ideas is that of shell structure or level structure,
with certain shells closed owing to the stability of the system with the given
number of particles, much as the stability of the rare gases is determined by
the closure of atomic shells. The neutron and proton both have spin
quantum numbers of t like the electron, so that 2 neutrons or 2 protons
can exist in a given orbital energy state. Evidence first advanced by
Maria G.Mayer in 1948 showed that nuclei having 20, 50, or 82 protons
or 20, 50, 82,. or 126 neutrons were particularly stable. The evidence used
included the number of stable isotopes in a given category. For example,
there are seven stable isotopes with N = 82, while there is only one for
N = 81 and one for N = 83. Tin, for which Z = 50, has the largest
number of stable isotopes, namely 10, of any element. These numbers,
sometimes called magic numbers, now have some theoretical foundation,
based upon the filling of nuclear energy levels in a postulated nuclear force
field.
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Binding Energy of Atoms and Nuclei

Let us suppose that a neutral atom of mass number it and atomic number
Z is formed by bringing together it nucleons (Z protons plus N neutrons)
in the nucleus and Z electrons outside the nucleus. Since this atom is a
stable structure, its total energy must be less than that of a system consisting of these same particles separated by such large distances that the
effect of the nuclear forces and the electrical forces holding an atom together
are negligible. The difference between the total energy of the separated
particles and the total energy of the neutral atom composed of these particles is the binding energy of the atom. From the principle of equivalence of
mass and energy, it can be concluded that the decrease in energy produced
in the formation of the atom should be evidenced by a decrease in the mass
of the system. The mass of the atom should be less than the sum of the
masses of its constituent particles. This was first brought to light as a
result of the very precise determinations of the masses of isotopes by means
of the mass spectrometer.
As a simple example, let us consider the formation of deuterium IH 2 ,
whose nucleus consists of 1 neutron and 1 proton. The atomic mass of the
deuterium atom is 2.01474 atomic mass units (abbreviated amu). The
sum of the masses of the constituent particles, in atomic mass units, is
proton mass = 1.00760
neutron mass = 1.00899
electron mass = 0.00055
total
2.01714

amu,
amu,
amu,
amu.

Thus the mass of a deuterium atom is less than the sum of the masses of
the constituent particles by 0.00240 amu.
To appreciate the meaning of these numbers, let us convert the atomic
mass unit into more commonly used units. Now 1 amu is one sixteenth
of the mass of an oxygen atom of mass number 16 and atomic mass 16.
Since there are No atoms in 16 gm of oxygen, 1 atom has a mass of 16
gmjNo, so that 1 amu, which is one sixteenth of this, is simply
19m
19m
1 amu = - - = ------,
No
6.025 X 10 23
from which

1 amu = 1.66 X 10-24 gm.

Using the relationship between mass and energy given in Equation (44-1),
we find that
1 amu = 1.49 X 10-3 erg.
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Another convenient unit of energy is the electron volt where
1 ev

=

1.60 X 10- 12 erg.

Thus
1 amu = 931.2 X 106 ev = 931.2 Mev,
where Mev stands for million electron volts.
The binding energy of the deuterium atom which has been determined
to be 0.00240 amu is therefore equal to 2.23 Mev. In order to separate
deuterium into its constituent particles, an amount of energy equal to
2.23 Mev must be supplied. This may be done by irradiating deuterium
with gamma rays. When these rays have energy greater than 2.23 Mev,
it is observed that deuterium is decomposed into its components, that is,
into 1 neutron and 1 proton. The binding energy of the electron is very
nearly equal to the energy required to ionize a hydrogen atom, or 13.6 ev.
This energy is negligible compared to the total binding energy of deuterium.
Practically the entire binding energy is that of the two nucleons in the
deuterium nueleus. This calculation gives us an indication of the relative
magnitudes of the energies involved in atomic and nuclear processes.
~ ormal chemical reactions which deal with the outer electrons of an atom
are associated with energies of the order of 10 ev/atom. In nuclear reactions the energies involved are of the order of millions of electron volts
per nucleon. While the nucleus does not participate in a chemical reaction,
it exercises a controlling influence on any chemical process through its
determination of the valency of the atom. Conversely, the state of chemical
combination exercises little or no influence on nuclear processes.
The binding energy 6' B of a nucleus is given by
(44-3)

where M H is the mass of a hydrogen atom, M~n is the mass of the neutron,
and M is the mass of the atom as determined in the mass spectrograph.
The mass of a hydrogen atom rather than the mass of a proton is used in
order to correct for the number of electrons. If the total binding energy
of the nucleus is divided by A, the mass number, we obtain the average
binding energy per nucleon, which is plotted in Figure 44-6. Here we see
that the average binding energy per nucleon is about 8 Mev for elements
of mass number 20 or greater. Of course the binding energy of the hydrogen
nucleus is zero. We note that the bindinll; energy per nucleon is about 7.6
Mev for uranium, while it is about 8.7 Mev for manganese. When a
uranium nucleus is split into several smaller parts, this difference in binding
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energy results in the liberation of about 1 Mevjnucleon, or about 200
Mevjnucleus. We see that a given mass of uranium liberates millions of
times as much energy through nuclear processes as through chemical
processes. Thus nuclear fuels are millions of times more compact than
chemical fuels. A greater amount of energy is liberated when protons and
neutrons are converted into helium, for here the binding energy is about
7.2 Mevjnucleon. This is the basis of the sun's energy and of thermonuclear processes, such as the hydrogen bomb.
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In Figure 44-6 we note the presence of binding-energy peaks in the
light elements at intervals of AA = 4. If we imagine that there are energy
levels in the nucleus for both neutrons and protons, we would expect these
levels to be filled by pairs of neutrons and pairs of protons. According to
the patterns established in the atom, a filled level is a more stable structure
than an unfilled level. Thus we expect a preference for even numbers of
neutrons and protons, and for systems which contain multiples of the
helium nucleus. This is indeed the case until we have accumulated sufficient protons in the nucleus for the electrical repulsive force to become a
dominating factor. In this connection it is interesting that the isotope
4Be8 is unstable and is not found in nature, for the saturation of nuclear
forces is so great in helium that a combination of two helium nuclei is not
a stable form. These characteristics of the nucleus and the fact that a
relatively constant binding energy per nucleon is observed in the heavier
nuclei indicate that each nucleon is bound only to its near neighbors, and
that the nuclear force is a short-range force.
The atomic masses of the isotopes are given in Table 3, Appendix A.
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Problems

44-1. Calculate the difference between the binding energy of a nucleus of
C12 and the sum of the binding energies of three alpha particles. (An alpha
particle is a He nucleus.)
44-2. Using the data given in Table 3, Appendix A, calculate the binding
energy of the last neutron in a 3LF nucleus (a) in atomic mass units and (b) in
million electron volts. (c) What is the voltage which must be applied across an
x-ray tube in order that the x-rays emitted have sufficient energy to decompose
this nucleus into 3Li 6 + a neutron?
44-3. Singly charged lithium ions of mass numbers 6 and 7, liberated from
a heated anode, are accelerated by means of a difference of potential of 400 volts
between the anode and the cathode, and then pass through a hole in the cathode
into a uniform magnetic field perpendicular to their direction of motion. If the
magnetic induction is 800 gausses, determine the radii of the paths of these ions.
44-4. Calculate the mass energy of a proton, in million electron volts.
44-5. Uranium isotopes of mass numbers 235 and 238 a.re to be separated
from a piece of uranium by using a mass spectrometer which will deflect them
through 180 0 into two collectors 4.0 cm apart. If the singly charged ions have
energies of 2,000 ev when entering the magnetic field, calculate (a) the magnetic
induction necessary to achieve this separation and (b) the radii of the paths of
the ions.
44-6. Calculate, in electron volts, the electrostatic potential energy of two
protons when their centers are 1.5 X 10- 12 cm apart.
44-7. From Figure 44-6 calculate the energy released per atom when a
uranium nucleus for which A = 235 splits into two fission products whose mass
numbers are 72 and 163, respectively.
44-8. Let us suppose that a gram of uranium A = 238 and Z = 92 splits
into fragments, each of mass number 119 and atomic number 46, and that the
resulting material is a gas. Assuming that no energy is lost from the system
and that the temperature is sufficiently high that each of the 92 electrons of a
uranium atom acts as a free particle, calculate the final temperature of the
resulting gas.
44-9. (a) How much energy, in calories, is liberated when 1 gm of hydrogen
is converted into helium? (b) The heat of combustion of bituminous coal is
approximately 10,000 Btu/lb. In this fusion process, how much coal is energetically equivalent to 1 gm of hydrogen?

45
Natural Radioactivity

45-1

The Discovery of Radioactivity: Evidence from the Nucleus

The discovery of an important phenomenon usually leads to other important discoveries. The discovery of x-rays by Roentgen in 1895 led to the
discovery of radioactivity by Becquerel in 1896. In the gas type of x-ray
tube used by Roentgen, the glass walls of the tube were observed to
fluoresce. Becquerel was interested in determining whether there was any
relationship between the fluorescence of the glass of an x-ray tube and the
phosphorescence of certain salts which were irradiated by ordinary light.
One of the salts used by Becquerel was the double sulphate of uranium and
potassium. He wrapped a photographic plate in very thick black paper,
placed a crystal of the uranium salt on it, and exposed the whole thing to
sunlight. Later, on developing the plate, he found the silhouette of the
crystals on the negative; he interpreted this as produced by radiations
coming from the crystal. He also performed other experiments in which
he placed various absorbing materials between the uranium salt and the
photographic plate; in each case, upon developing the plate, he found the
shadow of the absorbing material imaged on the plate; he interpreted this
as being due to the absorption of the radiation by the substance which had
been placed between the uranium salt and the photographic plate. The
crowning experiment was the one in which he decided not to irradiate the
salt with light from an external source but to determine whether the salt was
itself the source of these radiations. For these experiments he built a light
tight box that would hold a photographic plate at the bottom. In one
experiment some uranium salt crystals were placed on the photographic
plate; later, on developing this plate, Becquerel obtained the silhouettes
of the individual crystals. In another experiment he put a piece of aluminum between the uranium crystals and the photographic plate, and,
on developing the plate, he again found the silhouettes of the crystals,
but they were of decreased intensity due to the absorption of some of the
radiations by the aluminum. From these experiments Becquerel concluded
835
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that the radiations came from the uranium salt, and that the external light
had no influence on them.
Becquerel then proceeded with a series of experiments to determine
the origin of these radiations. He used a variety of compounds of uranium
in these experiments and came to the conclusion that the radiations were
emitted by the uranium in the compounds. Some of the compounds used
were phosphorescent; others were not. Becquerel also discovered a most
important property of these radiations; namely, they could cause the dis-

p
(3
Fig. 45-1 Paths of the rays from a
radioactive substance R in a magnetic field. The magnetic field is
perpendicular to the plane of the
paper and directed into the paper.

charge of electrically charged bodies. This made it possible to investigate
the phenomenon quantitatively with the aid of ionization chambers and
electroscopes or electrometers.
Using an ionization method, Mme. Curie made quantitative measurements on the activity of uranium salt and demonstrated that this activity
was directly proportional to the mass of uranium, showing that radioactivity was an atomic rather than a molecular phenomenon. In 1898
M. and Mme. Curie discovered two new radioactive elements, polonium
and radium, in a systematic chemical analysis of uranium pitchblende.
The activity of radium was found to be more than a million times that of
an equal mass of uranium. Many more radioactive substances have been
discovered since then.
Early work by Rutherford on the penetrating power of the radiation
from uranium salt showed that the radiation consisted of two components:
a very soft radiation easily absorbed in matter, which he called alpha rays,
and a more penetrating type called beta rays. Subsequent work showed
that radioactive substances emitted a third type of radiation called gamma
rays. When a radioactive source is placed in an evacuated chamber provided with a photographic plate, as shown in Figure 45-1, and a strong
magnetic field is applied at right angles to the plane of the paper, three
distinct lines are found on the photographic plate. The line deflected to
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the left in the figure is produced by positively charged alpha rays. The
line deflected to the right is produced by negatively charged beta rays.
The undeviated line is produced by gamma rays, which are undeflected by
the magnetic field. Experiments on interference and diffraction of the
gamma rays, similar to those performed with x-rays, show that gamma
rays are electromagnetic radiations of very short wavelengths of the order
of 0.1 A or less. The alpha particles making up the alpha rays are known
to be helium nuclei, and the beta rays are known to consist of electrons.
These radiations are spontaneously emitted by radioactive nuclei; that is,
radioactivity is a nuclear rather than an atomic process.
45-2

Radioactive

Transforma~ions.

Half Life

The rate at which a particular radioactive material disintegrates is, with
only minor exceptions, independent of physical and chemical conditions.
In general, we find that it is impossible to predict which of the atoms in a
given collection will disintegrate at a particular time, but that it is possible
to make statistical predictions that a certain number of atoms will disintegrate in a given time interval. This implies that each atom has equal
probability A of disintegrating in a unit time, and that the probability that
this atom will disintegrate in a time interval dt is given by A dt. If there
are N atoms of a particular species present in a given sample, the total
number of atoms we would expect to disintegrate in the time interval dt
is the product of the number of atoms present by the probability that each
one will disintegrate, or
dN

=

-

AN dt,

(45-1)

where dN is the number of disintegrating atoms, or the number whose
species is changed, in the time interval dt. Integrating this expression,
we find
(45-2)

where No represents the number of atoms present at time t = 0, N is the
number remaining at time t, and A is a constant for the particular process
called the disintegration constant. Equation (45-2) shows that the number
of atoms of a given radioactive substance decreases exponentially with
time. Half of the material will have disintegrated at the end of a time T,
called the half life, which can be determined by setting N = N 0/2, and
t = T in Equation (45-2), yielding
AT = loge 2 = 0.693.

(45-3)

At the end of one half life, one half of the original material remains in the
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sample; at the end of two half lives, one quarter of the original material
will still be in existence, and so on.
The half lives vary considerably among the radioactive elements.
Radium, for example has a half life of 1,620 years, while that of radon is
3.82 days. In general, we find that the process of alpha emission exhibits
the longest half lives, ranging up to billions of years. The process of beta
emission is of intermediate lifetime, while the process of gamma-ray emission has half lives ranging from months to intervals of 10-10 sec. The half
life of a radioactive substance may be determined by measuring its disintegration rate dN jdt. This may be measured with an ion chamber and
an electrometer by measuring the ion currents generated by the emitted
radiations, or by means of a Geiger counter.
One interesting application of the concept of radioactive disintegration
lies in the field of radiocarbon dating. Carbon 14 is a radioactive isotope of
carbon with a half life of 5,580 years. In terms of the earth's age of several
billions of years, the half life of carbon 14 is very small, and any of this
isotope originally present would be very much depleted. It is believed that
cosmic radiation incident upon the earth's atmosphere continually replenishes the supply of carbon 14, by the interaction of neutrons liberated in
the atmosphere by cosmic rays, with atmospheric nitrogen. Carbon is a
constituent of all living matter. When a living organism dies, its intake
of carbon 14 from the atmosphere ceases, and the percentage of this isotope
in the carbon constituent of organic matter diminishes exponentially after
death. It is thus possible to determine the age of archaeological and
geological samples containing carbon by determining the percentage of
carbon 14 in them and by assuming that the rate of production of this
isotope has remained reasonably constant. Wherever possible, age determinations by radiocarbon dating are compared with other reliable methods
as a check, and it has been found that carbon dating has been verysatisfactory. It is now possible to use carbon dating with reasonable accuracy
for age determinations up to about 30,000 years.
45-3

Radioactive Series

In the years following the discovery of radioactivity of uranium by Becquerel in 1896, many elements and isotopes of elements were found to be
radioactive. Most of the naturally radioactive isotopes were found to be
genetically related and fitted into one of three radioactive series. These are
known as the uranium series, the thorium series, and the actinium series.
Radium, for example, is a member of the uranium series. This series starts
with the isotope of uranium, 92 U 238 , which has a half life of 4.50 X 109
years. The other members of the series are formed through a succession
of alpha-particle andjor beta-particle emissions,as shown in Figure 45-2.
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The emission of an alpha particle by an isotope having given values of'
Z and A results in the production of a new isotope of atomic number Z - 2
and mass number A .- 4. The emission of a beta particle leaves the mass
number unchanged but increases the atomic number of the product nucleus
to Z
1.
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Fig. 45-2 The naturally radioactive uranium series. The half lives of the disintegrations are expressed in either years (y), days (d), hours (h), minutes (m), or seconds (8).

Each of the three naturally radioactive series terminates with a nonradioactive isotope of lead. In the uranium series this isotope has a mass
number of 208, in the actinium series its mass number is 207, and in the
thorium series its mass number is 208.
The half lives of the radioactive isotopes of the uranium series are
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indicated in Figure 45-2. If a sample of ore containing uranium is analyzed
chemically, and the percentage of uranium and lead is measured, it is
possible to calculate from the ratio of uranium to lead how long a time
must have elapsed for the radioactive production of this amount of lead.
This value can be used as an indication of the age of the earth. From such
measurements the age of the earth is known to lie between 3 and 6 billion
years.
In our discussion of radioactive decay, it was tacitly assumed that a
given isotope will have only one mode of disintegration. However, a
glance at Figure 45-2 will show many interesting cases of branching. For
example, the isotope of polonium with Z = 84 and A = 218, also known
as radium A, will decay most often (in 99.96 per cent of the cases) with the
emission of an alpha particle forming the product nucleus 82Pb214. However, in a few cases (0.04 per cent) the nuclei will emit beta particles,
forming the product nucleus Z = 85 and A = 218, an isotope of astatine.
We interpret branching as indicating that a given nucleus may decay in
two ways with different probabilities; the probability for disintegration
by the first mode is ~'1, and the probability for disintegration in the second
mode is A2. In this case the total probability for disintegration by any
mode is A = Al + A2. The isotope disintegrates according to the disintegration constant A, but the branching ratios or the percentage of the
disintegrations which take place in a particular branch is determined by
the constants, Al and A2'
When a radioactive decay chain is in equilibrium, the number of atoms
of any particular isotope remains substantially constant. Thus if the chain
or series consists of isotopes A, B, C, and so on, which are formed by
successive disintegrations, the number of atoms of isotope B remains constant, implying that the number of B atoms formed from A is equal to the
number of disintegrating B atoms, in any time interval. From Equation
(45-1) this implies
(45-4)

and we may determine the disintegration constant of a long-lived member
of the chain by chemically isolating one of the shorter-lived members C.
The disintegration constant AC may be measured by means of an ion
chamber, and N c may be determined with an analytical balance and a
knowledge of the atomic weight of this isotope. If, then, element A is
separated chemically and weighed, the number N A of A atoms present may
be determined, and AA may then be calculated from Equation (45-4).
45-4

Radioactive Disintegration by Alpha-Particle Emission

The alpha particle is the nucleus of the helium atom. This was suggested
by experimental determinations of the ratio of charge to mass determined
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by Rutherford and co-workers in an apparatus similar to a mass spectrograph. To make the identification certain Rutherford and Royds, in 1909,
carried out a spectrographic analysis by collecting the alpha particles
emitted by the radioactive element radon into a spectroscopic tube which
had previously been thoroughly evacuated. Using a spectroscope, they
examined the light emitted by this tube under electrical excitation, and
observed the spectrum of helium. This spectroscopic evidence proves
conclusively that alpha particles are helium nuclei. The alpha particles
became helium atoms by the capture of electrons from the glass walls of
the tube.
G
Light

A

C
P
Lc

Fig. 45-3

Schematic diagram of a Wilson cloud chamber.

The energy of the alpha particles emitted from a particular isotope
may be determined by measuring the radius of the circular orbit which the
particles follow when they pass into a transverse magnetic field. When
this is done, it is found that the alpha particles. are emitted in a line spectrum;
that is, the alpha particles are emitted with characteristic energies. This
is interpreted as meaning that each alpha particle is emitted in a transition
from a discrete state of the parent nucleus to a discrete state of the product
nucleus. The energy of alpha particles may also be determined by measuring the range of the particle in a gas, such as air, using a Wilson cloud
chamber, as shown in Figure 45-3. This apparatus consists essentially of a
cylinder C containing a gas saturated \yith water vapor, and a piston P
which may be lowered very rapidly to produce a sudden expansion of the
gas in the chamber. As a result of this expansion, the gas is cooled and
becomes supersaturated with water vapor. If there are any ions present in
the gas, the water vapor will condense on these ions, forming small droplets.
If a source of alpha particles is placed inside the chamber at A, then, in
their passage through the gas in the chamber, the alpha particles will ionize
gas molecules along their paths. During each expansion of the gas, water
droplets form on the ions, showing the path of each individual alpha
particle. Typical alpha-ray tracks are shown in Figure 45-4. These tracks
are, in general, straight lines almost up to the end of the range. Occasionally, a track is bent sharply, or else it branches off into two tracks. These
are usually ascribed to collisions with nuclei of the gas.

842

§45-4

NATURAL RADIOACTIVITY

An important relationship exists between the range of alpha particles
and the disintegration constant of the emitter, known as the Geiger-Nuttall
law, which is usually written in the form
log R = A log A + B,

(45-5)

where A is a constant which has practically the same value for each of the
three radioactive series, and B is a constant which has a different value for
each series.

Flg.45·4 Tracks of a particles from thorium (C + C') in a Wilson cloud chamber,
shoVl1ng two distinct ranges. (From Rutherford, Chadwick and Ellis, Radiations from
Radioactive Substances. By permission of The Macmillan Company, publishers.)

The radioactive disintegration of a nucleus by alpha-particle emission
was first successfully explained, in terms of the penetration of a potential
barrier, by Gamow, Condon, and Gurney in 1928. The alpha particle
emitted from a nucleus in a given transition comes out of each nucleus with
the same kinetic energy, but this energy is much smaller than the height of
the barrier. The barrier arises from the Coulomb repulsive force upon an
alpha particle. At the radius of the nucleus, given by
R

= roA %,

(45-6)

where R is the nuclear radius, and the radius parameter ro = 1.4 X 10-13
em, the potential energy of an alpha particle would be about 30 Mev in
U238, while the kinetic energy of the emitted alpha particles is only 4.2
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Mev. From a classical point of view, the alpha particle should never leave
the nucleus, for it is surrounded by high potential walls which it cannot surmount, as shown in Figure 45-5. Thus, classically, there should be no such
thing as alpha particle emission. When the alpha particle is considered as a
wave, incident upon the barrier in one of its reflections back and forth
within the nucleus, its passage through the barrier is determined by considerations similar to the transmission of light through a film. The thickness of the film seen by the alpha particle depends upon its energy Ifa.

u
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Fig. 45-5 Potential barrier presented by the nuclear charge and nuclear forces to an
alpha particle. An alpha particle of energy c" sees a barrier of width w and height H

Particles of high energy see a thin film which they pass through quite
readily, while particles of low energy see a thick film, for which the probability of penetration is small. Using these wave mechanical ideas and the
appropriate equations, Gamow, Condon, and Gurney were able to account
quantitatively for the Geiger-Nuttall law.
The transmission of alpha particles through a nuclear barrier is analogous to the transmission of light through a thin air film. Let us suppose that
light is incident upon the face of a totally reflecting prism, as shown in
Figure 45-6. When the hypotenuse of the prism is placed in contact with
a second prism whose hypotenuse is slightly curved, we would expect light
to be transmitted through the region of contact, but the question arises
as to whether there should be any light passing through the thin air film
because of the total internal reflection expected in the prism I. When the
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light passing through both prisms is examined, we see a spot of light surrounded by interference maxima, indicating that there has been transmission of light through the air film, just as there is penetration of alpha
particles through a potential barrier, We must understand that the
concept of total internal reflection of light is a ray concept, analogous to

Fig. 45-6 Light partially transmitted through a thin film, though
incident upon the face of a "totally
reflecting" prism, I.

the particle concept of an alpha particle. When the problem of total internal reflection is examined from the wave point of view, the wave amplitude does not diminish to very small intensity for a distance of several
wavelengths outside the total reflecting surface, and if a second glass surface
is interposed, as in the case of prism II, some of the light is transmitted.
45-5

Scattering of Alpha Particles by Nuclei

An alpha particle is a comparatively massive particle possessing a considerable amount of kinetic energy. Its mass is about 7,500 times that of an
electron, and its kmetic energy may be of the order of several million electron volts. It thus forms an ideal projectile for investigating the properties
of atoms. Beginning in 1910, Rutherford and his co-workers, Geiger and
Marsden, undertook a series of experiments in which alpha particles of
known energy were fired at thin metallic foils, as shown in Figure 45-7.
Most of the alpha particles went straight through the foils without deviation, many others were deviated, or scattered through small angles, but a
few were deviated through angles greater than 90°; that is, they were
scattered backward toward the side facing the incident beam.
Alpha particles carry a positive charge equivalent to twice the charge
of an electron. Because of their large energy and great mass, the only way
to account for the backward scattering of the alpha particles was to assume
that they came very close to another massive charged particle. Furthermore, since most of the alpha particles incident on the foil went through it
with little or no deviation, the massive charged particles must be very small
in comparison with the distance between them, as indicated in Figure 45-8.
On the basis of these experiments, Rutherford, in 1911, proposed his
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nuclear theory of the atom. These experiments were then extended to
determine the nuclear charge and the nuclear radius, and to produce nuclear
disintegrations artificially by bombarding the nuclei with alpha particles.
It must be emphasized that Rutherford's alpha-particle-scattering experi-

Scattered
alpha particles

Incident
alpha particles

Fig. 45·7 Alpha particles direeted against a thin foil. Most of them go through the
foil either without any deviation or with very slight deviations from the original direction.
A few alpha particles, however, are deviated through very large angles.
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Fig. 45-8 Schematic diagram showing the paths of some alpha particles through a thin
foil. The distances between nuclei (larger circles) are much greater than those shown
here. A close approach of an alpha particle to a nucleus will therefore be a very rare
event.

ment represented the beginning of nuclear physics and the nuclear theory of
the atom. It was upon this foundation that the Bohr theory of the atom
was laid. The technique of bombarding the nucleus with particles of high
energy to explore its properties was introduced by Rutherford and forms
the basis of the present-day methods for exploring nuclear forces and other
nuclear properties. The higher the energy of the bombarding particle, the

846

§45-6

NATURAL RADIOACTIVITY

farther into the nucleus the particle can penetrate, so that we may obtain
greater knowledge of the nuclear structure. It is for this reason that
physicists are continually engaged in the construction of accelerators
capable of producing particles of higher and higher energies.
45-6

Beta-Ray Spectra

The beta particles, or electrons, emitted in the radioactive disintegration of
a nucleus are most commonly investigated by measurement of the radii of
curvature of their paths in a magnetic field of known induction B. One
such arrangement is shown in Figure 45-9. In this arrangement beta rays
from the source C are bent around by the magnetic field and are focused on
the aperture O. The number of particles entering the aperture 0 is counted

D

B

To pump

To defector
Fig. 45-9

Variable field magnetic spectrometer.

at a given value of the magnetic induction B. By repeating this determination at a number of different values of B, the number of particles in a given
momentum interval can be determined as a function of the momentum.
The results of these experiments show that there are apparently two
distinct types of beta-ray spectra, one a sharp line spectrum, and the other a
continuous spectrum. The sharp line spectrum has been shown to consist
of internal conversion electrons. A nucleus in an excited state may descend
to the ground state either by the emission of a gamma ray, as we will see
in the next section, or by a radiationless transfer of its energy to an atomic
electron. The latter process is called internal conversion and takes place
by the emission of a K, L, M, or N electron from the electronic shells of
the atom. The continuous spectrum is that produced by the electrons
emitted by the nucleus in the process of beta decay. A typical beta spectrum is shown in Figure 45-10, where the number of beta particles having a
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given energy is plotted as the ordinate, and the energy of these particles,
expressed in million electron volts, is plotted as abscissa. The beta-ray
spectrum of an isotope differs remarkably from the other spectra characteristic of the same element in that all other characteristic spectra are line
spectra, while the beta-ray spectrum is a continuous spectrum. Since the
spectrum is presumably emitted in the transition of a nucleus of atomic
number Z and mass number A in a definite energy state to a definite energy
18
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Fig, 45 -1 0 Distribution of energy among beta particles emitted in the beta decay of
bismuth, A = 210 (radium E).

state of a nucleus of atomic number Z + 1 and mass number A, it was
difficult to understand why the spectrum was a continuous one.
It was originally believed that the beta particles were emitted with discrete energy, and that these particles lost energy on passing out of the
sample by collision with the atoms of the sample. Calorimetric measurements showed that this was not so, and that the mean energy per disintegration corresponded to the mean energy of the spectrum rather than
its end-point energy. A way out of the dilemma was suggested by Pauli
in 1931. Pauli proposed that the actual disintegration energy corresponded
to the end-point energy in the beta-ray spectrum, and that a second particle
was emitted simultaneously, along with the beta particle. This particle,
called the neutrino, was assumed to be an electrically neutral particle of very
small mass. The disintegration energy of the nucleus is then shared among
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the electron, the neutrino, and the product nucleus in such a way as to
conserve energy and momentum. This implies that the spectrum is continuous, and the total energy of the particles involved in the process may
be shared in any way consistent with the conservation laws.
When it was first proposed, the neutrino seemed an interesting fiction,
invented to account for the missing energy in beta decay. As time passed,
evidence accumulated to lend substance to the neutrino concept. In 1934
Fermi developed a theory of beta decay based on the neutrino which accounted for the shape of the beta-ray spectrum. Recently, Reines and
Cowan (1953) have detected the neutrino in a very elaborate experiment
utilizing the copious supply of neutrinos produced during the operation of
a nuclear reactor. Very little detailed information is known about the
neutrino. For example, its mass is known to be less than 0.05 per cent of
the mass of the electron. At the present time the neutrino is required in
order to obtain consistent explanations of many nuclear processes classed
as weak interactions, and there seems to be little doubt that such a particle
really exists. Our present theory of beta decay can be represented by the
equation

n (in nucleus)

--> p

(in nucleus)

+ {3 + IJ;

that is, a neutron n in the nucleus decomposes into a proton p in the nucleus,
and in the process an electron {3 and a neutrino IJ are ejected from the
nucleus. Although electrons are emitted by the nucleus in beta decay,
there are no electrons in the nucleus.
In addition to the emission of an electron, there are two other processes
involving neutrino's which may take place when a nucleus disintegrates;
these are also classed as beta-decay processes. In one of these processes a
positively charged particle, called a positron, is emitted from the nucleus.
The positron has the same mass and the same numerical value of charge
as the electron. Like the electron, the positron is emitted as a continuous
spectrum along with a neutrino. Positrons are emitted by those isotopes
whose nuclear charge is too great for their mass, in the nuclear stability
diagram of Figure 44-5. A second mode of reduction of the nuclear charge
by an unstable isotope is the process of electron capture. Here a nucleus
absorbs one of its atomic electrons and ejects a neutrino. When the
absorbed electron is in the K shell, the process is called K capture. We may
visualize the processes of positron emission and electron capture as being
incidental to the transformation of a proton in the nucleus into a neutron.
45-7

Gamma-Ray Emission.

Isomerism

We have previously noted that the line spectra found in a beta-ray spectrometer may be attributed to the process of internal conversion, in which a
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nucleus in an excited state makes a transition to a state of lower energy by
ejecting an atomic electron. Accompanying these internal conversion
electrons, it is found that gamma rays are emitted from the radioactive
source; that is to say, some nuclei alter their states by the emission of
conversion electrons, while in other cases the transition is effected by the
emission of gamma rays. If the emitted gamma ray is of frequency f, the
kinetic energy of the conversion electron is c, and the K shell excitation
energy as measured in x-ray absorption is c K, it is found that K conversion
electrons obey the relationship
(45-7)

and similarly for the L, M, and N conversion electrons. By a study of the
conversion electrons emitted from a radioactive source, we may determine
both the gamma-ray energy associated with a particular transition and the
element responsible for the transition, from the characteristic K-L and
L-},J shell energy differences.
Many gamma-ray transitions have measurable lifetimes, ranging
from 10- 10 sec to several months. Excited states which have measurable
lifetimes are called isomeric states. One of the strong evidences for a
nuclear shell structure is the existence of "islands of isomerism" in the N-P
diagram of the radioactive isotopes just prior to the closure of a shell at
one of the magic numbers. For example, there are 29 known cases of
isomerism in odd A nuclei where either the odd proton number or the odd
neutron number, as the case may be, lies between 39 and 49. As the
magic number 50 is crossed, there are no cases of isomerism until we begin
to approach the next magic number 82.
The nucleus must be in an excited state in order to emit gamma rays.
This excitation may be accomplished in several ways. When a sample of a
substance is placed in a nuclear reactor and bombarded with neutrons,
some of the nuclei of the sample may capture neutrons. Some of the
binding energy of a neutron to the nucleus is promptly emitted in the form
of gamma radiation and is known as "capture gamma rays"; if the product
nucleus has an isomeric state, the sample will contain some nuclei in this
state for an appreciable time, and these may be subsequently studied. In
a similar way it is possible to raise a nucleus to an excited state by irradiating a sample with high-energy x-rays. Nuclei may also be excited by
collision with charged particles of sufficient energy, by a process known as
Coulomb excitation. When a parent nucleus disintegrates by alpha or beta
emission, these transitions may take place to an excited state of the product
nucleus, with the subsequent emission of gamma rays and conversion
electrons.
When all available information about the radiation emitted from a
particular source is in hand, it is the problem of the nuclear spectroscopist
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to attempt to assemble this information into an energy-level diagram which
accounts for all the observed transitions. One such case is shown in
Figure 45-11 for thorium C (s3Bi212), a member of the thorium family of
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Fig. 45-11 Nuclear energy-level diagram for the disintegration of Th C. (After Nuclear
Data, National Bureau of Standards, Circular 499.)

naturally radioactive elements. At the present state in the study of the
nucleus, such diagrams are still being assembled, and no theory of nuclear
structure comparable in scope to the Bohr theory of the atom has yet
been devised.
45-8

Interaction of Radiation with Matter

We have studied some of the processes by which electromagnetic radiation
interacts with matter. Thus light may be scattered by the free electrons
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of a substance, generating the blue of the sky. In the limit of low energies
of the incident photon, the scattering process may be treated as a wave
phenomenon, in which the electric vector of the incident wave is thought
to accelerate the electrons of a system and cause them to reradiate at the
frequency of the incident radiation. When the wavelength gets sufficiently
short, as in the case of x-rays, we note that the particlelike characteristics
of electromagnetic radiation predominate, and it is necessary to supplement

Fig. 45-12 Cloud-chamber photograph of the paths of a pair of oppositely charged
particles, an electron and a positron, formed by the disintegration of a 5.7 Mev gammaray photon in its passage through a sheet of lead 0.002 inch thick. Magnetic field of
1,680 gausses is directed into the paper. (Photograph by H. R. Crane.)

the wave picture with a quantum picture, as in the Compton effect, in
which the scattering process is treated as an elastic collision between a
photon and a free electron. Looking toward the problem of low-energy
scattering from the vantage point of the Compton effect, we see that these
are two complementary views of the same scattering process, involving the
scattering of electromagnetic waves by free electrons, in an elastic collision.
Electromagnetic waves interact with matter inelastically in the photoelectric effect, in that some of the incident energy of the radiation is
absorbed by the atom or nucleus in the process of freeing the emitted
particle. At low energies of the order of a few electron volts, electrons are
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liberated from the outer shell of an atom or from the free electrons of a
metal; at higher energies of the order of thousands of electron volts, as in
x-rays, the electrons from the inner shells of an atom may be liberated;
at extremely high energies of the order of millions of electron volts, the
radiation may interact with nuclei, producing the nuclear photoeffects,
involving the emission of protons or neutrons, or simply the excitation of
a nucleus to a state of higher energy.
Another process of importance at high energies is pair production, in
which a gamma-ray photon of energy greater than 1.02 Mev interacts with
matter to form an electron-positron pair. A cloud-chamber photograph of
such an interaction is shown in Figure 45-12. The determination of this
threshold energy in itself constitutes a verification of the mass-energy
equation, for mc 2 for the electron is 5.11 X 105 ev, according to this equation, so that we must not expect to find an electron-positron pair materialized from a photon unless the energy of the incident photon is greater than
2mc 2 , or 1.02 Mev. The process is also a verification of the law of conservation of charge, which we discussed in connection with electric currents.
Since the electric charge of an incident photon is zero, the net charge of
the materialized matter must also be zero. In the process of pair production, an electron and positron of equal and opposite charge are produced.
When the incident photon has energy greater than 1.02 Mev, the excess
energy is shared by the electron and positron as kinetic energy.
The relative importance of each of these processes varies with energy
and with the atomic number of the material being irradiated. At low
photon energies the photoelectric effect contributes most to the absorption
coefficient, at intermediate energies the Compton effect predominates,
while at high energies pair production is most important.
Problems

45-1. The half life of U238 is 4.50 X 10 9 years. (a) Compute the disintegration constant in sec-I. (b) Calculate the number of alpha particles per second
emitted by 1 gm of this isotope.
45-2. The half life of radon is 3.82 days. (a) Compute its disintegration
constant in sec-I. (b) Calculate the number of alpha particles emitted per
second by 1 cm 3 of radon gas at 1 atm pressure and O°C. Neglect the radiations
from the product nuclei.
45-3. A curie is defined as the quantity of any radioactive isotope in which
the number of disintegrations per second is 3.700 X 1010. Using the data of
Problem 45-1, how many curies are present in 1 gm of U238?
45-4. A hospital has 1gm of radium 88Ra226 which has a half life of 1,620 years
in equilibrium with its decay products. Radium is a member of the uranium
series, illustrated in Figure 45-2. What is the mass of radon 86Rn222 present in
the container?
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45-5. A 1-millicurie source of radon is measured again after a period of 2 days.
The half life of radon is 3.82 days. What is the activity of this source, in curies,
at the time of the measurement?
45-6. What is the height of the Coulomb barrier experienced by an alpha
particle in 92 U 238 ?
45-7. When an alpha particle is emitted from a nucleus, the law of conservation of momentum requires that the nucleus must recoil. Not all of the available
energy is delivered to the alpha particle as kinetic energy, for the nucleus acquires
kinetic energy as well. The mass of radium is 226.10309 amu, the mass of radon
is 222.09397 amu, and the mass of helium is 4.00388 amu. In the disintegration
of radium into radon plus an alpha particle (a) what is the mass difference, in
atomic mass units, between radium and its products? (b) The emitted alpha
particle has a kinetic energy of 4.80 Mev. What is the kinetic energy, in million
electron volts, of the recoil nucleus?
45-8. A gamma ray is emitted from C S 137 of energy 661.77 kev. In x-ray
investigations it is found that K photoelectrons are emitted from cesium when
irradiated with x-rays of wavelength 0.34473 A, and L photoelectrons are emitted
when the wavelength is 2.17245 A or shorter. What are the energies of K and
L internal conversion electrons emitted in the above transition in cesium?

46
Nuclear Reactions

46-1

Special Relativity

One of the most important developments of twentieth-century physics was
the formulation of the special theory of relativity. This theory was an
outgrowth of the failure of all attempts to show that the motion of the
source of light relative to the observer had any effect on the speed of light.
It is impossible to account for these experimental findings of Michelson and
Morley, and others, on the basis of classical mechanics and electromagnetic
theory. In 1905, Albert Einstein put forth the suggestion that all experimental findings would be clarified if it were assumed that the speed of light
is a constant and is independent of the relative motion of the source and the
observer. This statement forms the first postulate of the special, or restricted, theory of relativity. The second postulate of the theory is that
all systems which are in uniform motion relative to one another are equally
valid frames of reference, and all fundamental physical laws must have the
same mathematical forms in each of these reference frames. Einstein expressed
the viewpoint that all motion was relative motion, that there was no
absolute coordinate frame, and that it was impossible to distinguish between
a state of rest and a state of uniform translational motion by any physical
experiment whatever. Thus, if the statement that the velocity of light
was 3 X 10 10 em/sec was a fundamental physical law, every observer in
uniform translational motion who measures the velocity of light must
obtain this value, regardless of the motion of the source of light.
Let us consider some of the immediate implications of the first postulate. Suppose that we have two observers on two coordinate frames which
are in relative motion with respect to each other. For simplicity we will
orient the axes parallel to each other and will call one of these the unprimed
frame and the other the primed frame. Let us suppose that the primed
frame moves in the x direction with velocity v as seen in the unprimed
frame. At the instant the origin of the two frames overlap, we cause a
pulse of light to be emitted. From the first postulate both observers must
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see the light spreading out as a spherical Huygens wave. The equation of
this sphere as seen by the observer in the unprimed frame is
x 2 + y2 + Z2 = c2t2,
(46-1)
which is the equation of a sphere of radius ct. At the moment we can
assume nothing whatever about the primed frame except that the velocity
of light is c. Thus we write that the Huygens wave front, as seen in the
primed frame, may be represented by the equation
X'2 + y'2 + z'2 = c2t'2.
(46-2)
We seek to find a set of equations representing the coordinate transformations between the primed and the unprimed frames. Such a transformation
must involve only the first powers of the coordinates, for otherwise a single
point in one system might become two or more points in the second system.
Furthermore, we have no right to assume that the time t measured in the
unprimed frame is the same as the time t' measured in the primed frame.
When these conditions are applied, it is found that the appropriate transformation equations are

,

",

x = "y(x - vt), y = y, z = z, t = "Y

where

"Y =

(t - vx)
c
2

'

(46-3)

V2)-~

(1 - c2

This result may be verified by substituting into Equation (46-2) to obtain
Equation (46-1). Equations (46-3) are called the Lorentz transformation
equations. These equations imply that an event which takes place in the
unprimed frame at coordinates x, y, z, and t will be reported by an observer
in the primed frame as taking place in his frame at coordinates x', y', z',
and t'. We assume that both observers have meter sticks and clocks with
which to make measurements, and that these sticks and clocks are in
agreement with each other when set side by side. The transformation
equations work in both directions. To find the coordinates in the unprimed
frame of an event taking place in the primed frame, we may solve Equations
(46-3), or, more simply, we note that the unprimed frame is moving in the
-x direction, with velocity -v, with respect to the primed frame, so that
we obtain

x

=

"Y(x " + vt ), Y

=

Y , , z = z , , t = "Y ( t,

vX')
+?2.

(46-4)

In the Lorentz transformation equations we note that time is reduced
to the status of a coordinate, that it has no special properties.
While we cannot derive all the important results of relativity theory,
two important consequences may be simply obtained. These are the
Lorenz-Fitzgerald contraction of length, and time dilatation.
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Let us suppose that a rod of length 1 is at rest in the unprimed system.
and that the coordinates of its end points are given by X2 and Xl such that
1 = X2 - Xl. An observer in the primed system who wishes to determine
the length of the rod measures the coordinates of the ends of the rod at the
same time I', as read on his clocks, and finds that the rod is of length l' =
x~ - xi. We may determine the relationship between 1 and l' by applying
Equations (46-4). Thus we note that
X2 -

or

Xl =

I'(x~

+ vI')

- I'(xi

+ vi'),

1 = 1'1'.

(46.5)

Since the speed of the coordinate frames with respect to each other is less
than the velocity of light, l' is greater than 1, and we note that the length
l' is less than the length 1. The observer in the moving coordinate frame
sees the rod as contracted, as compared to the length seen by the observer
in the frame in which the rod was at rest. Note that we have used the
transformation equations in the form of Equations (46-4) rather than
Equations (46-3) for we knew that the measurements were made at the
same time I' in the primed frame. We have no right to assume that the
observations were made at the same time I in the unprimed frame, for the
measurements were made at two different points in the primed frame.
From Equations (46-4) this implies that the observer in the unprimed
frame will infer that the measurements were made at two different times
11 and 12 ,
Suppose a clock is located at a fixed point Xl in the unprimed system,
and that this clock is used to measure the time interval !11 between two
events which occur at times 11 and 12 , such that !11 = 12 - 11' Applying
transformation Equations (46-3), we find that an observer in the primed
system would observe that the time interval between the two events was
!11' = I~ - Ii such that

or

I~ - Ii

= l'

( 12

!11'

= l'

!11.

-

VXI)
~

-

l'

(_
It VXI)
c2 ,
(46.6)

Again l' is greater than 1, so that the observer in the moving frame will
claim that the time interval between the two events is greater than the
interval recorded by the observer who has no relative motion with respect
to the clock. This is called time dilatation. Since the Lorentz transformation equations are based upon the finite velocity of light, the same for all
observers, these strange effects of length contraction and time dilatation
are associated with the fact that, in actual measurement, information is
obtained by means of light signals. When an object is moving with speeds
approaching the velocity of light, we must examine with great care what
we mean by length and time.
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Among the results of relativity theory, we find that the simple rules
for the vector addition of velocity must be modified. Thus we may no
longer write
v=w+u
for the vector addition of two velocities, but rather we find that, if the two
velocities are directed along the same line, the resultant velocity is given by

v=

w+u
uw

1

(46-7)

+c2

The momentum p of a particle of massm moving with velocity v is
given by
mv
(46-Sa)
p = -(-1-_-~-;O:~)-~~2 = 'Ymv.
The de Broglie wavelength to be associated with a particle of mass m
moving with velocity v and momentum p is given by

h

h

p

'Ymv

A = - =-.

(46-Sb)

The energy of a moving particle is given by

e=

m

2

'Y c =

mc2

(1 _~)~ ,

(46-9)

and the kinetic energy ek of a moving particle is the difference between its
energy in motion and its mass energy, or
(46-10)

which reduces to ek = !mv 2 in the case of slowly moving objects.
Equation (46-9) implies that the limiting speed for the motion of a
particle is c; that is, any particle moving with speed c would have infinite
energy.
If we solve the equation defining 'Y for v2 we find

squaring Equation (46-8a) and substituting this result, we obtain
p2 = 'Y2m2v2 = m 2c2('Y 2 - 1).
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We may solve this equation for
')12

=

')12

to find

(1 + L).
m 2 c2

Substituting this result into the square of Equation (46-9), we find

6'2

=

')I2 m 2C4 =

p2 C2

+ m 2c4 .

(46-11)

Equation (46-11) is extremely interesting, for it illustrates the unity
between mass particles and quanta. The relation between energy and
momentum for particles of zero rest mass reduces to the familiar relation
for quanta 6' = pc, while a particle whose momentum is zero has energy
given by the mass-energy equation.
One further result is of interest to us at this time. We have seen that
a charged particle whose velocity is transverse to a field of flux density B
moves in a circular path whose radius r is given by Be = (mv)/r, where e
is the charge of the particle, and m is its mass. At high velocities we must
replace mv by the relativistic expression for momentum to find
Be =

')Imv

~-.

r

(46-12)

The relationships and concepts of the theory of special relativity are
presented in the preceding paragraphs to indicate some of the fundamental
changes in .our concept structure and in the equations of mechanics which
must be introduced in the study of rapidly moving particles. These equations reduce to more familiar forms at the velocities of ordinary experience.
These equations must be used in the analysis of the data obtained with a
beta-ray spectrometer and in the analysis of nuclear radiations. Here the
equations find ample experimental verification. Perhaps the most detailed
verification of relativity theory lies in its application to the design, construction, and successful operation of modern high-energy accelerators.
46-2

Particle Accelerators

There are many different types of devices designed and built to accelerate
particles to high energies. We have already described one of. these, the
betatron, which accelerates electrons to energies up to 300 Mev. Using
other methods, electrons can now be accelerated up to energies of about 2
Bev (billion electron volts), and protons can be accelerated up to about
6 Bev. Designs and experiments are now in progress for a device to
accelerate protons to 100 Bev.
The forerunner of this development of particle accelerators is the
cyclotron, which was originally designed and built by E. O. Lawrence and
::\1. S. Livingston in 1931. It consists essentially of a short, hollow, metal
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cylinder, divided into two sections A and B, as shown in Figures 46-1 and
46-2. The cylinder is placed between the poles of a large electromagnet.

Fig. 46-) The paths of particles
in a cyclotron.

Fig. 46.2 Shop assembly photograph of the M.LT. cyclotron chamber showing the
construction of the chamber and dees. (From the Journal of Applied Physics, January,
1944. Courtesy of the Radioactivity Center at the Massachusetts Institute of Technology.)

Some of the magnets built have pole pieces from 30 to 60 in. in diameter,
and a modified form of cyclotron in use in California has a diameter of
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184 in. The magnetic field is perpendicular to the plane of the figure, that
is, along the axis of the cylinder. The two half cylinders are connected to
the terminals of a high-frequency a-c circuit, so that the charge on each
half changes a few million times a second. The magnetic field causes ions,
emitted from an ion source at the center of the cylinders, to travel in a

Fig. 46-3 The 184-in. Berkeley cyclotron at the Radiation Laboratory of the University of California at Berkeley. The vacuum chamber is in place between the pole
pieces of the electromagnet. The tube extending into the chamber at the left carries
the target, which is bombarded by the high-energy ions in the cyclotron chamber.
(Photograph supplied by Prof. R. 1. Thornton, Radiation Laboratory, University of
California, Berkeley, Calif.)

circle of radius r given by Equation (46-12). Each time the particle nears
the gap, the potential of the half cylinders, or dees, as they are called, is
reversed, so that the particle is accelerated through the gap. If the timing
is just right, the potential change is always synchronized with the passage
of the particle through the gap, and the particle may be accelerated to high
velocities. The potential difference between the sections A and B may
have any value from about 10,000 to 200,000 volts. The particle emerging
from the cyclotron may have an energy of several million volts due to the
successive accelerations it experiences. The cyclotron is thus a low-voltage
source of high-energy particles.
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From Equation (46-12) we see that the radius of the orbit of the
particle is given by
'¥mv
r = --.

Be

The maximum magnetic induction B obtainable with the use of iron is
about 20,000 gausses, so that the radius of the pole face of the magnet
presents a limit on the maximum velocity which can be achieved with a
cyclotron. The time t required for a particle to traverse a semicircular
path is
7rr

7r"{m

v

Be

t=-=-·
As long as the velocity of the ion is considerably less than c, "{ is close to 1,
and the time required to traverse the semicircle is independent of the speed
of the particle. Thus the cyclotron may be driven by a fixed-frequency
oscillator. When the velocity is such that "{ is appreciably different from
1, it is necessary to vary the frequency of the oscillator to maintain the
proper timing. The frequency is varied in synchronism with the changes
in t, and the accelerator is then called a synchro-cyclotron. The synchrocyclotron of the University of California is shown in Figure 46-3.
There are many other important types of accelerators which cannot
be discussed here, for the principles of their operation are beyond the scope
of this book. The particles accelerated are always charged particles and
include electrons, protons, deuterons, helium ions, and ions of more massive
atoms.
46-3

Nuclear Reactions with Protons, Deuterons, and Neutrons

With the high-energy particles now available, many different types of
nuclear reactions have been produced. For example, when lithium of mass
7 is bombarded with protons, the compound nucleus thus formed breaks
up into two alpha particles having an energy of about 8.63 Mev each. The
reaction is
3Li7
p ----> (4Be8) ----> 2He4
2He4
Q;

+

+

+

the reaction energy Q is 17.28 Mev, which checks very well with the value
obtained from the difference in the masses of the initial and final nuclei.
Sometimes the proton captured by the lithium nucleus remains with the
compound nucleus, beryllium, and the excess energy is emitted in the form
of a gamma ray of 17 Mev energy. The 4Be8 nucleus subsequently decays
into two alpha particles with a half life which is probably less than 10- 14
sec. A reaction in which a proton is absorbed and a gamma ray is emitted
is known as a (p, "{) reaction.
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Another interesting reaction occurs when high-energy deuterons
bombard deuterium. Two different reactions have been observed:
1Hz + 1Hz ~ (zHe4 ) ~ IH3 + I HI + Q,
and
1Hz + 1Hz ~ CzHe 4 ) ~ zHe 3 + on l + Q.
The first of these reactions results in the production of tritium, an isotope
of hydrogen of mass number 3, identified with the aid of the Wilson cloud
chamber. The value of Q for this reaction was determined from the range
of the particles in air, yielding a value of Q = 4.03 Mev. With the value
of Q, and the known masses of hydrogen and deuterium, the mass of tritium
can be determined very accurately. This is at present the most accurate
method for determining the mass of H 3. This method is now widely used
for determining the atomic masses of isotopes formed in nuclear reactions
for which accurate Q-values are known. The second of the above reactions
results in the production of neutrons and is one of the simplest methods for
obtaining neutrons of known energy. Neutrons have been observed for
comparatively low values of incident deuteron energies, as low as 6 key.
The neutron yield increases with reaction energy. The value of Q for this
reaction has been found to be Q = 3.18 Mev.
When nitrogen is bombarded with neutrons, a radioactive isotope of
carbon of mass number 14 is produced, according to the following reaction:
7 N14

+ on l

~

(7 N15 )

~

6 C14

+ Ipl.

The carbon isotope produced in this reaction has a half life of 5,580 years.
This same reaction takes place in the atmosphere, induced by neutrons
liberated by cosmic rays, and is responsible for the existence of radiocarbon
dating.
46-4

Nuclear Cross Section

The concept of a nuclear cross section is a very useful one in nuclear physics.
In general, we do not refer to the geometrical cross section, as though the
nucleus were a sphere; rather, we use the term "cross section" as a measure
of the probability of the occurrence of a given process. Thus, if there are n
nuclei per unit volume of a given substance, a foil of thickness t will contain
nt nuclei per unit of surface area of the foil. The probability that a single
particle will strike one of these nuclei if it is directed at a unit area is simply
the fraction of the surface area of the foil occupied by nuclei. Thus if u is
the nuclear cross section, the probability that an incident particle will
strike a nucleus is unto If an incident beam whose flux is N particles per
unit area per second strikes the foil, the number of interactions with nuclei,
per second, will be N i , according to the equation

Ni = Nunt.

(46-13)
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Equation (46-13) may be taken as the defining equation for the cross
section for a particular process. Thus we have scattering cross sections,
capture cross sections, and so on. A large number of nuclear cross sections
are of the order of 10- 24 cm 2 , so that it has been convenient to use a separate
name for this area. The name adopted is a barn; that is, 1 barn = 10-24 cm 2 .
Nuclear forces are short-range forces, so that the scattering cross section
for fast neutrons might be expected to reflect the physical size of the nucleus,
and, indeed, this cross section is one of the means for determining the
nuclear radius as given in Equation (45-6).
46-5

Nuclear Fission

All the nuclear disintegrations described thus far have concerned the
emission of comparatively light particles, such as electrons, positrons,
protons, and alpha particles. A new type of process known as nuclear fission
was discovered by Hahn and Strassman in 1939 in a series of experiments
in which uranium was bombarded by neutrons. Chemical analysis of the
products of disintegration showed the presence of barium, Z = 56, and
lanthanum, Z = 57, and other elements of medium atomic weights. The
interpretation of these results is that when a neutron is captured by a
uranium nucleus, the compound nucleus formed becomes unstable and
disintegrates into two particles of intermediate masses; for example, if one
of the particles is barium, Z = 56, the other particle is krypton, Z = 36.
Cloud-chamber photographs, as in Figure 46-4, have verified this hypothesis.
The particles which are produced in the fission of uranium have
energies of the order of 200 Mev. The source of this energy is the difference
in mass between the reacting particles, the neutron and the uranium
nucleus, and the product or fission particles. There is a decrease in mass
of about 0.1 per cent in this process; thus, in the nuclear fission of 1 kg of
uranium, there is a decrease in mass of about 1 gm, and this corresponds
to about 25 X 106 kw hr of energy.
The masses of the fission products are found to be those of unstable
isotopes; that is, they have many more neutrons than the stable isotopes
of the corresponding elements. One of the first questions investigated was
the manner in which these unstable fission products disintegrated, particularly whether any of the excess neutrons were emitted in this process.
Early experiments showed that between 2 and 3 neutrons were emitted
per nuclear fission. The process can now be represented schematically, as
shown in Figure 46-5: when a neutron is captured by a uranium nucleus
of mass number 238, a new isotope of mass number 239 is formed; in the
process of nuclear fission the latter splits into two isotopes of intermediate
masses, say barium and krypton, with the prompt emission of 2 neutrons.
A variety of other pairs of nuclei may be produced in the fission process,
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Fig. 46-4 Cloud-chamber photograph showing the fission of uranium. The foil in the
center of the cloud chamber is coated with uranium and bombarded by neutrons. The
tracks of the two heavy fission particles can be seen coming from the foil where a uranium
atom has undergone fission as a result of the capture of a neutron. (From a photograph
by J. K. Boggild, K. K. Brostom, and T. Lauritsen.)
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Fig. 46-5 Nuclear fission of uranium. A fast neutron is captured by a nucleus of uranium of mass number 238 forming uranium 239; the latter splits into two comparatively
massive particles, in the above case krypton and barium, with the simultaneous emission
of two fast neutrons.
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all of them radioactive, most of them decaying to a stable isotope by the
emission of beta rays; gamma rays are also emitted by many of these
isotopes.
In addition to uranium, thorium, Z = 90, and protoactinium, Z = 91,
have been found to be fissionable by the capture of neutrons, and a new
element, plutonium, Z = 94, is also fissionable by the capture of neutrons.
Fission may also occur spontaneously, by excitation of a nucleus with
high-energy gamma rays, and by the bombardment of heavy nuclei with
protons, deuterons, or alpha particles. The fission cross section varies
with the energy and type of incident particles. In the following sections,
we shall discuss only neutron-induced nuclear fission.
46-6

A Nuclear Chain Reaction

The concept of a nuclear chain reaction is very simple: if a single nuclear
fission process involving the capture of one neutron results in the release
of energy and simultaneously the release of more than one neutron, it
should be possible to so arrange the mass of fissionable material to ensure
the capture of the newly released neutrons. Or, stated another way, the
mass of fissionable material should be so arranged that at anyone place the
number of new neutrons produced should be equal to the number of free
neutrons originally present at that place. The ratio of these two numbers
of neutrons is called the multiplication factor K. If K = ], the chain reaction will be self-sustaining; if K is less than 1, the process will ultimately
come to a halt; if K is greater than 1, the neutron density will increase
and may lead to an explosive reaction. A mass of fissionable material so
arranged that the multiplication factor is equal to or greater than 1 constitutes a nuclear reactor.
In order to be able to design a nuclear reactor, it is essential to know
the conditions under which neutrons are captured by nuclei and the conditions under which such capture of neutrons results in the fission of the
product nuclei. We shall restrict this discussion to the fission of uranium.
Ordinary uranium consists of 3 isotopes: one of mass number 238, another
of mass number 235, and a third of mass number 234. The most abundant
of these is U238-about 99.3 per cent abundance. The amount of U234
in ordinary uranium is negligible. U235 constitutes about 0.7 per cent of
ordinary uranium. Experiments show that U238 is fissionable only if it
captures fast neutrons, that is, neutrons having energies of 1 Mev or greater.
On the other hand, U235 is fissionable with neutrons of any speed, and
the fission cross sector is particularly high with slow neutrons, that is,
neutrons having energies corresponding to the thermal energies at ordinary
temperatures. These energies are much less than 1 ev.
The neutrons released in nuclear fission have a wide range of energies.
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In the case of the fission of U235, these energies extend up to about 17 Mev,
with a maximum number having energies of about 0.75 Mev. If such
neutrons are captured by other uranium nuclei, they produce nuclear
fission. However, not every collision between a fast neutron and a uranium
nucleus results in capture of the neutron; the collision may simply produce
a decrease in the energy of the neutron. Thereafter the probability of its
capture will be very small; additional collisions will produce further reductions in the energy of the neutrons. At some particular values of energy,
the neutron will be readily captured by U238, but such a capture does not
result in nuclear fission. Instead, the newly formed isotope of uranium,
U239, emits a gamma-ray photon and then becomes radioactive, emitting a
beta ray with a half life of 23 min. The nuclear reaction equations are
92U 238 + on 1 ----> (92U 239 ) ----> 92U 239 + gamma ray,

T

then

=

23 min.

(46-14)

The new element thus formed, called neptunium, Np, is itself radioactive,
emitting a beta particle with a half life of 2.3 days. The product nucleus
formed in this reaction is plutonium, Pu, of atomic number 94. The
reaction in which this is formed is

+ {T.
94PU239 ----> 92U235 + 2He4

93Np239
It is followed by

---->

94PU239

T

=

2.3 days.

T

=

24,000 years.

(46-15)

The isotope of plutonium is radioactive, emitting an alpha particle,
but it has a very long half life-24,000 years. In this sense, it is a comparatively stable element. It will be noted that neptunium and plutonium are transuranic elements, that is, elements with atomic numbers
greater than that of uranium. When plutonium disintegrates with the
emission of an alpha particle, the resulting nucleus is U235. The plutonium
isotope formed in the above process is fissionable by the capture of neutrons
of any energy and is thus similar to U235 as far as the fission process is
concerned. Since it is chemically different from uranium, it can be separated more readily from the uranium metal than the uranium isotope of
mass number 235.
If ordinary uranium is to be used in a nuclear reactor, it is essential to
avoid loss of neutrons by nonfission capture. Since slow neutrons can
produce fission in U235, and since the probability of capture varies inversely
with the speed of the neutron, one method of ensuring its fissionable capture is to slow down the neutrons very rapidly to thermal energies. This is
done with the aid of a moderator, that is, a light element in which the probability of nuclear capture of a neutron is negligible, but in which collisions
between neutrons and nuclei will cause a rapid decrease of the energy of the
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neutron. Deuterium and carbon are two elements suitable for use as
moderators,
The first nuclear reactor, or uranium pile as it is sometimes called, was
operated successfully in Chicago on December 2, 1942; it was built under
the direction of E. Fermi and operated by groups headed by W. H. Zinn and
H. L. Anderson. A schematic diagram of the construction of a graphitemoderated uranium pile is shown in Figure 46-6. Rods of uranium metal
are embedded in blocks of graphite; rods of boron metal are inserted at
various places in the pile to control the flux of neutrons; boron nuclei
Boron rods

\

/

~/
Uranium
rods

Fig. 46-6 Schematic diagram of a uranium pile. Cylindrical rods of uranium are embedded in a large mass of graphite which acts as a moderator to slow down neutrons.
Boron rods, which are inserted into the pile, control its rate of activity.

capture neutrons very readily. No special source of neutrons is needed to
start this pile; there are always neutrons present from cosmic rays, or
from spontaneous fission, to start the nuclear reactor. The mode of its
operation can be understood by referring to Figure 46-7. Suppose that
a neutron is captured by a uranium nucleus, so that fission results and
that two new neutrons are released with energies of about 1 Mev each.
These neutrons then make several collisions with nuclei of the moderator,
graphite, until their energies are reduced to thermal energies. Whenever
one of these slow neutrons is captured by U235, fission will again occur with
the release of, say, 2 neutrons. Some neutrons may be lost through the
surface of the reactor; one way to reduce this loss is to make the reactor
very large; the increase in the surface area is proportional to the square
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of its linear dimension, while the volume is proportional to the cube of the
linear dimension. Other neutrons may be lost through capture by impurities or through nonfissionable capture by U238. But if K = 1, the
reaction will be self-sustaining. To prevent the multiplication factor from
becoming excessive, boron rods are inserted to various depths in the pile
to absorb the excess neutrons. One other control factor may be mentioned
here; that is, not all of the neutrons are emitted promptly in nuclear fission;
a small percentage of the neutrons are delayed, some by 0.01 sec, others
by as much as 1 min.

Graphite
Uranium -'--~

Neutron

Fig. 46-7 Schematic diagram of the action of a neutron in a uranium pile based on the
assumption that each fission process yields two neutrons. The shaded circles represent
rods of uranium; the small circular dots represent neutrons. Sudden changes in direction
of the neutron path are due to collisions with nuelei of the moderator graphite.

A whole new field of nuclear science and engineering has been opened
as the result of the discovery of nuclear fission and following the successful
construction of the first nuclear reactor. Nuclear reactors designed for
many different purposes are now in operation throughout the world. Some
are used as sources of energy for power plants; others are used for experimental purposes. A nuclear reactor is one of the best sources of neutrons
for use in physical, chemical, and biological experiments. It is also a source
of radioactive isotopes for medical and industrial uses. A nuclear reactor
may also be designed as a military weapon known as an atomic bomb or
A-bomb. The latter is a type of nuclear reactor in which the multiplication
factor K is greater than 1. It may consist of uranium containing a large
percentage of U235 or of plutonium 239. If the mass of fissionable material is less than a certain critical amount, K will be less than 1, and there
will be no chain reaction. If the mass is built up rapidly so that the total
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exceeds the critical mass, a very fast chain reaction will be produced. One
of the problems in exploding an atomic bomb is to hold the material together for a sufficient time, probably several millionths of a second, so that
a large quantity of the material will take part in the fission process. It has
been estimated that the energy released in an atomic bomb is sufficient
to raise the temperature of this material to several million degrees and
produce pressures upon explosion of perhaps a few million atmospheres.
In addition, great quantities of radioactive materials and gamma rays are
produced.
46-7

The New Particles of Physics

There were only two fundamental particles known in physics before
1932, the proton and the electron. It was then believed that all matter in
the universe was composed of these two particles. The picture changed
when the neutron was discovered in 1932, followed shortly by the discovery of the positron in 1934. Among the theories proposed to explain
nuclear forces and nuclear phenomena was one put forward by H. Yukawa
in 1935 in which it was assumed that a nuclear field of force, called a meson
field, exists between nucleons. Furthermore, this field has particles, called
mesons, associated with it in a manner analogous to the association of
photons with an electromagnetic field. The Yukawa theory predicted
that the mass of the mesons should be intermediate between the mass of an
electron and that of a proton. This Yukawa particle or meson could have
a positive charge, a negative charge, or zero charge, the charge being
equivalent to that of one electron.
Many such particles have since been discovered; the first one, known
as a mu meson (fJo meson) or muon, was discovered in 1937 by S. H. Neddermyer and C. D. Anderson and independently by J. C. Street and E. C.
Stevenson. All the others were discovered after 1947. Most of these new
particles were discovered in the study of cosmic rays, a type of very energetic radiation which reaches the earth's atmosphere from outside, penetrates the atmosphere, and, in so doing, reacts with atmospheric particles
giving rise to many nuclear disintegrations. The cosmic rays as observed
at various places in the atmosphere will usually consist of a combination
of primary cosmic rays, which consist almost entirely of protons and other
nuclei, plus the secondary radiations or particles produced by the interactions of the primaries with matter. With the development of high-energy
particle accelerators, many of the new particles can be produced and
studied under controlled conditions.
The particle which reacts most strongly with nuclei and is assumed to
be the Yukawa particle is the pi meson (11" meson) or pion. This was first
discovered by Lattes, Occhialini, Powell, and D. H. Perkins in 1947 in
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high-altitude cosmic-ray investigations using special photographic plates.
In 1948, E. Gardner and M. Lattes, using the 184-in. Berkeley cyclotron,
bombarded a carbon target with 380-Mev alpha particles and showed that
pi mesons are emitted by the carbon nuclei as a resll!t of this bombardment.
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Fig. 46-8 Diagram showing the masses and charges of the so-called elementary particles; the mass of the electron is taken as unity.

The mesons were bent in circular paths by the magnetic field of the cyclotron, the positively charged pions traveling in one direction, say clockwise,
the negative ones counterclockwise. They were detected by special
photographic plates placed at suitable positions along these paths. The
existence of a neutral pi meson ('lTD meson) was verified in other experiments.
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The pi and mu mesons are only two of the types of particles discovered.
Figure 46-8 shows the other new particles known at present (1958). The
mass of each particle is shown on the vertical scale for charge +e, 0, and -e.
The unit of mass is the mass of one electron. The particle most recently
discovered (1955) is the negative proton, that is, a particle with a negative

(a)

(b)

(a) Photographs of tracks of charged particles in a bubble chamber containing
propane. The short, heavy tracks are produced by protons which stop in the chamber.
The disintegration of a K+ particle into a}L+ meson is also shown. (b) Photograph showing the paths of two K+ particles in a bubble chamber; each of these particles stops in
the chamber and decays into a }L+ meson. (Photographs courtesy of Donald A. Glaser.)
fig. 46·9

charge and a mass equal to that of the proton. All of these particles, with
the exception of the electron, proton, and deuteron, are unstable; that is,
they either disintegrate when in the free state or combine with other
particles. For example, the neutron is radioactive with a half life of about
12 min, decaying into a proton, electron, and neutrino. The positron
combines with an electron and the energy of the two, which is essentially
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the rest mass energy 2moc2, is converted into the energy of one or more,
usually two, gamma-ray photons. The charged pi meson disintegrates
into a charged mu meson and a neutrino in about 10-8 sec, while the mu
meson disintegrates into an electron and two neutrinos with an average
lifetime of about 2 Ilsec.
One of the newest devices for studying high-energy reactions is the
bubble chamber first developed by Donald A. Glaser in 1953. (See Section
17-7.) Figure 46-9 shows two photographs of tracks made by some of the
elementary charged particles in their passage through the liquid of the
chamber. Figure 46-9(a) is reproduced to show that each of these tracks
actually consists of a series of successive bubbles. The heavy tracks on
the right are those made by protons whose paths end in the chamber. An
interesting event, the disintegration of a heavy meson, a K+-meson into a
J.I.+-meson, is shown in this photograph, and two such events are shown in
Figure 46-9(b); the latter are more suitable for measurements. In order
to conserve linear momentum in this process, another particle must have
been emitted simultaneously with the wmeson. This second particle
must be a neutral particle since it leaves no track in the chamber; it may
be a neutrino. Because it disintegrates into two particles, a J.I.-meson and
a neutral particle, this K-meson is designated as a KJ.l.2 particle.
The discovery of these new particles, sometimes called elementary
particles, has opened up a whole new field of physics, coming to be known
as particle physics. It is hoped that a study of particle physics will shed
new light on nuclear forces and nuclear process.
Problems

46-1. A thin rod of length L o, when measured by an observer at rest with
respect to it, has a velocity of v = 3e/4 with respect to a second observer. The
direction of its velocity is parallel to its length. Determine the length L measured
by the second observer.
46,,2. A small particle is in the form of a sphere of radius R o when at rest.
Determine its shape as seen by an observer if this particle is moving in the x
direction with a velocity e/2 with respect to this observer.
46-3. Two charged particles are emitted by a substance in opposite directions,
each moving with a velocity v = D.ge with respect to the emitting substance.
Determine the velocity of one particle relative to the other.
46-4. The K conversion electron from CS 137 produces a sharp line in its
beta-ray spectrum for which Br = 3,381 gausses cm. The binding energy of the
K electron is 37.44 kev. (a) Determine the velocity of the electron. (b) Determine the kinetic energy of the electron. (c) Determine the energy of this
gamma ray emitted in a transition between the same two levels.
46-5. A gamma-ray photon from CS 137, when incident upon a piece of
uranium, ejects photoelectrons from its K shell. These photoelectrons follow
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a circular path in a beta-ray spectrometer for which Br = 3,083 gausses cm.
The binding energy of a K electron in uranium is 115.59 kev. Determine (a) the
velocity of the photoelectrons, (b) the kinetic energy of the photoelectrons, and
(c) the energy of the gamma-ray photons.
46-6. Verify the validity of the Lorentz transformation equations.
46-7. By expanding l' according to the binomial expansion, show that the
relativistic expression for the kinetic energy of a moving particle reduces to the
classical expression in the limit of low velocities.
46-8. Let us assume that a cyclotron will operate with a fixed-frequency
oscillator as long 2,S l' is no more than 1.01. (a) What is the maximum energy to
which electrons can be accelerated in a cyclotron? (b) Protons? (c) Alpha
particles?
46-9. The cyclotron of the Nobel Institute of Physics has a pole face of 88.5
in. diameter, a maximum flux density of 18,000 gausses, and an oscillator frequency of 8.7 X 10 6 cycles/sec. Find the maximum energy to which (a) protons,
(b) deuterons, and (c) helium nuclei can be accelerated with this cyclotron.
Neglect relativistic effects.
46-10. The Oak Ridge reactor has a flux of thermal neutrons of 10 12
neutrons/cm 2 sec. The activation cross section of Te 126 is 90 millibarns, in a
process in which this isotope absorbs a neutron to become radioactive Te l2i •
If 1 gm of Te 126 is placed in the Oak Ridge reactor, how many grams of Te 12i
are manufactured in each second?
46-11. (a) Write the nuclear reaction equation for the fission process illustrated in Figure 46-5. (b) Determine the difference in mass between the
initial components of the reaction and its final products. (c) Express the result
of part (b) in million electron volts. (d) How much energy is released in this
reaction? Assume the following atomic masses: Ba = 142.955; Kr = 93.935.

Appendices
Tables 1 and 2 are from Heath's Logarithmic and Trignometric Tables, revised by E. J. Oglesby, and are
reprinted by permission of D. C. Heath & Company.
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TABLES
Table 1.
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N
10

Four-Place Logarithms of Ordinary Numbers

0

1

2

3

4

5

6

7

8

9

0000
0414
0792
1139
1461
1761
2041
2304
2553
2788
3010
3222
3424
3617
3802
3979
4150
4314
4472
4624
4771
4914
5051
5185
5315
5441
5563
5682
5798
5911
6021
6128
6232
6335
6435
6532
6628
6721
6812
6902
6990
7076
7160
7243
7324

0043
0453
0828
1173
1492
1790
2068
2330
2577
2810
3032
3243
3444
3636
3820
3997
4166
4330
4487
4639
4786
4928
5065
5198
5328
5453
5575
5694
5809
5922
6031
6138
6243
6345

0128
0531
0899
1239
1553
1847
2122
2380
2625
2856
3075
3284
3483
3674
3856
4031
4200
4362
4518
4669
4814
4955
5092
5224
5353
5478
5599
5717
5832
5944
6053
6160
6263
6365
6464
6561
6656
6749
6239
6928
7016
7101
7185
7267
7348

0170
0569
0934
1271
1584
1875
2148
2405
2648
2878
3096
3304
3502
3692
3874
4048
4216
4378
4533
4683
4829
4969
5105
5237
5366
5490
5611
5729
5843
5955

0212
0607
0969
1303
1614
1903
2175
2430
2672
2900
3118
3324
3522
3711
3892
4065
4232
4393
4548
4698
4843
4983
5119
5250
5378
5502
5623
5740
5855
5966
6075
6180
6284
6385
6484
6580
6675
6767
6857
6946
7033
7118
7202
7284
7364

0253
0645
1004
1335
1644
1931
2201
2455
2695
2923
3139
3345
3541
3729
3909
4082
4249
4409
4564
4713
4857
4997
5132
5263
5391
5514
5635
5752
5866
5977
6085
6191
6294
6395
6493
6590
6684
6776
6866
6955
7042
7126
7210
7292
7372

0294
0682
1038
1367
1673
1959
2227
2480
2718
2945
3160
3365
3560
3747
3927
4099
4265
4425
4579
4728
4871
5011
5145
5276

0334
0719
1072
1399
1703
1987
2253
2504
2742
2967
3181
3385
3579
3766
3945
4116
4281

0374
0755
1106
1430
1732
2014
2279
2529
2765
2989
3201

6542
6637
6730
6821
6911
6998
7084
7168
7251
7332

0086
0492
0864
1206
1523
1818
2095
2355
2601
2833
3054
3263
3464
3655
3838
4014
4183
4346
4502
4654
4800
4942
5079
5211
5340
5465
5587
5705
5821
5933
6042
6149
6253
6355
6454
6551
6646
6739
6830
6920
7007
7093
7177
7259
7340

0

1

2

3

- - - - - - - - - - - - - -- - - -I -

11

12
13
14

16
16
17
18
19
20
21
22
23
24
26
26
27
28
29
30
31
32
33
34
36
36
37
38
39
40
41
42

43
44
45
46
47
48
49
50
III

62
53
64

6444

- - - - - -- -- -

NI

876

6064

6170
6274
6375
6474
6571
6665
6758
6848
6937
7024
7110
7193
7275
7356

-4 '

0

4440

4594
4742
4886
5024
5159
5289
5403 5416
5527 5539
5647 5658
5763 5775
5877 5888
5988 5999
6096 6107
6201 6212
6304 6314
6405 6415
6503 6513
6599 6609
6693 6702
6785 6794
6875 6884
6964 6972
7050 7059
7135 7143
7218 7226
7300 7308
7380 7388

-6- -'1

-

_8

3404

3598
3784
3962
4133
4298
4456
4609
4757
4900
5038
5172
5302
5428
5551
5670
5786
5899
6010
6117
6222
6325
6425
6522
6618
6712
6803
6893
6981
7067
7152
7235
7316
7396

-
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Table 1.
N
f---

65
56
67
58
59
6D
61
62
63
64

66
66
67
68
69
70
71

72
73
74
75
76
77
78
79
80

81
82
83
84

85
'86

87
88

89
90

91
92
93
94
96
96
97
98
99

f---

N

Four-Place Logarithms of Ordinary Numbers (Cont.)

0

1

2

3

4

5

6

'1

8

9

7404
7482
7559
7634
7709
7782
7853
7924
7993
8062
8129
8195
8261
8325
8388
8451
8513
8573
8633
8692
8751
8808
8865
8921
8976
9031
9085
9138
9191
9243
9294
9345
9395
9445
9494
9542
9590
9638
9685
9731
9777
9823
9868
9912
9956

7412
7490
7566
7642
7716
7789
7860
7931
8000
8069
8136
8202
8267
8331
8395
8457
8519
8579
8639
8698
8756
8814
8871
8927
8982
9036
9090
9143
9196
9248
9299
9350
9400
9450
9499
9547
9595
9643
9689
9736
9782
9827
9872
9917
9961

7419
7497
7574
7649
7723
7796
7868
7938
8007
8075
8142
8209
8274
8338
8401
8463
8525
8585
8645
8704
8762
8820
8876
8932
8987
9042
9096
9149
9201
9253
9304
9355
9405
9455
9504
9552
9600
9647
9694
9741
9786
9832
9877
9921
9965

7427
7505
7582
7657
7731
7803
7875
7945
8014
8082
8149
8215
8280
8344
8407
8470
8531
8591
8651
8710
8768
8825
8882
8938
8993
9047
9101
9154
9206
9258
9309
9360
9410
9460
9509
9557
9605
9652
9699
9745
9791
9836
9881
9926
9969

7435
7513
7589
7664
7738
7810
7882
7952
8021
8089
8156
8222
8287
8351
8414
8476
8537
8597
8657
8716
8774
8831
8887
8943
8998
9053
9106
9159
9212
9263
9315
9365
9415
9465
9513
9562
9609
9657
9703
9750
9795
9841
9886
9930
9974

7443
7520
7597
7672
7745
7818
7889
7959
8028
8096
8162
8228
8293
8357
8420
8482
8543
8603
8663
8722
8779
8837
8893
8949
9004
9058
9112
9165
9217
9269
9320
9370
9420
9469
9518
9566
9614
9661
9708
9754
9800
9845
9890
9934
9978

7451
7528
7604
7679
7752
7825
7896
7966
8035
8102
8169
8235
8299
8363
8426
8488
8549
8609
8669
8727
8785
8842
8899
8954
9009
9063
9117
9170
9222
9274
9325
9375
9425
9474
9523
9571
9619
9666
9713
9759
9805
9850
9894
9939
9983

7459
7536
7612
7686
7760
7832
7903
7973
8041
8109
8176
8241
8306
8370
8432
8494
8555
8615
8675
8733
8791
8848
8904
8960
9015
9069
9122
9175
9227
9279
9330
9380
9430
9479
9528
9576
9624
9671
9717
9763
9809
9854
9899
9943
9987

7466
7543
7619
7694
7767
7839
7910
7980
8048
8116
8182
8248
8312
8376
8439
8500
8561
8621
8681
8739
8797
8854
8910
8965
9020
9074
9128
9180
9232
9284
9335
9385
9435
9484
9533
9581
9628
9675
9722
9768
9814
9859
9903
9948
9991

7474
7551
7627
7701
7774
7846
7917
7987
8055
8122
·8189
8254
8319
8382
8445
8506
8567
8627
8686
8745
8802
. 8859
8915
8971
9025
9079
9133
9186
9238
9289
9340
9390
9440
9489
9538
9586
9633
9680
9727
9773
9818
9863
9908
9952
9996

- - - - - - - -- - - - - - - - - - 1---,-

-0- -1- -2- -3- -4- -5--6- -'1- -8- '------c
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Table 2.
D_

Four-Place Values of Functions and Radians

Sin
Cos
Cot
------ - --- -Tan- --Sec- -Csc- 1.5708 --0 00'
.0000 .0000 1.0000 .0000 -- 1.000 -- --90 00'
10
029
029
000
029 343.8
000 343.8
679
50
RADIANS

0

0

20

30

40
60

10 00'

10
20
80
40
50
0
1 00'
10
20
30
40
50
So 00'
10
20
80
40
50
4,°00'
10
20
30
40
50
1°00'
10
20
30
40
50
1°00'
10
20
30
40
50
7000'
10
20
80
40
60
8°00'
10
20
80
40
50
9°00'

-

058
.0087
116
146
.0175
204
233
.0262
291
320
.0349
378
407
.0436
465
495
.0524
553
582
.0611
640
669
.0698
727
766
.0785
814
844
.0873
902
931
.0960
989
.1018
.1047
076
105
.1134
164
193
.1222
251

28Q

.1309
338
867
.1396
425
454
.1484
513
542
.1571

-

058
000
058 171.9
000 171.9
.0087 1.0000 .0087 114.6 1.000 114.6
116 .9999
116 85.94
000 85.95
145
999
145 68.75
000 68.76
.0175
.9998 .0175 57.29 1.000 57.30
204
998
204 49.10
000 49.11
233
997
233 42.96
000 42.98
.0262
.9997 .02&2 38.19 1.000 38.20
291
996
291 34.37
000 34.38
320
995
320 31.24
001 31.26
.0349 .9994 .0349 28.64 1.001 28.65
378
993
378 26.43
001 26.45
407
992
407 24.54
001 24.56
.0436
.9990 .0437 22.90 1.001 22.93
465
989
466 21.47
001 21.49
494
988
495 20.21
001 20.23
.0523
.9986 .0524 19.08 1.001 19.11
552
985
553 18.07
002 18.10
581
983
582 17.17
002 17.20
.0610
.9981 .0612 16.35 1.002 16.38
640
980
641 15.60
002 15.64
669
978
670 14.92
002 14.96
.0698
.9976 .0699 14.30 1.002 14.34
727
974
729 13.73
003 13.76
756
971
758 13.20
003 13.23
.0785
.9969 .0787 12.71 1.003 12.75
814
967
816 12.25
003 12.29
843
964
846 11.83
004 11.87
.0872
.9962 .0875 11.43 1.004 11.47
901
959
904 11.06
004 11.10
929
957
934 10.71
004 10.76
.0958
.9954 .0963 10.39 1.005 10.43
987
951
992 10.08
005 10.13
.1016
948 .1022 9.788
005 9.839
.1045
.9945 .1051 9.514 1.006 9.567
074
942
080 9.255
006 9.309
103
939
110 9.010
006 9.065
.1132
.9936 .1139 8.777 1.006 8.834
161
932
169 8.556
007 8.614
190
929
198 8.345
007 8.405
.1219
.9925 .1228 8.144 1.008 8.206
248
922
257 7.953
008 8.016
276
918
287 7.770
008 7.834
.1305 .9914 .1317 7.596 1.009 7.661
834
911
346 7.429
009 7.496
863
907
376 7.269
009 7.337
.1392
.9903 .1405 7.115 1.010 7.185
421
899
435 6.968
010 7.040
449
894
465 6.827
011 6.900
.1478
.9890 .1495 6.691 1.011 6.765
507
886
524 6.561
012 6.636
536
881
554 6.435
012 6.512
.1564 .9877 .1584 6.314 1.012 6.392

Cos

Sin

Cot

650
1.5621
592
563
1.5533
504
475
1.5446
417
388
1.5359
330
301
1.5272
243
213
1.5184
155
126
1.5097
068
039
1.5010
981
952
1.4923
893
864
1.4835
806
777
1.4748
719
690
1.4661
632
603
1.4573
544
515
1.4486
457
428
1.4399
870
341
1.4312
283
254
1.4224
195
166
1.4137

20
10
goOO'
50
40
30
20
10
81°00'
50
40
30
20
10
81° 00'

RADIANS

nBOUl_

40
30
20
10
0
89 00'
50
40
30
20
10
0
88 00'
50
40
30
20
10
8'1° 00'
50
40
30
20
10
86°00'
50
40
30
20
10
BloOO'
50
40
30
20
10
84°00'
50
40

30

-Tan--CIC- -Sec- --- - - -
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Four-Place Values of Functions and Radians (Cont.)

Sin
Cos
Tan
Sec;
------ - --- - --Cot- - - Csc; - - - --9'00'
.1571 .1564 .9877 .1584 6.314 1.012 -6.392 1.4137
DIIORllIIS

10
20
30
40
50

10'00'

10
20
30
40
50

11°00'

10
20
30
40
50
UoOO'
10
20
30
40
50

13°00'

10
20
30
40
50

14,°00'

10
20
30
40
50

115° 00'

10
20
30
40
50

16°00'

10
20
30
40
50
17°00'
10
20
30
40
50

RADIANS

600
629
.1658
687
716
.1745
774
804
.1833
862
891
.1920
949
978
.2007
036
065
.2094
123
153
.2182
211
240
.2269
298
327
.2356
385
414
.2443
473
502
.2531
560
589
.2618
647
676
.2705
734
763
.2793
822
851
'.2880
909
938
.2967
996
.3025
.3054
083
113
.3142

593
622
.1650
679
708
.1736
765
794
.1822
851
880
.1908
937
965
.1994
.2022
051
.2079
108
136
.2164
193
221
.2250
278
306
.2334
363
391
.2419
447
476
.2504
532
560
.2588
616
644

.2672
700
728
.2756
784
812
.2840
868
896
.2924
952
979
.3007
035
062
.3090

872
868
.9863
858
853
.9848
843
838
.9833
827
822
.9816
811
805
.9799
793
787
.9781
775
769
.9763
757
750
.9744
737
730
.9724
717
710
.9703
696
689
.9681
674
667
.9659
652
644
.9636
628
621
.9613
605
596
.9588
580
572
.9563
555
546
.9537
528
520
.9511

614
644
.1673
703
733
.1763
793
823
.1853
883
914
.1944
974
.2004
.2035
065
095
.2126
156
186
.2217
247
278
.2309
339
370
.2401
432
462
.2493
524
555
.2586
617
648
.2679
711
742
.2773
805
836
.2867
899
931
.2962
994
.3026
.3057
089
121
.3153
185
217
.3249

197
084
5.976
871
769
5.671
576
485
5.396
309
226
5.145
066
4.989
4.915
843
773
4.705
638
574
4.511
449
390
4.331
275
219
4.165
113
061
4.011
3.962
914
3.867
821
776
3.732
689
647
3.606
566
526
3.487
450
412
3.376
340
305
3.271
237
204
3.172
140
108
3.078

013
013
1.014
014
015
1.015
016
016
1.017
018
018
1.019
019
020
1.020
021
022
1.022
023
024
1.024
025
026
1.026
027
028
1.028
029
030
1.031
031
032
1.033
034
034
1.035
036
037
1.038
039
039
1.040
041
042

1.043
044
045
1.046
047
048
1.049
049
050
1.051

277
166
6.059
5.955
855
5.759
665
575
5.487
403
320
5.241
164
089
5.016
4.945
876
4.810
745
682
4.620
560
502
4.445
390
336
4.284
232
182
4.134
086
039
3.994
950
906
3.864
822
782
3.742
703
665
3.628
592
556
3.521
487
453
3.420
388
356
3.326
295
265
3.236

108
079
1.4050
1.4021
992
1.3963
934
904
1.3875
846
817
1.3788
759
730
1.3701
672
643
1.3614
584
555
1.3526
497
468
1.3439
410
381
1.3352
323
294
1.3265
235
206
1.3177
148
119
1.3090
061
032
1.3003
974
945
1.2915
886
857
1.2828
799
~ 770
1.2741
712
683
1.2654
625
595
1.2566

81' 00'

50
40
30
20
10

50' 00'

50
40
30
20
10

79' 00'

50
40
30
20

10

'18°00'

50
40
30
20
10

77°00'
(

50
40
30
20
10

7&°00'

50
40
30
20
10

7lio 00'

50
40
30
20
10
'1~0

00'

50
40
30
20
10

'13°00'

50
40
30
20
10

18' 00'
72°00'
------Cos -----Tan- -Csc;- ----'--Sin
Cot
Sec;
RA.DIANS

DEGB. . .
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Table 2.
n.GRB~8

Four-Place Values of Functions and Radians (Cont.)

Sin
Cos
----- - --- -Tan- -Cot- Sec--Csc- --- 18° 00'
.3142 .3090 .9511 .3249 3.078 1.051

10

20

30
40
50
19°00'
10
20
30
40
50
10°00'
10
20
30
40
50
11° 00'
10
20
30
40
50
DO 00'
10
20
30
40
50
13°00'
10
20
30
40
50
1'° 00'
10
20
30
40
50
15°00'
10
20
30
40
50
16°00'
10
20
30
40
50
17°00'

RADIANS

171
200
.3229
258
287
.3316
345
374
.3403
432
462
.3491
520
549
.3578
607
636
.3665
694
723
.3752
782
811
.3840
869
898
.3927
956
985
.4014
043
072
.4102
131
160
.4189
218
247
.4276
305
334
.4363
392
422
.4451
480
509
.4538
567
596
.4625
654
683
.4712

118
145
.3173
201
228
.3256
283
311
.3338
365
393
.3420
448
475
.3502
529
557
.3584
611
638
.3665
692
719
.3746
773
800
.3827
854
881
.3907
934
961
.3987
.4014
041
.4067
094
120
.4147
173
200
.4226
253
279
.4305
331
358
.4384
410
436
.4462
488
514
.4540
Cos

502
492
.9483
474
465
.9455
446
436
.9426
417
407
.9397
387
377
.9367
356
346
.9336
325
315
.9304
293
283
.9272
261
250
.9239
228
216
.9205
194
182
.9171
159
147
.9135
124
112
.9100
088
075
.9063
051
038
.9026
013
001
.8988
975
962
.8949
936
923
.8910

281
314
.3346
378
411
.3443
476
508
.3541
574
607
.3640
673
706
.3739
772
805
.3839
872
906
.3939
973
.4006
.4040
074
108
.4142
176
210
.4245
279
314
.4348
383
417
.4452
487
522
.4557
592
628
.4663
699
734
.4770
806
841
.4877
913
950
.4986
.5022
059
.5095

047
018
2.989
960
932
2.904
877
850
2.824
798
773
2.747
723
699
2.675
651
628
2.605
583
560
2.539
517
496
2.475
455
434
2.414
394
375
2.356
337
318
2.300
282
264
2.246
229
211
2.194
177
161
2.145
128
112
2.097
081
066
2.050
035
020
2.006
1.991
977
1.963

052
053
1.054
056
057
1.058
059
060
1.061
062
063
1.064
065
066
1.068
069
070
1.071
072
074
1.075
076
077
1.079
080
081
1.082
084
085
1.086
088
089
1.090
092
093
1.095
096
097
1.099
100
102
1.103
105
106
1.108
109
111
1.113
114
116
1.117
119
121
1.122

3.236
207
179
3.152
124
098
3.072
046
021
2.996
971
947
2.924
901
878
2.855
833
812
2.790
769
749
2.729
709
689
2.669
650
632
2.613
595
577
2.559
542
525
2.508
491
475
2.459
443
427
2.411
396
381
2.366
352
337
2.323
309
295
2.281
268
254
2.241
228
215
2.203

1.2566
537
508
1.2479
450
421
1.2392
363
334
1.2305
275
246
1.2217
188
159
1.2130
101
072
1.2043
1.2014
985
1.1956
926
897
1.1868
839
810
1.1781
752
723
1.1694
665
636
1.1606
577
548
1.1519
490
461
1.1432
403
374
1.1345
316
286
1.1257
228
199
1.1170
141
112
1.1083
054
1.1025
1.0996

72° 00'
50
40
30
20
10
71°00'
50
40
30
20
10
70°00'
50
40
30
20
10
69°00'
50
40
30
20
10
68° 00'
50
40
30
20
10
67° 00'
50
40
30
20
10
66°00'
50
40
30
20
10
66° 00'
50
40
30
20
10
MOOO'
50
40
30
20
10
63°00'

RADIANS

DEGRIl• •

----Tan- ------ --Sin
Cot
Csc
Sec
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Table 2.

Four-Place Values of Functions and Radians (Cont.)

Cos
Tan
Cot
- - - - - -Sin- --- - - - -Sec- -Csc- --- - - 27° 00/
DEGREES

10
20
30
40
50

28° 00/

10
20
30
40
50
29°00/

10
20
30
40
50
30° 00'

10
20
30
40
50

31°00/

10
20
30
40
50
31°00'

10
20
30
40
50

33°00'

10

20

30
40
50
3'°00'

10
20
30
40
50

31°00/

10
. 20
) 30
40
50

RADIANS

.4712
741
771
.4800
829
858
.4887
916
945
.4974
.5003
032
.5061
091
120
.5149
178
207
.5236
265
294
.5323
352
381
.5411
440
469
.5498
527
556
.5585
614
643
.5672
701
730
.5760
789
818
.5847
876
905
.5934
963
992
.6021
050
080
.6109
138
167
.6196
225
254
.6283

.4540
566
592
.4617
643
669
.4695
720
746
.4772
797
823

.4~8

74
899
.4924
950
975
.5000
025
050
.5075
100
125
.5150
175
200
.5225
250
275
.5299
324
348
.5373
398
422
.5«6
471
495
.5519
544
568
.5592
616
640
.5664
688
712
.5736
760
783
.5807
831
854
.5878

.8910
897
884
.8870
857
843
.8829
816
802
.8788
774
760
.8746
732
718
.8704
689
675
.8660
646
631
.8616
601
587
.8572
557
M2

.8526
511
496
.8480
465
450
.8434
418
403
.8387
371
355
.8339
323
307
.8290
274
258
.8241
225
208
.8192
175
158
.8141
124
107
.8090

.5095
132
169
.5206
243
280
.5317
354
392
.5430
467
505
.5543
581
619
.5658
696
735
.5774
812
851
.5890
930
969
.6009
048
088
.6128
168
208
.6249
289
330
.6371
412
453
.6494
536
577
.6619
661
703
.6745
787
830
.6873
916
959
.7002
0(6
089
.7133
177
221
.7265

1.963
949
935
1.921
907
894
1.881
868
855
1.842
829
816
1.804
792
780
1.767
756
744
1.732
720
709
1.698
686
.675
1.664
653
643
1.632
621
611
1.600
590
580
1.570
560
550
1.540
530
520
1.511
501
1.492
1.483
473
464
1.455
446
437
1.428
419
411
1.402
.393
385
1.376

1.122
124
126
1.127
129
131
1.133
-134
136
1.138
140
142
1.143
145
147
1.149
151
153
1.155
157
159
1.161
163
165
1.167
·169
171
1.173
175
177
1.179
181
184
1.186
188
190
1.192
195
197
1.199
202
204
1.206
209
211
1.213
216
218
1.221
223
226
1.228
231
233
1.236

2.203
190
178
2.166
154
142
2.130
118
107
2.096
085
074
2.063
052
041
2.031
020
010
2.000
1.990
980
1.970
961
951
1.942
932
923
1.914
905
896
1.887
878
870
1.861
·.853

1.0996
966
937
1.0908
879
850
1.0821
792
763
1.0734
705
676
1.0647
617
588
1.0559
530
501
1.0472
443
414
1.0385
356
327
1.0297
268
239
1.0210
181
152
1.0123
094
065
1.0036
1.0007
844
977
1.836
.9948
·828
919
820
890
1.812
.9861
804
832
796
803
1.788
.9774
781
745
773
716
1.766
.9687
758
657
751
628
1.743
.9599
736
570
729
541
1.722
.9512
715
483
708
454
1.701
.9425

36°00/
----- ------Tan- -eBC- -COB
Sin
Cot

Sec

-

RADIANS

63°00/

50
40
30
20
10
62° 00'
50

40
30
20

10

61°00'

50
40
30
20
10

60°00'

50
40
30
20
10

69°00'

50
40
30
20
10

158°00'

50
40
30
20
10

157°00'
50

40
30

20

10

156°00'

50

40

30
20
10
66°00'

50
40

30
20
10
15'°00'
--n..
QB. . . .

881

882
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Table 2.

Four-Place Values of Functions and Radians (Cont.)

Sin
Tan
Cos
Cot
Sec
Csc
- - - ------- -- - - - - - - - - - - 36° 00'
.6283 .5878 .8090 .7265 1.376 1.236 1.701
.9425
DIlGREES

RADIANS

10
20
30
40
50
37°00'
10
20
30
40
50
38° 00'
10
20
30
40
50
39° 00'
10
20
30
40
50
40°00'
10
20
30
40
50
'1°00'
10
20
30
40
50
42° 00'
10
20
30
40
50
43°00'
10
20
30
40
50
44° 00'
10
20
30
40
50
45° 00'

312
341
.6370
400
429
.6458
487
516
.6545
574
603
.6632
661
690
.6720
749
778
.6807
836
865
.6894
923
952
.6981
.7010
039
.7069
098
127
.7156
185
214
.7243
272
301
.7330
359
389
.7418
447
476
.7505
534
563
.7592
621
650
.7679
709
738
.7767
796
825
.7854

901
925
.5948
972
995
.6018
041
065
.6088
111
134
.6157
180
202
.6225
248
271
.6293
316
338
.6361
383
406
.6428
450
472
.6494
517
539
.6561
583
604
.6626
648
670
.6691
713
734
.6756
777
799
.6820
841
862
.6884
905
926
.6947
967
988
.7009
030
050
.7071

I

073
056
.8039
021
004
.7986
969
951
.7934
916
898
.7880
862
844
.7826
808
790
.7771
753
735
.7716
698
679
.7660
642
623
.7604
585
566
.7547
528
509
.7490
470
451
.7431
412
392
.7373
353
333
.7314
294
274
.7254
234
214
.7193
173
153
.7133
112
092
.7071

310
355
.7400
445
490
.7536
581
627
.7673
720
766
.7813
860
907
.7954
.8002
050
.8098
146
1\)5
.8243
292
342
.8391
441
491
.8541
591
642
.8693
744
796
.8847
899
952
.9004
057
110
.9163
217
271
.9325
380
435
.9490
545
601
.9657
713
770
.9827
884
942
1.000

368
360
1.351
343
335
1.327
319
311
1.303
295
288
1.280
272
265
1.257
250
242
1.235
228
220
1.213
206
199
1.192
185
178
1.171
164
157
1.150
144
137
1.130
124
117
1.111
104
098
1.091
085
079
1.072
066
060
1.054
048
042
1.036
030
024
1.018
012
006
1.000

239
241
1.244
247
249
1.252
255
258
1.260
263
266
1.269
272
275
1.278
281
284
1.287
290
293
1.296
299
302
1.305
309
312
1.315
318
322
1.325
328
332
1.335
339
342
1.346
349
353
1.356
360
364
1.367
371
375
1.379
382
386
1.390
394
398
1.402
406
410
1.414

695
688
1.681
675
668
1.662
655
649
1.643
636
630
1.624
618
612
1.606
601
595
1.589
583
578
1.572
567
561
1.556
550
545
1.540
535
529
1.524
519
514
1.509
504
499
1.494
490
485
1.480
476
471
1.466
462
457
1.453
448
444
1.440
435
431
1.427
423
418
1.414

396
367
.9338
308
279
.9250
221
192
.9163
134
105
.9076
047
.9018
.8988
959
930
.8901
872
843
.8814
785
756
.8727
698
668
.8639
610
581
.8552
523
494
.8465
436
407
.8378
348
319
.8290
261
232
.8203
174
145
.8116
087
058
.8029
999
970
.7941
912
883
.7854

54° 00'
50
40
30
20
10
83° 00'
50
40
30
20
10
82° 00'
50
40
30
20
10
81° 00'
50
40
30
20
10
GOO 00'
50
40
30
20
10
49° 00'
50
40
30
20
10
48°00'
50
40
30
20
10
,1.7°00'
50
40
30
20
10
46° 00'
50
40
30
20
10
O
4G 00'

------ ----Cot- -Tan- -Csc- - - --- --Cos
Sin
Sec
RADIANl!I

DIlGlUIJIll
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Table 3.

Mass No.
I

1
2
3
3
4
5
5
6
6
7
7
8
8
8
9
9
10
10

10
11
11
12
12
13
13
14
14
15
15
15
16
16
17
17
17
18
18
19
19
19

Atomic No.

0
1
1
1
2
2
2
3
2
3
3
4
3
4
5
4
5
4
5
6
5
6
6
7
6
7
6
7
6
7
8
7
8
7
8
9
8
9
8

9
10

883

Isotopic Masses

Element
n

H
H
H
He
He
He
Li
He
Li
Li
Be
Li
Be
B
Be
B
Be
B
C

B
C
C

N
C

N
C

N
C

N
0
N
0
N
0
F
0
F
0
F
Ne

I

Atomic Mass
-1.008987
1.008145
2.014741
3.016997
3.016977
4.003879
5.0137
5.0136
6.020833
6.01697
7.01822
7.01916
8.02502
8.00785
8.0264
9.01503
9.01620
10.01677
10.016110
10.0206
11.012811
11.01495
12.003844
12.0227
13.007505
13.00988
1400767
14.007550
15.0143
15.004902
15.0078
16.0109
16.000000
17.0139
17.004533
17.007505
18.004883
18.006651
19.0091
19.004444
19.007952

884
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Table 3.

Mass No.

Atomic No.

20
20
21
21
22
22
23
23
23
24
24
25
26
27
27
28
28
29
30
31
31
32
32
33
33
34
35
36
37
38
39
40
40
41
42
43
44
45
46
47

9
10

48

10

11
10

11

10
11

12
11

12
12
12
12
13
13
14
14
14
14
15
15
16
15
16
16
17
18
17
18
19
18
20
19
20
20
20
21
22
22
20

Isotopic Masses (Cont.)

Element
F

Ne
Ne
Na
Ne
Na
Ne
Na
Mg
Na
Mg
Mg
Mg
Mg
Al
Al
Si
Si
Si
Si
P
P

S
P

S
S
Cl
A
Cl
A
K

A
Ca
K

Ca
Ca
Ca
Sc
Ti
Ti
Ca

Atomic Mass
20.006350
19.998772
21.000504
21.004286
21.998382
22.001409
23.001768
22.997055
23.001453
23.998568
23.992628
24.993745
25.990802
26.992876
26.990109
27.990760
27.985825
28.985705
29.983307
3"0.985140
30.983619
31.984016
31. 982274
32.982166
32.981941
33.978709
34.980064
35.97926
36.977675
37.97491
38.97606
39.975148
39.97545
40.97490
41.97216
42.97251
43.96924
44.97010
45.96697
46.96668
47.96778
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Table 3.

Isotopic Masses (Cont.)

Mass No.

Atomic No.

Element

Atomic Mass

48
49
50
50
51
52
53
54
54
55
56
57
58
58
59
60

22
22
22
24
23
24
24
24
26
25
26
26
26
28
27
27
28
28
28
29
28
30
29
30
30
30
30
32
32
34
33
32
35
35
36
36
37
38
37
38
42

Ti
Ti
Ti
Cr

47.96317
48.96358
49.96077
49.96210
50.96052
51.95707
52.95772
53.9563
53.95704
54.95581
55.95272
56.95359
57.9520
57.95345
58.95182
59.95250
59.94901
60.94907
61.94681
62.94926
63.94755
63.94955
64.94835
65.94722
66.94815
67.94686
69.94779
69.9447
73.9426
73.9439
74.9432
75.9433
78.944
80.943
81.938
83.938
84.931
85.93533
86.9295
87.93374
93.9343

60

61
62
63
64
64
65
66
67
68
70
70
74
74
75
76
79
81
82
84
85
86
87
88
94

V

Cr
Cr
Cr
Fe
Mn
Fe
Fe
Fe
Ni
Co
Co
Ni
Ni
Ni
Cu
Ni
Zn
Cu
Zn
• Zn
Zn
Zn
Ge
Ge
Se
As
Ge
Br
Br
Kr
Kr
Rb

Sr
Rb

Sr
Mo

885

886
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Table 3.

Isotopic Masses (Cont.)

Mass No.

Atomic No.

Element

Atomic Mass

98
102
104
105
106
106
108
108
110
110
III
ll2
113
ll3
ll4
ll5
ll5
ll6
ll6
ll7
ll8
ll9
120
120
122
122
123
124
124
124
125
126
126
127
128
128
129
130
130
131
132

42
46
46
46
46
48
46
48
46
48
48
48
48
49
48
49
50
48
50
50
50
50
50
52
50
52
52
50
52
54
52
52

Mo
Pd
Pd
Pd
Pd
Cd
Pd
Cd
Pd
Cd
Cd
Cd
Cd
In
Cd
In
Sn
Cd
Sn
Sn
Sn
Sn
Sn
Te
Sn
Te
Te
Sn
Te
Xe
Te
Te
Xe
I
Te
Xe
Xe
Te
Xe
Xe
Xe

97.93610
101.9375
103.93655
104.9384
105.9368
105.93984
107.93801
107.93860
109.93965
109.93857
110.93978
111.93885
ll2.94061
ll2.94045
ll3.93997
ll4.94040
ll4.94014
ll5.94202
ll5.93927
ll6.94052
ll7.93978
118.94122
119.94059
119.94288
121.94249
121.94193
122.94368
123.94490
123.94278
123.94578
124.94460
125.94420
125.94476
126.94528
127.94649
127.94446
153.94601
129.94853
129.94501
130.94673
131.94615

54

53
52
54
54

52
54

54
54
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Table 3.

Isotopic Masses (Cont.)

Mass No.

Atomic No.

Element

Atomic Mass

134
136
136
137
138
140
141
142
144
150
176
178
180
181
182
183
184
194
196
205
206
206
207
207
208
208
208
209
209
209
209
210
210
210
210
211
211
211
212
212
212

54
54

Xe
Xe
Ba
Ba
Ba
Ce
Pr
Ce
Nd
Nd

133.94803
135.95046
135.9488
136.9502
137.9498
139.9489
140.9514
141. 9537
143.9560
149.9687
175.9923
177.9936
180.0029
181.0031
182.0033
183.0059
184.0052
194.0256
196.02744
205.04559
206.04702
206.04519
207.04934
207.04725
208.05290
208.04754
208.04968
209.05778
209.05398
209.05325
209.05496
210.06264
210.05622
210.05614
210.05488
211.06196
211.06047
211.05927
212.06487
212.06345
212.06094

56
56
56
58
59
58
60
60
72
72
72
73
74
74

74
78
78
82
81
82
81
82
81
82
83
81
82
83
84
81
82
83
84
82
83
84
82
83
84

Hf
Hf
Hf

Ta
W
W
W

Pt
Pt
Pb
Tl
Ph
Tl
Pb
Tl
Pb
Bi
Tl
Pb
Bi
Po
Tl
Pb
Bi
Po
Pb
Bi
Po
Pb
Bi
Po

887
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Table 3.

Isotopic Masses (Cont.)

Mass No.

Atomic No.

Element

Atomic Mass

212
213
213
214
214
214
214
215
215
216
216
216
217
217
218
218
218
218
219
219
220
220
220
221
221
222
222
222
223
223
223
224
224
224
225
225
225
226
226
226
227

85
83
83
82
83
84
85
84
85
84
85
86
85
86
84
85
86
87
86
87
86
87
88
87
88
86
88
89
87
88
89
88
89
90
88
89
90
88
90
91
88

At
Bi
Po
Pb
Bi
Po
At
Po
At
Po
At
Em
At
Em
Po
At
Em
Fr
Em
Fr
Em
Fr
Ra
Fr
Ra
Em
Ra
Ac
Fr
Ra
Ac
Ra
Ac

212.06079
213.06824
213.06696
214.07362
214.07225
214.06852
214.06955
215.07392
215.07313
216.07617
216.07586
216.07358
217.07979
217.07939
218.08407
218.08369
218.08017
218.08108
219.08527
219.08501
220.08693
220.08706
220.08567
221.09057
221.09060
222.09397·
222 09116
222.09342
223.09697
223.09559
223.09615
224.09703
224.09769
224.09743
225.10102
225.10081
225.10170
226.10309
226.10193
226.10494
227.10723

Th

Ra
Ac
Th

Ra
Th

Pa
Ra

II
I
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Table 3.

Atomic No.

Element

Atomic Mass

227
227
227
228
223
228
228
228
229
229
229
230
230
230
231
231
2'31
232
232
232
232
233
233
233
234
234
234
234
235
236
237
237
238
238
238
239
239
239

89
90
91
88
89
90
91
92
90
91
92
90
91
92
90
91
93
90
91
92
94
90
91
92
90
91
92
94
92
94
92
93
92
93
94
92
93
94
95
96
94

Ac
Th
Pa
Ra
Ac
Th
Pa

227.10666
227.10642
227.10710
228.11005
228.11005
228.10685
228.10823
228.10863
229.11021
229.11088
229 11258
230 11206
230 11441
230 11222
231.11628
231.11607
231.11776
232.11852
232.11768
232.11650
232.11973
233.12198
233.12027
233.11937
234.12394
234.12281
234.12115
234.12269
235.12517
236.12667
237.13010
237.12932
238.13232
238.13255
238.13106
239.13704
239.13620
239.13494
239.13568
240.13744
241.13909

~39

'.

Isotopic Masses (Cont.)

Mass No.

240

241

889

U

Th
Pa
U

Th
Pa
U

Th
Pa
Np
Th
Pa
U

Pu
Th
Pa
U

Th
Pa
U

Pu
U

Pu
U

Np
U

Np
Pu
U

Np
Pu
Am
em
Pu

,~
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Table 3.

Isotopic Masses (Cont.)

Mass No.

Atomic No.

Element

Atomic Mass

241
242
242

95
95
96

Am
Am
Om

241.13919
242.14215
242.14160

Collins, T. L., A. O. Nier, and W. H. Johnson, Jr., Phys. Rev., 86, 408, 1952.
Duckworth, H. E., C. L. Kegley, J. M. Olson, and G. S. Stanford, Phys. Rev., 83,1114,
1951.
Halsted, R. E., Phys. Rev., 88, 660, 1952.
Hays, E. E., P. 1. Richards, and S. A. Goudsmit, Phys. Rev., 84, 824, 1951.
Hornyak, W. F., T. Lauritsen, P. Morrison, and W. A. Fowler, Rev. Modern Phys.,
22, 291, 1950.
Ogata, K., and H. Matsuda, Phys. Rev., 89, p. 27, 1953.
Stern, N. 0., Revs. Modern Phys., 21, 316, 1949.

TABLES

Atomic Weights of the Elements

Table 4.
Element
Actinium
Aluminum
Americium
Antimony
Argon
Arsenic
Astatine
Barium
Berkelium
Beryllium
Bismuth
Boron
Bromine
Cadmium
Calcium
Californium
Carbon
Cerium
Cesium
Chlorine
Chromium
Cobalt
Copper
Curium
Dysprosium
Erbium
Europium
Fluorine
Francium
Gadolinium
Gallium
Germanium
Gold
Hafnium
Helium
Holmium
Hydrogen
Indium
Iodine
Iridium.........
Iron
Krypton.
.
Lanthanum....
Lead..........
Lithium........
Lutetium.........
Magnesium
Manganese
Mendelevium
Mercury

Symbol
.
.
.
.
.
.
.
.
'1
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.

891

.
.
.
.
.
.
.
.
.
.

Ac
AI
Am
8b
A
As
At
Ba
Bk
Be
Bi
B
Br
Cd
Ca
Cf
C
Ce
Cs
CI
Cr
Co
Cu
Cm
Dy
Er
Eu
F
Fr
Gd
Ga
Ge
Au
Hf
He
Ho
H
In
I
Ir
Fe
Kr
La
Pb
. Li
Lu
Mg
Mn
Mv
Hg

Atomic
Number

Atomic
Weight"

89
13
95
51
18
33
85
56
97
4
83
5
35
48
20
98
6
58
55
17
24
27
29
96
66
68
63
9
87
64
31
32
79
72
2
67
1
49
53
77
26
36
57
82
3

227
26.98
[243]
121.76
39.944
74.91
[210]
137.36
[249]
9.013
209.00
10.82
79.916
112.41
40.08
[249]
12.011
140.13
132.91
35.457
52.01
58.94
63.54
[245]
162.51
167.27
152.0
19.00
[223]
157.26
69.72
72.60
197.0
178.50
4.003
164.94
1.0080
114.82
126.91
192.2
55.85
83.80
138.92
207.21
6.940
174.99
24.32
54.94
[256]
200.61

71
12
25
101
80

• A value given in brackets denotes the mass number of the most stable known
isotope. From Journal of the American Chemical Society, Vol. 78, p. 3235,1956.
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Table 4.

Atomic Weights of the Elements (Cont.)

Element
Molybdenum
Neodymium
Neon
Neptunium
Nickel.
Niobium (Columbium)
Nitrogen
Osmium
Oxygen
.
Palladium
Phosphorus
Platinum
Plutonium
Polonium.
.
Potassium
Praseodymium. . . . . . . .
.
Promethium. . . . . . . . . . . . . ..
.
Protactinium. . . . . . . . . .. .. .
Radium
Radon
Rhenium
Rhodium
Rubidium...............
.
Ruthenium............
.
Samarium
.
Scandium
" ....
.
Selenium
Silicon
Silver.. . . . . . . . . .. .
Sodium
Strontium
Sulfur
Tantalum
Technetium
Tellurium
.
Terbium
Thallium
Thorium
Thulium
Tin
Titanium
Tungsten
Uranium
Vanadium
Xenon
ytterbium
yttrium
Zinc
Zirconium
,

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

Symbol

Atomic
Number

Atomic
Weighta

Mo
Nd
Ne
Np
Ni
Nb
N
Os
0
Pd
P
Pt
Pu
Po

42
60
10
93
28
41
7
76
8
46
15
78
94
84
19
59
61
91
88
86
75
45
37
44
62
21
34
14
47
11
38
16
73
43
52
65
81
90
69
50
22
74
92
23
54
70
39
30
40

95.95
144.27
20.183
[237J
58.71
92.91
14.008
190.2
16
106.4
30.975
195.09
[242J
210
39.100
140.92
[145J
231
226.05
222
186.22
102.91
85.48
101.1
150.35
44.96
78.96
28.09
107.880
22.991
87.63
32.066
180.95
[99J
127.61
158.93
204.39
232.05
168.94
118.70
47.90
183.86
238.07
50.95
131.30
173.04
88.92
65.38
91.22

K

Pr
Pm
Pa
Ra
Rn
Re
Rh
Rb
Ru
Sm
Sc
Se
Si
Ag
Na
Sr
S
Ta
Tc
Te
Tb
TI
Th
Tm
Sn
Ti
W
U
V
Xe
Yb
Y

Zn
Zr

" A value given in brackets denotes the mass number of the most stable known
isotope. From Journal of the American Chemical Society, Vol. 78, p. 3235, 1956.
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Table 5.
X-Ray Notation

Distribution of Electrons in the Atoms
L

K

M

1,0 12,0 I~

Quantum
Numbers
n, 1

3,0

3,1

N

3,2

4,0

4,1

4,2

4,3

- -- -- -- Ele- , Atomic
t Number
men
Z

- -- - - - - - - - - H
He
Li
Be
B

1
2
3
4
5
6
7

C
N

0
F
Ne

8
I

9
10

I------- - - - - -

Nil.
Mg
AI
Si

P
S
CI
A
K
Ca
Sc
Ti

V
Cr
Mn
Fe
Co
Ni
Cu
Zn
Gil.
Ge
Ai;

Se
Br

Kr

I

11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33

34
35
36

,

I

1
2
2
2
2
2
2
2
2
2

1
2
2
2
2
2
2
2

1
2
3
4
5
6

Neon
Configuration
10 electron
core

I
!

- - - _I . 1
2
2
2
2
2
2
2

!

Argon
Configuration
18 electron

core

i

I

1
2
3
4
5
6

-

-- - - -

- - - -I 1
2
3
5
5
6
7
8
10
10
10
10
10
10
10
10

1
2
2
2
2
1
2
2
2
2
1
2
2
2
2
2
2
2

1
2
3
4

5
6
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Table 5.

Distribution of Electrons in the Atoms (Cont.)

X-Ray Notation

KLM

Quantum
Numbers
n, l

123

0

N

4,04,1 4,2 4,3 5,0 5,1 5,2 6,0 6,1 6,2 7,0 7,1

-

- - - - - - - -

Element

Atomic
Number
Z

Rb
Sr
Y
Zr
Nb
Mo
Ma
Ru
Rh
Pd

37
38
39
40
41
42
43
44
45
46

Ag
Cd
In
Sn
Sb
Te
I
Xe

47
48
49
50
51
52
53
54

Cs
Ba

55
56

Xenon Configuration
54 electron core

La
Ce
Pr
Nd
Pm
Sm
Eu

57
58
59

2
2
2
2
2
2
2
2
2
2
2
2
2
2
2

Gd
Tb

Dy
Ho
Er
Tm
Yb
Lu

-

Krypton
Configuration
36 electron
core

1
2
4
5
6
7
8
10

Shells
1,0 to 4,2
contain
46 electrons

1
2
2
2
1
1
1
1
1

1
2
2
2
2
2
2
2

Palladium
Configuration
46 electron
core

60

61
62
63
64
65
66
67
68
69
70
71

Q

P

1
2
3
4
5
6
7
8
9
10
11

13
Ii

14

1-

-

-

-

-

-

-

,-

-

-

-

-

-

-

-

-

-- -

-

-- -

,-

1
2
3
4
5
6
1
2
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6

1
1
1
1
1
1
1
1
1
1
1
1
0
0
1

2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
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Table 5.

Distribution of Electrons in the Atoms (Cont.)

X-Ray Notation KLMN
Quantum
Numbers
n, I

1 2 3

4

0
5,0 5,1

P

5,2

5,3

6,0

6,1

Q
6,2

7,0

------ ------

Ele- Atomic
ment Number
Z

Hf
Ta
W
Re
Os
Ir
Pt
Au
Hg
TI
Pb
Bi
Po
At
Rn

72
73
74
75
76
77
78
79
80
81
82
83
84
85
86

Fr
Ra

87
88

Ac
Th
Pa
U
Np
Pu
Am
Cm
Bk
Cf
E
Fm
Mv

89
90
91
92
93
94
95
96
97
98
99
100
101

7,1

----------

Shells
1,0 to 5,1
contain
68 electrons

2
3
4
5
6
7
9
10
10
10
10
10
10
10
10

2
2
2
2
2
2
1
1
2
2
2
2
2
2
2

--

1
2
3
4
5
6

----------

Radon Configuration
86 electron core

1
2

-- ---- -- -1
2
3
4
5
6
7
8
9
10
11
12

2
2
2
2
2
2
2
2
2
2
2
2
2

6
6
6
6
6
6
6
6
6
6
6
6
6

1
1
1
1
1
1
1
1
1
1
1
1
1

2
2
2
2
2
2
2
2
2
2
2
2
2
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Table 6.
I
I

2

II

1

H
1.0080

3

Li
4
6.940

Periodic Table of the Element.
IV

III

V

VI

VII

--- - - -

VIII
He
4.003

2

- - -- - Be
5
9.013

7 N
C
8
12.011
14.008

0
16

B
10.82

6

9

F
10
19.00

Ne
20.183

12 Mg 13
11 Na
24.32
22.991

Al
26.98

14 Si
15 P
17 CI 18
16 S
30.975
35,457
28.09
32.066

A
39.944

19 K
20 Ca
21
39.100
40.08

Se
44.96

22 Ti 23 V
24 Cr
25 Mn 26 Fe 27 Co 28 Ni
50.95
52.01
47.90
54.94 55.85 58.94 58.71

29 Cu
63.54

30 Zn
31
65.38

Ga
69.72

32 Ge 33 As
35 Br
34 Se
36 Kr
72.60
74.91
79.916 83.80
78.96

37 Rb
85.48

38 Sr
39
87.63

Y
88.92

40 Zr 41 Nb
42 Mo 43 Te
91.22
92.91
[99]
95.95

-----3

- - -- - ------

4

-----44 Ru 45 Rh 46 Pd
101.1 102.91 106.4

------

5
47 Ag
48 Cd
49
In
112.41
114.82
107.880

50 Sn 51 Sb
52 Te
53 I
54 Xc
118.70
121.76
127.61
126.91 131.30

------

55 Cs
132.91

57-71
56 Ba
72 Hf 73 Ta
74W
75 Re
76 Os 77 Ir 78 Pt
137.36 Rare Earths· 178.50
180.95
183.86
186.22 190.2 192.2 195.09

79 Au
197.0

80 Hg
81
TI
200.61
204.39

87 Fr

88 Ra

------

6

82 Pb 83 Bi
84 Po
207.21
209.00
210

------

85 At
[2101

86 Rn
222

89-102
Aetinidet
226.05
Series

7
1223]

"Rare Earth or Lanthanide Series.
57

La
138.92

58

Ce
140.13

59

Pr
140.92

60

Nd
144.27

61

Pm
[145]

62

Sm
150.35

63

Eu
152.0

64

Gd
157.26

65

Tb
158.93

66

Dy
162.51

67

Ho
164.94

68

Er
167.27

69

Tm
168.94

70

Yb
173.04

71

Lu
174.99

t Actinide Series.
89

Ac
227

90

93

Np
[237]

94

97

Bk
[2(9)

98

101

Mv
[256]

Th
232.05

91

Pa
231

92

U
238.07

Pu

95

Am
[2431

96

Cm
[245J

[242]

I

Cf
[249]

102
(Nobelium)

99
E
(Einsteinium)

Fm
100
(Fermium)

Appendix B
THE GREEK ALPHABET

Lower-case Letter

Capital Letter

a

A

alpha

{3

B

beta

'Y

r

gamma

0

~

delta

E

E

epsilon

r

Z

zeta

TJ

H

eta

(J

e

theta

I

iota

K

K

kappa

>.

A

lambda

IJ.

M

mu

JI

N

nu

~

Z

Xl

0

0

omicron

7r

IT

pi

p

P

rho

(l,S

2:

sigma

T

T

tau

v

l'

upsilon

cP

<I>

phi

X

X

chi

if!

'!'

psi

Cal

0

omega

Name of Letter
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Appendix C
Answers to Odd-Numbered
Problems

Chapter 1
1-1.
1-3.
1-5.
1-7.
1-9.
1-11.
1-13.
1-15.

No answer.
(a) (5,53°); (b) (7.1,315°); (c) (13.4,153°25').
(2.5 m, 4.3 m).
R = 10 7 m' (x R) = 73°45'. (y R) = 62°15'. (z, R)
A + B:·(7.07, 171°50'); A (9.06,276°20').'
(a) (4.51,145°45'); (b) (24.1,357°5').
No answer.
5.04,79°35'.

13:

=

32°55'.

Chapter 2
2-1.
2-5.
2-9.
2-13.
2-15.
2-17.
2-19.
2-21.
2-23.
2-25.
2-27.
2-29.
2-31.
2-33.
2-37.

2-3. (a) 7.75 mi/hr; (b) 3.9 min.
(a) 40 mi/hr; (b) 58.7 ft/sec.
253 mi/hr, 9°5' E of N.
2-7. 4.9 ft/sec 2•
2-11. (a) 5.71 ft/sec 2 ; (b) 20.5 sec.
4.28 ft/sec 2 •
(a) 71.6 ft/sec; (b) 75.5 ft/sec.
(a) 4 sec; (b) 120 ft from base; (c) 132 ft/sec, 0 = -76°50'.
402 cm/sec, 598 cm/sec.
(a) 7.95 km; (b) 30,000 cm/sec, 0 = -30°.
(a) 0.24 ft/sec 2 ; (b) 4,950 ft.
(a) 6.67 m/sec; (b) 5.2 m/sec; (c) 1.38 m.
(a) 5.76 ft; (b) 57.6 ft/sec, 0 = 19°30'.
No answer.
(a) 38 m/sec, 0 = 71°35'; (b) 12 m/sec 2 (y-direction).
(a) 1.63 sec; (b) 56.4 ft; (c) 143.5 ft.
(a) -32 ft/sec; (b) O.
2-35. No answer.
No answer.
2-39. No answer.

Chapter 3
3-1.
3-5.
3-9.
3-13.
3-15.

15 lb.
(a) 230Ib; (b) 230 lb.
175 lb.
(a) 49Ib; (b) 130Ib; (c) 88Ib;
(a) 8Ib; (b) 0.061; (c) 65.9 lb.

3-3. (a) 69.3Ib; (b) 138.5 lb.
3-7. (a) 575Ib; (b) 1,150 lb.
3-11. (a) 90Ib; (b) 150 lb.

(d) 62 lb.
899
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Chapter 4
4-1.
4-3.
4-5.
4-9.
4-13.
4-17.
4-21.

6lb ft.
(a) 1,225Ib; (b) 2851b;
2.5 ft from 60 lb wt.
(a) 115Ib; (b) 693 lb.
0.67a, 0.29a.
2.94 in.
(a) 4 ft; (b) 120 lb.

(c) 980 lb.
4-7.
4-11.
4-15.
4-19.
4-23.

(a) 1,200 Ib; (b) 2,000 lb.
0.56.
30.5 Ib, 75°20' with horizontal.
No answer.
No answer.

Chapter 5
5-1.
5-5.
5-9.
5-11.
5-13.
5-17.
5-21.
5-25.
5-29.
5-33.
5-35.

5-3. 428 lb.
6,000 dynes.
5-7. 84,500 lb.
50,000 dynes.
(a) 2811b; (b) 2,081 lb.
(a) 30,000 dynes; (b) 275,000 dynes.
(a) 8 ft/sec 2 ; (b) 18 lb.
5-15. (a) 1.96 m/sec 2 ; (b) 23.5 nt.
(a) 1501b; (b) 46.3 ft/sec.
5-19. 0.43.
10 ft.
5-23. No answer.
2.6 X 10 5 dynes.
5-27. 161 nt.
15.8 sec.
5-31. (a) 20 lb; (b) 40 lb.
(a) 6.4 ft/sec 2 ; (b) 6.4 ft/sec 2 ; (c) 7.2 ft/sec 2•
38.4 ft/sec.

Chapter 6
6-1.
6-3.
6-5.
6-9.
6-11.
6-13.
6-15.
6-17.
6-19.
6-21.
6-25.

(a) 611" rad/sec; (b) 37.7 ft/sec; (c) 10,800°.
11" rad/sec 2 ; (b) 1,100 rev.
No answer.
6-7. No answer.
(a) 3,125 dynes; (b) 20.8 cm/sec 2•
2.7 X 10- 3 m/sec; (b) 5.83 X 10 24 kg.
(a) 6°; (b) 0.13.
(a) 4.95 rad/sec; (b) 1.22 X 10 5 dynes.
(a) 4,033 ft; (b) 1,260 lb.
(a) 2.97 X 10 4 m/sec; (b) 5.91 X 10- 3 m/sec 2 ; (c) 3.53 X 10 22 nt.
(a) 20 mi; (b) 2 mi
6-23. 1.97 X 10 30 kg.
No answer.
6-27. 800 lb.

Chapter 7
7-1.
7-5.
7-7.
7-9.
7-11.
7-13.
7-15.
7-19.
7-21.
7-23.
7-25.

(a) 600 ft Ib; (b) 0.33.
7-3. (a) 1,120 ft Ib;
(a) 1,800 ft Ib; (b) 1,200 ft lb; (c) 600 ft lb.
(a) 1,800 ft lb; (b) 960ftlb; (c) 840 ft lb; (d) 0.4.
(a) 8.82 X 10 6 ergs; (b) 198 cm/sec; (c) 190 cm/sec.
11,900 ft lb/sec.
(a) 1,875Ib; (b) 400 ft/sec; (c) 1,100 ft/sec.
No answer.
7-17. 6.7 lb.
9 X 10 16 ergs.
(a) -24; (b) 18, -z-direction; (c) 18, +z-direction.
37.5 mi/hr.
(a) 0; (b) 30.25 ft lb; (c) no answer.

(b) 1,120 ft lb.
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Chapter 8
8-1.
8-3.
8-5.
8-9.
8-11.
8-13.
8-17.

(a) 15.6 slugs/ft 3 ; (b) 1.56 slugs/ft 3 ; (c) 0.8.
(a) 0.5 ft; (b) 17,500Ib; (c) 20,000Ib; (d) flat.
(a) 1.65 em; (b) 1.55 em.
8-7. 37.8 em.
(a) 4.53 X 10 4 Ib/ft 2 ; (b) 1.94 X 10 10 lb.
(a) 1O.4lb/ft 2 ; (b) 2,130Ib/ft2.
76 em.
8-15. (a) 4,830 tons; (b) 15,000 ft 3.
(a) 1.670 dynes; (b) 2,500 dynes; (c) 1,670 dynes; (d) 1,250 dynes.

Chapter 9
9-1.
9-5.
9-9.
9-11.
9-13.
9-15.
9-17.

(a) 5.43 ft/see; (b) 3.06 ft/see.
9-3. (a) 27 ft/see; (b) 141 ft3/ min.
1.44 X 10 4 sec.
9-7. (a) 26.8 ft/see; (b) 2.33 ft 3/see.
5,180 lb.
(a) 22.6 ft/see; (b) 0.471 ft3/ see ; (c) 10 Ib/in 2.
(a) 9.9 m/see; (b) 14.1 m; (c) 17.1 m/see, /J = -54°35'.
1.96 X 10- 3 slug/ft sec.
(a) 0.436 ft3/ see ; (b) 10.3Ib/in 2.

Chapter 10
10-1.
10-3.
10-5.
10-7.
10-11.
10-15.
10-17.
10-21.

(a) 395 slug ft/see; (b) 395lb sec; (c) 20,000Ib; (d) 0.0198 sec.
(a) 150,000 dynes; (b) 0.96.
(a) VI = 54 em/sec, V2 = 144 em/sec; (b) 0.64.
31.2 ft/see.
10-9. (a) 9,760 lb sec; (b) 9,760 lb sec.
No answer.
10-13. (a) 0.1 ft; (b) 0.001 ft.
lOe 2 ; (b) lOe4, only if e = 1.
69 lb.
10-19. (a) 650lb sec; (b) 156 lb sec.
(a) 500 nt; (b) 625 joules; (c) 50 nt sec.

Chapter 11
11-1.
11-3.
11-5.
11-7.
11-9.
11-11.
11-13.
11-17.
11-21.
11-25.
11-27.

7 X 10 4 ft lb.
(a) 37.5rad/see 2 ; (b) 375rad/see.
No answer.
(a) 1.33 rad/see 2 ; (b) 1.09 X 106 gm em 2 •
(a) 768 ft lb; (b) 768 ft lb; (c) 22.6 rad/see.
(a) 7.68 X 10 4 gm em 2 ;
(b) 30.6 rad/see 2 ;
(c) 14.7 X 10 4 dynes;
(d) 212 em/sec.
3.9 ft/see.
11-15. 181 rad/see.
0.38 rad/see.
11-19. Left.
Stops after second reversal.
11-23. No answer.
(a) 40 rad/see 2 ; (b) 200 rad/see; (c) 6 X 10 14 m/see 2 ; (d) 0.0195 kg m 2•
(a) 0; (b) 4.93 X 10 6 dyne em; (c) 4.93 X 10 6 dyne em.

Chapter 12
12-1.
12-3.
12-5.

(a) 0.314 sec; (b) 1.2 X 10 6 dynes; (c) 2.4 X 103 em/see 2 •
(a) 1.176 X 10 4 dynes/em; (b) 0.448 sec.
2.25 kg.

902
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12-11.
12-13.
12-17.
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(a) 4.27 X 10 4 dynes;
(b) 1.71 rad/see 2 ;
(c) 0.546 rad/see;
5
(d) 2.46 X 10 dynes; (e) 47.4 em/sec, 85 em/see 2 •
977.3 em/see 2 •
(a) 0.25 sec-I; (b) -1.5 rad/see; (c) 1.48 rad/see 2 ; (d) 0.60 sec.
12-15. 1.58 sec.
1 sec.
9.14 em.
12-19. 2.". (hp/PO)72.

Chapter 13
13-1.
13-3.
13-5.
13-9.
13-11.
13-13.
13-17.
13-21.

(a) 10 8 dynes/em 2 ; (b) 8 X 10- 5•
(a) 2.39 X 10 3 Ib/in 2 ; (b) 1.82 X 10- 4 ; (c) 5.46 X 10- 4 ft.
7.13 X 1011 dynes/em 2 •
13-7. 1.9%.
(a) 3.6 X 10 6 dynes/em 2 ; (b) 8.5 X 10- 6 ; (c) 8.5 X 10- 6 rad.
(a) 1.27 X 10 4 Ib/in 2 • (b) 9.7 X 10- 4 (brass), 7.3 X 10- 4 (copper).
(a) 0°; (b) 45°.
13-15. -0.87 em, -0.58 em, -0.44 em.
(al 104 dynes; (b) 520 ergs.
13-19. 4,730 dynes/em 2•
1.5 em.
13-23. No answer.

Chapter 14
14-1.
14-5.
14-9.
14-11.
14-15.
14-19.

160°C.
14-3. 80.026 ft.
14-7. 547.8 mm of Hg.
4.43 X 10 9 dynes/em 2 •
(a) 3.66 X 10- 3 per °C; (b) 66.9°C.
14-13. (a) 864 atmos; (b) 793 atmos.
No answer.
14-17. 1,740Ib/in 2•
10.015 lb.
(a) 3.7 X 10- 4 per °C; (b) 6 X 10- 4 peroC.

Chapter 15
15-1.
15-5.
15-9.
15-13.

31.8°C.
0.21°F.
436 gm.
1,760 watts.

15-3.
15-7.
15-11.
15-15.

20.6°C.
!:J.t = 6.5°C.
O°C, 268 gm.
(a) 89%; (b) 6,000 joules; (c) 1.43°C.

Chapter 16
16-1.
16-5.
16-7.
16-9.
16-11.
16-13.
16-17.
16-21.

95.1 em of Hg.
16-3. No answer.
27Ib/in 2 •
(a) 5.65 X 10- 14 erg; (b) 7.72 X 10- 14 erg.
2.41 X 10 19 moleeules/em 3 •
(a) 348 cal; (b) 249 cal; (c) 22.4 liters.
(a) 362 em 3 ; (b) 37°C.
16-15. 1.57 X 10 10 ergs.
103 em 3•
16-19. 8.41 joules/kg °c.
2 joules.
16-23. No answer.

Chapter 17
17-1.
17-3.
17-5.

(a) 40 cal; (b) 500 cal; (c) 0.93.
(a) 1.013 X 10 6 dynes/em 2 ; (b) 1.049 X 10 6 dynes/em 2 •
No answer.
17-7. (a) 46.9%; (b) 12.3%.
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Chapter 18
18-1.
18-5.
18-9.
18-11.
18-13.
18-15.

0.208 cal/crn sec °c.
18-3. 144,300 cal.
15,100 Btu/hr.
18-7. 19.9 watts.
49.93 watts.
(a) 72.7°C; (b) 1.30 cal/sec.
(a) 15°F/in; (b) 180 Btu/hr ft 2 ; (c) 100°F.
b,7000Abs.

Chapter 19
19-1.
19-3.
19-7.
19-11.
19-13.
19-15.

(a) 26.8%; (b) 268 cal; (c) 732 cal.
46.9%.
19-5. (a) 750 cal; (b) 3,750 cal.
19-9. 102°C.
33.3%.
20%.
(a) -2.68 cal;oK; (b) +2.68 cal/oK; (c) 0; (d) O.
(a) +10- 3 joule;oK; (b) 0; (c) -10- 3 joule;oK; (d) 0; (e) O.

Chapter 20
20-1.
20-3.
20-5.

2,000 crn/sec.
(a) 16 crn; (b) 16,000 crn/sec; (c) 1.02 X 10 7 dynes.
0.17 sec.
20-7. No answer.

20-9.

(a) y

21l'x

=

21l't

5 cos 100 sin 0.01; (b) 9.5 crn.

20-11.2°35' N of
20-15. O.

E.

20-13. (a) 5 crn;

(b) 1.54 crn.

Chapter 21
21-1.
21-5.
21-7.
21-9.
21-11.
21-13.
21-15.

(a) 880 vib/sec; (b) 1.25 ft.
21-3. 22.9 vib/sec.
(a) 1,064 vib/sec; (b) 944 vib/sec.
(a) 997.3 vib/sec; (b) 1,002.7 vib/sec; (c) 5.4 beats/sec.
4 beats/sec.
(a) 1.25 ft; (b) 880 vib/sec, 1,320 vib/sec.
(a) 2.16 X 10 8 dynes; (b) 1,040 vib/sec, 1,560 vib/sec.
(a) 2.46; (b) 24°.
21-17. 55 ft to 0.055 ft.

Chapter 22
22-1.
22-5.
22-9.

1.12 X 10 4 dynes.
0.304 dyne, () = 205°15'.
4.4 X 10- 40 •

22-3.
22-7.

8.19 X 10-8 nt.
9.0 grn.

Chapter 23
23-1.
23-5.
23-7.
23-9.
23-11.
23-13.

4 X I, dynes/stcoul.
23-3. 0.352 dyne/stcoul.
E = (13.3 I", + (0) l y ) dynes/stcoul.
E = (1.48 X 10 7 I", - 2.04 X 10 7 l y ) nt/coul.
98 nt/coul, upward.
(a) 3.60 X 10 5 1n nt/coul; (b) O.
(a) 0; (b) 0; (c) 2.25 X 10 9 1, nt/coul.
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Chapter 24
24-1.
24-3.
24-7.

(a) 6 X 10 4 dynes, in direction of E; (b) 2.4 X 10 5 ergs; (c) -2 X 10 4 stvolts.
1.5 X 10- 4 joules.
24-5. 33.3 stvolts.
(a) 6,600 volts; (b) 9,000 volts; (c) 0.012 joule.

24-9.

V ro = ..'!.- (3a 2

-

6<0

r~).

24-13. 5.2 X 10- 19 cal.

24-11. 1 erg = 6.25 X 1011 ev.
24-15. 1.02 X 10 7 m/sec.

Chapter 25
25-1.
25-3.
25-5.
25-7.

(a)
No
(a)
(a)

1.67 X 10- 4 !,fd; (b) 2.50 X 10-4 !,fd.
answer.
240 !'coul; (b) 1.44 X 10- 2 joule.
159 stfd; (b) 1.99 X 10 4 stcoul; (c) 1.24 X 10 6 ergs.

25-9.
25-11.
25-13.
25-15.
25-17.
25-19.
25-21.

(a) 300 !,coul, 500 !,coul; (b) 8 !,fd; (c) 0.04 joule.
(a) 17.1 !,coul, 12.9 !,coul; (b) 4.29 volts.
(a) 2.93 !,fd; (b) 41.7 volts; (c) 166.7 !,coul.
10 stcoul cm.
0.334 dyne/stcoul, IJ = 4°45'.
}f/ v

= !Ke<oE2 = !DE.

Chapter 26
26-1.
26-3.
26-5.
26-7.
26-9.
26-13.

3 amp.
2.4 X 10 4 amp/m 2, -x-direction.
(a) 0.33 amp; (b) 360 ohms.
(a) 5.47 X 10- 3 ohm; (b) 0.318 ohm.
60.8°C.
26-11. 0.042 mho/m.
6 X 10 6 ohms.
26-15. 1.46 X 10 7 ohms.

Chapter 27
27-1.
27-3.
27-5.
27-9.
27-13.
27-15.
27-17.
27-21.

(a) 18 ohms; (b) 4 amp, 2.67 amp.
(a) 1.33 amp; (b) 20 volts, 33.3 volts, 66.7 volts; (c) 160 watts.
1 watt, 2 watts, 3 watts.
27-7. (a) 112 volts; (b) 70 ohms.
(a) 720 ohms; (b) 20 watts.
27-11. (a) 120 volts; (b) 0.2 ohm.
(a) 99 volts; (b) 297 watts; (c) 94%; (d) 82.5%.
0.505 ohm, 0.051 ohm, 0.005 ohm; 950 ohms, 9,950 ohms, 99,950 ohms.
1 X 10- 4 amp.
27-19. R ohms.
(a) 0.635 amp; (b) -2.18 volts.
27-23. 2.56 ohms.

Chapter 28
28-1.
28-5.
28-7.

2.02 gm.
28-3. (a) 0.380 amp; (b) 1.52 volts.
(a) 0.207 amp; (b) 2.07 volts.
(a) a = 0, b = 595 X 10- 3, C = 1.45 X 10- 5,6' in mv; (b) 158°C.
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Chapter 29
29-1.
29-3.
29-7.
29-9.

(a) 36.5dynes,1I = 218°15'; (b) 44.4 dynes, II = 0°; (c) 794 dynes, II = 104°45'.
1,640 dynes, repulsion.
29-5. 0.84 oersted, II = 0°.
(a) 8.75 nt/weber, II = 90°; (b) 4.30 nt/weber, II = 236°50';
(c) 321 nt/weber, II = 104°35'.
760 cgs pole em.
29-11. 900 nt/weber.

p
p
29-13. H = -21r; H = ---21r.
KmT

47rI'OKmT

Chapter 30
30-1.
30-3.
30-5.
30-7.
30-11.

(a) 125 amp/m; (b) 1.57 oersteds.
25°15'.
(a) 0.114 oersted; (b) 8.54 amp.
40 dynes.
30-9. No answer.
30-13. 105 dyne em.
637 amp/m.

Chapter 31
31-1.
31-5.
31-7.
31-9.
31-11.
31-15.

4.8 X 10- 9 dyne.
31-3. 1.8 X 10- 17 gm em/sec.
5
5
F x = 6 X 10- nt, F y = -4.5 X 10- nt, F z = 1.6 X 10- 5 nt.
F x = 2.5 nt, F y = 0, F z = -1.5 nt.
(a) 0.045 em; (b) 3.52 X 10 3 turns/m.
0.38 amp.
31-13. 9.6 X 10- 10 nt m.
20
(a) 2.310 X 10- nt (repulsion); (b) 2.53 X 10- 23 nt (attraction);
(c) 2.307 X 10- 20 nt (repulsion).

31-17.

R

=

W /BI.

Chapter 32
32-1.
32-5.
32-9.
32-13.
32-15.
32-17.
32-19.

0.004 volt.
32-3. 1,770 volts.
7.5 volts.
32-7. 2.26 volts.
39.8 amp/m.
32-11. 0.05 henry.
7.9 X 10- 4 henry.
(a) 0.946 amp; (b) 2.396 amp; (c) 2.400 amp; (d) 0.002 sec.
No answer.
(a) 1.26 X 10- 2 joule; (b) 251 joules/m 3•

Chapter 33
33-1.
33-3.
33-5.
33-7.

(a) 0.63 henry; (b) 0.34 henry; (c) 0.18 henry.
(a) 5.45 X 10- 4 weber/m 2 ; (b) 12.6 em.
(a) 8,000 amp/m; (b) 8.05 weber/m 2 ; (c) 8.04 weber/m 2•
0.072 amp.
33-9. (a) H = 0; (b) H = I/27ra.

Chapter 34
34-1.

(a) 12.1 ohms;
(f) 106.6 volts;

34-3.

No answer.

(b) 49.5 ohms; (c) 2.22 amp;
(g) 26.8 volts; (h) 237 watts.

(d) 3.14 amp;

(e) 14°10';

906
34-5.
34-7.
34-11.
34-13.
34-15.

APPENDIX C

(a)
(c)
No
2.2
(a)
(a)

XL = 678.6 ohms, Xc = 265 ohms, Z = 415.3 ohms; (b) 0.265 amp;
VR = 10.6 volts, V c = 70.2 volts, V L = 180 volts.
answer.
34-9. (a) 55 to 1; (b) 0.273 amp.
X 10-3 fd.
2.0 amp; (b) 0.2 henry; (c) 123.7 ohms.
1.5 amp; (b) 0.894; (c) 100 ohms.

Chapter 35
35-1.
35-5.
35-9.

50 rna.
5.25 rna.
300 m.

35-3.
35-7.

(a) 215 rna;
No answer.

(b) 108 volts.

Chapter 36
36-1.
36-3.
36-5.
36-7.
36-9.
36-11.
36-13.

1.26 X 10- 5 steradian.
(a) 3.38 X 10- 12 erg; (b) 2.96 X 10 17 quanta/sec.
(a) 260 lumens; (b) 1.53%; (c) 20.7 candelas; (d) 2,630 candelas/m 2•
(a) 0.92 watt; (b) 0.2 lumen/watt.
195 candelas.
(a) 18.1lumens/ft 2 ; (b) 7.35lumens/ft 2 ; (c) 19.6lumens/ft2•
(a) 58 cents; (b) 13 cents.

Chapter 37
37-1.
37-3.
37-5.
37-7.
37-11.

(a) 2.254 X 10 10 em/sec; (b) 2.245 X 10 10 em/sec.
(a) 1.68 em; (b) 1.71 em.
(a) 32°30'; (b) 44°45'; (c) 39°45'.
3.0 em-I.
37-9. 1.5.
3°15'.
37-13. No answer.

Chapter 38
38-1.
38-3.
38-5.
38-7.
38-9.
38-13.
38-15.
38-17.

30 em; real, inverted, enlarged.
(a) -6 em; (b) 1.5; (c) upright, virtual, enlarged.
(a) -16.7 em; (b) 25 cm 2 •
(a) 53.3 em; (b) 3.33 em; (c) real, inverted, enlarged.
1.7%
38-11. (a) 37.5 em; (b) 35.2 em.
(a) s~ = 20 em; (b)
= 3.33 em; (c) -0.67; (d) real, inverted, diminished.
(a)
= 6.78 em; (b) -0.261.
(a) 5 em from arc; (b) 4.76 X 1O-2 lumens/cm 2 •

s;

s;

Chapter 39
39-1.
39-5.
39-9.
39-13.

1 ft.
50 em.
0.23 in.
4.5 em.

39-3. 3 diopters.
39-7. (a) -66.7 em; (b) 66.7 em.
39-11. 6.15 em, 73.85 em.

Chapter 40
40-1.
40-5.

(a) 0.103 em;
No answer.

(b) 0.103 em.

40-3.. 66.3%.
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40-7. (a) 5.61 X 10- 3 em;
40-9. 0.118 em.
40-13. 5,556 lines.
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(b) 20.8 lines/em.
40-11. (a) 15°20';

(b) 31°50'.

Chapter 41
41-1.
41-5.
41-7.
41-9.

(a)
(a)
(a)
(a)

58°45'; (b) 51°5'.
41-3. sin Oc = cot OP.
No; (b) 1 :0.64.
1.64 X 10- 3 em; (b) 3.28 X 10- 3 em; (c) retarded.
0.9; (b) 0.1; (c) 0.5.
41-11. 9.38%.

Chapter 42
(a) 3.03 X 10- 12 erg; (b) 1.89 ev.
1.9 ev.
42-5. 1.63 X 10 4 oK.
2
4
2
21r me Z
42-7. 6' = - ---::-c:-n 2h 2
2
42-9. (a) X = h n/21re 2m; (b) nX = 21rrn ; (c) yes, they are equivalent statements
of the same hypothesis.
42-11. 1.53 X 10- 32 em, particle-like behavior.
42-13. 5.46 X 10- 13 em.
42-1.
42-3.

Chapter 43
43-1.
43-5.
43-7.
43-9.
43-11.
43-13.
43-15.

(a) 4°46';

(b) 9°32';

(c) 2.2%.

43-3.

0.558A.

K,,-0.574 A, KIl-O.485, K-y-0.460 A, K5-0.449 A.

(a)
(a)
(a)
(a)
(a)

Yes; (b) 0.124 A; (c) 9.92 Kev; (d) plate; (e) plate.
3.97 X 10-8 erg; (b) 1.92 X 10- 9 erg; (c) 1.92 X 10- 9 erg.
0.307 A; (b) 3°8'.
1.99 X 10- 18 gm em/sec; (b) 0.332 A.
0; (b) 2.4 X 10- 61 em; (c) 8.9 X 10-24 em; (d) 8.9 X 10 24 em.

Chapter 44
44-1.
44-5.
44-7.
44-9.

0.00785 = 7.31 Mev.
44-3. 8.81 em, 9.52 em.
(a) 308 gausses; (b) 320 em, 322 em.
190 Mev.
(a) 1.53 X 1011 cal; (b) 6.1 X 10 4 lb of coal.

Chapter 45
45-1.
45-3.
45-7.

(a) 4.87 X 10- 18 sec-I; (b) 1.23 X 10 4 alpha particles/sec.
3.32 X 10-7 curie.
45-5. 6.96 X 10- 4 curie.
(a) 0.00524 amu; (b) 0.08 Mev.

Chapter 46
46-1.
46-5.
46-7.
46-9.
46-11.

0.66£0.
46-3. 0.995 c.
(a) 2.62 X 10 10 em/sec; (b) 0.545 Mev; (c) 0.661 Mev.
No answer.
(a) 19.7 Mev; (b) 39.4 Mev; (c) 78.8 Mev.
(a) 92U 238
on 1 -> (92U 239 ) -> 56Ba 143
36Kr 94
20nl;
(c) 217 Mev; (d) 217 Mev.

+

+

+

(b) 0.233 amu;

